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ABSTRACT 


This  report  summarizes  the  results  obtained  on  Grant  F-49620-83-K-0029. 
The  overall  objective  of  this  research  program  was  to  quantitatively  investigate 
the  fundamental  phenomena  relevant  to  aero-thermodynamic  distortion  induced 
structural  dynamic  blade  responses  in  multi-stage  gas  turbine  engine 
components.  The  technical  approach  involved  both  experiment  and  analysis, 
(l)  The  flow  physics  of  multistage  blade  row  interactions  have  been 
experimentally  investigated,  with  unique  unsteady  aerodynamic  data  obtained  to 
understand,  quantify,  and  discriminate  the  fundamental  flow  phenomena  as  well 
as  to  direct  the  modeling  of  advanced  analyses.  In  particular,  data  have  been 
obtained  to  define  the  potential  and  viscous  flow  interactions  and  their  effect  on 
both  the  aerodynamic  forcing  function  and  the  resulting  unsteady  aerodynamics 
of  turbomachine  rotor  blades  and  stator  vanes  in  a  multistage  environment  at 
realistic  high  reduced  frequency  values  for  the  first  time.  (2)  Analytically,  the 
development  of  an  unsteady  viscous  flow  analysis  appropriate  for  aerodynamic 
forced  response  predictions  was  initiated.  (3)  A  structural  dynamics  model 
based  on  an  energy  balance  technique  was  developed  and  utilized  to  investigate 
aerodynamically  forced  response  of  turbomachine  blade  rows,  accomplished  by 
coupling  this  model  with  the  unsteady  aerodynamic  analyses  under  development. 


I.  INTRODUCTION 


The  structural  dynamic  response  of  fan,  compressor,  and  turbine  blading  to 
aero-thermodynamic  distortion  induced  excitations  is  an  item  of  rapidly  increasing 
concern  to  designers  and  manufacturers  of  gas  turbine  engines  for  advanced 
technology  applications.  Destructive  aerodynamicaily  forced  responses  of 
turbomachinery  blading  have  been  generated  by  a  wide  variety  of  aero- 
thermodynamic  distortion  sources  including:  blade  wakes;  multistage  interactions; 
large  angle  of  attack  or  yaw;  engine  exhaust  recirculation;  cross-flow  at  the  inlet; 
pressure  variations  on  the  engine  due  to  external  aerodynamics;  and  armament 
firing. 

The  primary  mechanism  of  blade  failure  is  fatigue  caused  by  vibration  at  levels 
exceeding  the  material  endurance  limits.  These  vibrations  occur  when  a  periodic 
forcing  function,  with  frequency  equal  to  a  natural  blade  resonant  frequency,  acts 
upon  a  blade  row.  Because  a  blade  may  have  as  many  critical  points  of  high  stress 
as  it  has  natural  modes,  the  designer  must  determine  which  particular  modes  have 
the  greatest  potential  for  aerodynamic  excitation.  With  the  resonant  airfoil 
frequencies  able  to  be  accurately  predicted  with  finite  element  structural  models, 
Campbell  diagrams  are  the  key  design  tool.  These  display  the  natural  frequency  of 
each  blade  mode  versus  rotor  speed  and,  on  the  same  figure,  the  aerodynamic 
forcing  function  frequency  versus  rotor  speed.  At  each  intersection  point,  an 
aerodynamicaily  induced  vibration  problem  is  possible.  Thus  these  intersection 
points,  termed  resonant  speeds,  define  the  operating  conditions  for  potentially 
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significant  increases  in  vibratory  blade  response.  However,  Campbell  diagrams 
provide  no  measure  of  the  amplitude  of  the  resulting  stress  at  a  resonant  speed. 

The  accurate  first  principles  prediction  of  the  aerodynamically  forced  response 
vibratory  behavior  of  a  rotating  or  stationary  airfoil  row  requires  a  definition  of  the 
unsteady  aerodynamic  forcing  function  in  terms  of  its  harmonics.  The  time-variant 
aerodynamic  response  of  the  airfoil  to  each  harmonic  of  this  forcing  function  is  then 
assumed  to  be  comprised  of  two  parts:  the  disturbance  being  swept  past  the 
nonresponding  airfoils  and  the  airfoil  vibratory  response  to  this  disturbance.  The 
blade  row  response  is  then  predicted  with  an  aeroelastic  model  which  is  typically 
based  on  a  classical  Newton’s  second  law  approach,  with  the  unsteady 
aerodynamics  combined  with  a  lumped  parameter  airfoil  model  and  an  iterative 
solution  procedure  utilized. 

The  unsteady  aerodynamic  generally  are  modeled  by  two  distinct  analyses.  A 
gust  analysis  is  used  to  predict  the  time-variant  aerodynamics  of  the  nonresponding 
airfoils  to  each  harmonic  of  the  disturbance.  A  motion-induced  unsteady 
aerodynamic  analysis  wherein  the  airfoils  are  assumed  to  be  harmonically  oscillating 
is  then  used  to  determine  the  additional  unsteady  aerodynamic  effects  due  to  the 
airfoil  vibratory  response.  Typically,  the  superposition  of  these  two  effects  can  only 
be  performed  with  knowledge  of  the  modal  pattern  and  amplitude  of  response  of  the 
airfoils. 

Unsteady  aerodynamic  models  are  generally  based  on  potential  flow  theory,  with 
the  unsteady  flow  generated  by  periodic  gusts  or  oscillating  airfoils  considered  to  be 
a  small  perturbation  to  a  uniform  mean  flow.  In  this  linear  approximation,  the 
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steady  and  unsteady  flow  fields  are  uncoupled.  However,  these  unsteady  linear 
theories  are  not  valid  for  flows  about  lifting  airfoils  or  loaded  airfoils  where  the 
thickness,  camber,  and  incidence  angle  are  not  too  small.  For  these  situations, 
nonuniform  mean  flows  must  be  considered,  resulting  in  a  coupling  between  the 
unsteady  and  steady  flow  fields. 

There  are  many  analytical  and  physical  assumptions  inherent  in  the  various 
mathematical  models.  However,  minimal  attention  has  been  given  to  either  the 
aerodynamic  forcing  function  or  to  the  blade  row  interactions,  i.e.,  only  isolated 
airfoil  rows  are  considered.  Also,  there  is  a  fundamental  question  concerning  the 
applicability  of  the  Kutta  condition  for  unsteady  flows,  particularly  at  the  high 
reduced  frequency  values  inherent  in  turbomachines,  with  viscous  effects  only 
beginning  to  be  considered. 

Experimentally,  very  limited  appropriate  fundamental  unsteady  aerodynamic 
data  exist  to  verify  existing  models,  with  these  data  generally  not  suitable  to 
discriminate  and  quantify  the  fundamental  flow  phenomena  and  direct  the 
development  of  advanced  mathematical  models.  Also,  all  of  the  existing  data  have 
been  obtained  in  isolated  blade  rows  or  in  single  stages.  Thus,  the  important  effects 
associated  with  multistaging,  including  the  blade  row  potential  and  viscous  flow 
interactions,  have  not  been  investigated. 
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H.  PROGRAM  OBJECTIVES  &  TECHNICAL  APPROACH 

The  overall  objective  of  this  research  program  was  to  quantitatively  investigate 
the  fundamental  phenomena  relevant  to  aero-thermodynamic  distortion  induced 
structural  dynamic  blade  responses  in  multistage  gas  turbine  engine  components. 

The  technical  approach  required  both  experiment  and  analysis,  with  the 
program  objectives  achieved  as  follows. 

*  The  flow  physics  of  multistage  blade  row  interactions  were  experimentally 
investigated,  with  unique  unsteady  aerodynamic  data  obtained  to 
understand,  quantify,  and  discriminate  the  fundamental  flow  phenomena  as 
well  as  to  direct  the  modeling  in  advanced  analyses.  These  data  defined  the 
potential  and  viscous  flow  interactions  and  their  effect  on  both  the 
aerodynamic  forcing  function  and  the  resulting  unsteady  aerodynamics  of 
compressor  airfoils  in  a  multistage  environment  at  realistic  high  reduced 
frequency  values  for  the  first  time. 

*  The  development  of  an  unsteady  aerodynamic  model  which  considers 
viscous  effects  was  initiated. 

*  A  structural  dynamics  model  based  on  an  energy  balance  technique  was 
developed  and  utilized  to  investigate  aerodynamically  forced  response  of 
turbomachine  blade  rows. 

This  research  program  was  thus  directed  at  providing  fundamental  time-variant 
aerodynamic  data  which  not  only  address  the  validity  of  the  most  basic 
assumptions  inherent  in  unsteady  aerodynamics  analyses  and  in  the  structure  of 


forced  response  design  systems,  but  also  are  appropriate  to  direct  the  development 


of  advanced  models  as  well  as  to  validate  and  indicate  refinements  to  the  current 


state-of-the-art  unsteady  aerodynamic  gust  analyses.  Also,  first  principles 


predictive  aerodynamically  forced  response  models,  including  viscous  effects,  are 


being  developed. 
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HL  RESULTS 

An.  overview  of  the  accomplishments  of  this  research  program  is  presented  in  the 
following.  The  detailed  results  are  contained  in  both  the  publications  and  the 
graduate  student  theses.  These  research  results  are  categorized  as:  (l)  Unsteady 
Aerodynamic  Experiments;  (2)  Unsteady  Aerodynamic  Modeling;  and  (3) 
Aeroelasticity. 

A.  UNSTEADY  AERODYNAMIC  EXPERIMENTS 

STATIONARY  VANE  ROWS 

*  Unsteady  data  analysis  techniques  were  developed  and  applied  to 
stationary  vane  rows. 

*  The  variations  in  the  instantaneous  rotor  wake  data,  the  aerodynamic 
forcing  function  to  the  downstream  stator  vanes,  were  shown  to  be  due  to  the 
vortex  street  structure  contained  in  the  wakes. 

The  unsteady  (and  steady)  aerodynamics  on  each  vane  row  of  a  multistage 
compressor  were  investigated,  including  the  effects  of  both  the  transverse,  v+,  and 
the  chordwise,  U"*",  first  harmonic  gust  components  on  the  resulting  vane  row 
unsteady  pressure  differences  for  the  first  time.  Analysis  of  these  unique  data 
determined  the  following. 

*  There  is  a  strong  coupling  between  the  gust  generated  vane  surface 
unsteady  aerodynamic  magnitude  and  phase  data  and  the  detailed  steady 
loading  distribution,  not  the  incidence  angle,  on  the  individual  stator  vane 
surfaces. 


*  The  relative  magnitude  of  the  transverse  and  chordwise  gust  components 
has  a  significant  effect  on  the  vane  surface  unsteady  aerodynamics.  In 
particular,  the  transverse  gust  component,  v'1’,  influences  both  the  magnitude 
and  phase  of  the  vane  surface  unsteady  pressure  distributions.  The 
chordwise  gust  component,  U+,  also  affects  both  the  surface  unsteady 
pressure  magnitude  and  phase  data,  but  with  a  larger  effect  on  the  phase 
than  either  the  steady  loading  or  the  transverse  component  of  the  gust. 

*  The  solidity  of  the  vane  row  primarily  affects  the  phase  of  the  unsteady 
pressure  generated  by  the  gust. 

*  Multistage  potential  interactions  have  no  effect  on  the  steady 
aerodynamics.  However,  these  interactions  have  a  significant  affect  on  the 
unsteady  aerodynamics  of  the  individual  vane  surfaces. 

*  For  a  very  low  solidity  vane  row,  i.e.,  an  isolated  airfoil,  steady  flow 
separation  influences  both  the  surface  unsteady  pressure  magnitude  and 
phase  data,  with  the  primary  effect  being  on  the  phase. 

*  For  the  very  low  solidity  vane  row,  steady  flow  separation  affects  both  the 
harmonic  content  and  the  waveform  of  the  unsteady  pressure  on  the  suction 
surface  upstream  of  the  chordwise  position  of  the  flow  separation. 


ROTATING  BLADE  ROWS 


*  Rotating  blade  row  unsteady  data  acquisition  and  analysis  techniques  were 
developed.  These  are  being  utilized  to  obtain  gust  generated  unsteady  aerodynamic 
data  on  the  rotor  blade  row  of  an  extensively  instrumented  multistage  axial  flow 
research  compressor.  In  particular,  a  series  of  experiments  have  been  initiated  to 
investigate  the  effects  of  steady  aerodynamic  loading  on  the  unsteady  gust 
aerodynamics  of  a  first  stage  rotor  blade,  with  the  high  reduced  frequency  gust 
generated  by  the  wakes  from  the  inlet  guide  vanes.  The  multistage  effects 
associated  with  compressor  rotor-stator  blade  row  operation  in  the  superresonant 
flow  regime  wherein  acoustic  waves  propagate  are  also  being  considered.  These 
initial  first  stage  rotor  blade  row  experiments  have  demonstrated  the  following. 

*  Steady  loading  affects  the  static  pressure  distribution  on  the  front  portion 
of  the  rotor  blade  pressure  surface  and  over  the  entire  suction  surface. 

*  Loading  has  only  a  small  effect  on  the  unsteady  pressure  surface  phase 
data,  but  a  large  effect  on  the  magnitude  data  over  the  front  half  of  the 
surface,  corresponding  to  the  steady  data. 

*  The  unsteady  pressure  magnitude  and  phase  data  on  the  entire  suction 
surface  are  influenced  by  the  level  of  steady  aerodynamic  loading, 
corresponding  to  the  steady  surface  data. 

*  As  the  steady  loading  is  increased,  the  decreased  magnitude  region  near 
the  front  of  the  suction  surface  moves  forward,  with  the  minimum 
corresponding  to  the  location  where  the  steady  flow  acceleration  changes  to  a 


deceleration. 


*  Loading  primarily  affects  the  unsteady  phase  data  on  the  aft  half  of  the 
blade  suction  surface. 

*  As  the  incidence  angle  is  increased,  the  linear  chordwise  distribution  of  the 
phase  data  show  a  wave  phenomenon  on  the  suction  surface  convected  at  the 
mean  axial  velocity  of  the  flow  through  the  rotor  blade  row. 

*  The  effects  of  loading  on  the  pressure  and  suction  surface  unsteady  data 
are  reflected  in  the  dynamic  pressure  difference  data. 

A  superresonant  condition  was  also  established  in  the  compressor,  accomplished 
by  altering  the  number  of  vanes  in  each  downstream  stator  row.  This  resulted  in 
the  generation  of  a  relatively  large  amplitude  upstream  propagating  acoustic  wave 
generated  by  the  interactions  between  the  downstream  rotor  and  stator  rows. 

*  Upstream,  at  the  entrance  to  the  first  stage  rotor  blade  row,  the  acoustic 
wave  has  a  larger  amplitude  than  that  generated  by  the  first  harmonic  of  the 
inlet  guide  vane  wakes. 

*  Loading  has  minimal  effect  on  the  resulting  rotor  blade  surface  acoustic 
wave  generated  unsteady  pressure  magnitude  data,  with  increased  loading 
increasing  the  level  but  not  the  chordwise  distribution  of  the  phase  data. 

*  The  linear,  constant  slope,  chordwise  distributions  of  the  rotor  blade 
surface  phase  data  corresponds  to  a  wave  speed  equal  to  the  speed  of 
propagation  of  an  upstream  traveling  acoustic  wave. 


EXPERIMENT  IMPLICATIONS 


*  Unsteady  aerodynamic  data  acquisition  and  analysis  techniques  need  in- 
depth  consideration  in  order  to  obtain  valid  data. 

*  The  detailed  steady  loading,  not  the  incidence  angle,  is  the  key  parameter 
with  regard  to  unsteady  aerodynamics.  Thus,  valid  unsteady  aerodynamic 
models  and  experiments  require  an  accurate  description  of  the  steady 
aerodynamics. 

*  Subtle  steady  aerodynamic  experimental  changes  can  result  in  large  effects 
on  the  blade  row  interactions  and  the  aerodynamic  forcing  function  as  well 
as  the  resulting  blade  and  vane  row  unsteady  aerodynamics. 

*  The  interactions  of  both  upstream  and  downstream  airfoil  rows  have  a 
significant  effect  on  the  gust  generated  unsteady  aerodynamics. 

*  Potential  interactions  as  well  as  viscous  interactions  are  important. 

*  The  variation  of  the  waveform  of  the  unsteady  data  cannot  be  predicted 
with  harmonic  unsteady  aerodynamic  models. 

*  Small  perturbation  models  may  not  be  appropriate  for  unsteady  separated 


*  The  ability  demonstrated  in  these  experiments  to  experimentally  control 
the  two-dimensional  gust  transverse  and  chordwise  components  indicates  the 
feasibility  of  aeroelastic  tailoring  for  potentially  large  steady  performance 
gains  by  control  of  unsteady  aerodynamics  and  the  various  airfoil  row 


interactions. 


B.  UNSTEADY  AERODYNAMIC  MODELING 


An  analysis  has  been  developed  which  models  the  unsteady  aerodynamics  of  an 
harmonically  oscillating  flat  plate  airfoil,  including  the  effects  of  mean  flow 
incidence  angle,  in  an  incompressible  laminar  flow  at  moderate  values  of  the 
Reynolds  number.  The  unsteady  viscous  flow  is  assumed  to  be  a  small  perturbation 
to  the  steady  viscous  flow  field.  Hence,  the  Kutta  condition  is  not  appropriate  for 
either  the  steady  or  the  unsteady  flow  fields.  The  steady  flow  field  is  described  by 
the  Navier-Stokes  equations.  It  is  thus  nonlinear  and  nonuniform.  Also,  the  steady 
flow  field  is  independent  of  the  unsteady  flow  field.  The  small  perturbation 
unsteady  viscous  flow  is  described  by  a  system  of  linear  partial  differential  equations 
that  are  coupled  to  the  steady  flow  field,  thereby  modeling  the  strong  dependence  of 
the  unsteady  aerodynamics  on  the  steady  flow. 

Solutions  for  both  the  steady  and  the  unsteady  viscous  flow  fields  are  obtained 
by  developing  a  locally  analytical  method  in  which  the  discrete  algebraic  equations 
which  represent  the  flow  field  equations  are  obtained  from  analytical  solutions  in 
individual  grid  elements.  For  the  steady  viscous  flow,  this  is  accomplished  by  first 
locally  linearizing  the  nonlinear  convective  terms  in  the  Navier-Stokes  equations. 
General  analytical  solutions  to  the  flow  field  equations  are  then  determined. 
Locally  analytical  solutions  are  developed  by  applying  these  solutions  to  individual 
grid  elements,  with  the  integration  and  separation  constants  determined  from  the 
boundary  conditions  on  each  grid  element.  The  complete  flow  field  solutions  are 
then  obtained  through  the  application  of  the  global  boundary  conditions.  It  should 
be  noted  that  the  nonlinear  character  of  the  complete  steady  flow  field  is  preserved 


as  the  flow  is  only  locally  linearized,  i.e.,  independently  linearized  solutions  are 
obtained  in  individual  grid  elements. 

C.  AEROELASTICITY 

Arbitrary  profile  isolated  airfoil  gust  and  motion  induced  models  have  been 
combined  with  an  energy  balance  technique  for  the  prediction  of  aerodynamically 
forced  response.  In  particular,  an  energy  balance  was  performed  between  the 
unsteady  aerodynamic  work  and  the  energy  dissipated  through  the  airfoil  structural 
and  aerodynamic  damping.  Also,  a  model  has  been  implemented  to  predict  the 
random,  torsion  mode  vibrations  of  a  blade  row  generated  by  turbulence. 
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s>  NOI’SFS  Computer  based  time- variant  digital  data  acquisition  and  analysis  techniques  are 
developed  and  utilized  to  investigate  the  unsteady  aerodynamics  of  airfoil  rows,  accomplished 
nil  It  a  dynamically  instrumented  first  stage  vane  row  of  a  research  compressor.  Ensemble 
■  'erasing  is  demonstrated,  with  the  removal  of  higher  harmonics  by  ensemble  averaging 
.■nnsidcred.  The  fluctuating  aerodynamic  forcing  function  to  the  first  stage  vane  row  and  the 
fieri,  of  steady  aerodynamic  loading  on  the  resulting  vane  surface  harmonic  pressure 
ilistribul ions  are  then  quantified.  Also,  the  level  of  steady  aerodynamic  loading,  not  the 
incidence  angle,  is  shown  to  he  the  key  parameter  t.o  obtain  good  correlation  with  fiat  plate 
a  i r foil  cascade  models. 
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\i  present,  i  he  unsteady  Mow  inherent  in  gas  inrl'ine 
engines  is  generally  detritnenl.nl  to  hot  it  aerodynamic 
<  llieieney  and  durability.  references  l  through  I. 
This  is  line  III  the  Inrk  of  basic  knowledge  and 
understanding  of  the  fundament  nl  unsteady  How 

phei'oimn  a. 

To  (Tin. 'male  these  detrimental  elicits  in 
advanced  high  |i<Tfortnanco  com  ponent  <.  it  is 
in  ee-sarv  in  provide  the  designer  with  experiment  ally 

. :'ed  unsleady  aerodynamic  models  or  the 

fundainenlal  time- variant  How  chruoinenn. 

I  b  vvever.  there  is  a  dearth  of  appropriale  data,  vvilh 
only  hasie  single  Made  row  mat  it  models  havi  ig  Ms  w 
•  bvi  loped.  T'  It  ns.  fundamental  unsteady  data  are 
required  to  provide  a  quantitative  understanding  of 
Me  hasie  unsteady  How  phenomena  and  t,o  validate 
and  direct  l  lie  development  of  advanced  models. 

The  most  common  unsteady  aeroilv  ttatnie  es 

are  the  wakes  shed  by  upstream  blade  or  vam  rows, 
l  or  example,  in  idle  single  compressor  stage  d;  ;>'n  ted 
sell*  matienlly  in  I  igure  I.  tlm  wakes  from  the 
upslrenm  mtor  are  the  primary  source  of  the 
unsleady  aerodynamic*  on  the  downstream  stator 
v  im  s.  i.e..  i  he  exit  How  field  from  I  lie  upstream  rotor 
■I*  lines  tfie  unsteady  aerodynamic  fore'mg  function  to 
the  downstream  stator  vanes.  This  aerodynamic 
forcing  function  is  defin'd  \<y  tin-  velocity 
components  parallel  and  normal  to  the  vane  chord. 
u4  and  v+. 

The  "  mlameiital  lime-variant  data  of  primary 
interest  define  the  aerodynamic  forcing  function  and 
i  In  resulting  airfoil  «nrl:»ce  pressure  distribution*. 
T  im  acquisition  and  analysis  ,,f  such  data  has  only 
iceently  heeome  possible  with  the  development  and 
availability  of  miniature  high-response  transducers, 

digil  d  iusi  rmneiil  at  ion,  ami  roniputers  for  hot  h 
eontrol  of  iust runientat ion  and  digital  data  analysis. 
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In  ibis  paper,  computer  based  lime- variant  digital 
data  acquisition  ami  analysis  techniques,  including 
cnsemlrlc  averaging  and  Fast  Fourier  Translorins 
(FFT).  are  developed  for  periodic  data.  I  lie 
fundamental  harmonic  airfoil  row  unste.nl> 
aerodynamics  are  then  investigated  l>>  applying  tin-' 
techniques  to  the  time-variant  signals  from  high 
response  instrumentation  in  the  first  stage  vain-  (■  w 
of  a  research  compressor,  first  the  digital  data 
acquisition  and  analysis  techniques  an- 
demonstrated.  Then  the  Duel  ualiiig  aerodynamic 
forcing  function  to  the  first  stage  rune  row  and  tie 
elfecl  of  steady  aerodynamic  loading  on  the  resulting 
vane  surface  harmonic  pressure  distributions  an 
quantified.  These  \ane  surface  data  an-  aU. 
correlated  with  predictions  obtained  from  a  small 
perturbation  llal  plate  airfoil  cascade  model. 

REsEARC'I I  COMPRESSOR 

The  Purdue  University  axial  How  research 
compressor  simulates  the  fundamental  liine-variani 
aerodynamic  phenomena  inherent  in  gas  turlum- 
unsteady  lilatle  row  interactions.  These  include  tin 
incidence  angle,  the  velocity  and  pressure  variations, 
the  aerodynamic  forcing  function  waveforms,  tin 
reduced  frequency,  and  the  Made  row  interactions. 
This  compressor  is  driven  by  a  15  111*  DC  elect ri> 
motor  over  a  speed  range  of  3()0  to  3, (XXI  PPM.  The 
-13  rotor  blades  and  II  stator  vanes  of  the  three 
identical  compressor  stages  have  free  vortex  design 
airfoils  with  a  British  Cl  section  profile. 

INSTRUMENT  \TK>N 

Both  steady-slate  and  time-variant  data  ar< 
required.  The  steady-stale  data  deline  the  overall 
compressor  operating  point  ami  the  detailed  v  a  in- 
surface  aerodynamic  loading.  The  unsteady  data 
quantify  the  fluctuating  aerodynamic  forcing  function 
to  the  first  stage  vane  row,  i.e.,  the  vane  row 
unsteady  inlet  How  field,  and  the  resulting  clionluisr 
distribution  of  the  lime-variant  pressure  on  tin 
surfaces  of  a  single  vane  in  the  row. 

Conventional  steady-stale  instrumentation  is  used 
to  determine  the  How  properties  throughout  t  lie 
compressor.  The  steady  aerodynamic  loading  on  the 
vane  surfaces  is  determined  by  instrumenting  a  pair 
of  stator  vanes  with  chordwise  distributions  of  mid- 
span  surface  static  pressure  laps.  These  vanes  arc 
|iositioucd  in  the  vane  row  such  that  one  complete 
flow  passage  is  instrumented,  depicted  schematically 
ill  Figure  f. 

The  unsteady  aerodynamic  forcing  function  to  the 
vane  row,  the  time-variant  vane  row  inlet  How  field, 
is  measured  will)  a  cross  hot-wire  probe  positioned 
axially  midway  between  the  rotor  and  stator  rows  at 
mid-stator  circumferential  spacing,  Figure  I.  The 
vane  row  mean  absolute  inlet  How  angle  is 
determined  by  rotating  the  cross-wire  probe  until  a 
zero  voltage  difference  is  obtained  between  the  two 
hot-wire  signals.  This  mean  angle  is  subsequently 
used  as  a  reference  to  calculate  the  vane  incidence 


angle  and  the  instantaneous  absoliile  and  rilaliw- 
How  anghs. 

Tile  vane  surface  I  i  1 1 1 1  -valiant  pH"U.s 

uit.isuicnicul  s  arc  accomplished  with  ult  i  a  ■  miui.it  ur> 
high  ri^tonst  l  ra u>t | men-*.  1  ti  iimiiiui/t  j.oitniial 
tlii  w  dibl  nrha  ikci  due  Id  tin*  Iran  dm  m  mourning  -a* 
tin-  inaiiilil.v  of  llir  tranbdmor  diaphragm  to  «\a»ll> 
maintain  tin*  Mirliiic  curvature  o|  l  In*  vain*.  ;i  r*  v>  i 
mounting  c «  c-  li  ii  i<  |  *ie-  i->  utili/ad.  Tim  |  n**-- — .m  i «  "uifa«« 
of  one  va lit*  : 1 1 1 < I  I  In  mu  lion  tiirliio'  *  »l  a  "»***-»  m i « i  ar* 
iu.->l  rumeut  <  d,  v\iili  i  In*  l  la  n^t  I  Hit  i**>  iiiil.f.|.|t  t|  ill  I  li> 
iioii-nM  a.bUmiin  nl  "iiiiarc  ;»ml  romnclid  i*»  tin 
iimabUmiimnl  "urfacr  l>\  .i  static  l  - 1 1  * .  \b  tin**  - 

Variant  data  “ti  a  -single  vain*  am  of  primal')  iui<i«*"i. 
lliib  boincvv  III  l  t-c  y  1 1 1 1  x  1 1 1  - :  1 1  v tin*  <iat:i  a  u:d\ '■»i*»,  a  -  v*  ill 
In*  **'l.  lift"*-  two  in  irmiH'iilftl  airfoil-  .h* 

j.t ,»ilioin  'l  in  tin  ft iinjj|'»-N'>wr  vam-  row  on  li  llt.it  n 
Mow  parage  i"  i  1  * ■" i  r  1 1 1 1 1  <  1 1 1 1 * ' I . 
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Tin*  ili^it .»)  f  I ;  1 1 : 1  ;nijni"il  i  ( <  1 1  and  aiial\"i"  "V-I.in 
"*  Ik-1111  l  i*  a  llv  ill  |»ii-1«*tl  ill  I  igUI*  k  I ■«  u  1 1  l  i  ‘  I  *n  • 

I  |i:M  kit  *l*ail;ai  'l  lll*HM)(J  r«  >in  |  >  n  4 1  r.  It  i-  m  -  I  I 
a<  ijilii'1*  ami  analvzc  oh  I i  1 1 « -  l.olli  Mead)  an*l  tim* 
valiant  tlala.  Tin*  Mi  adv  •  I  *  l  a  *|ii:ih(il  1  In 

i*olii|in“>si)|-  )*<  1  lorina  ini*  ami  l  In  :n  r. -d)  m*  inn 
loading  diM  ril*ut  ion  >  on  tin  vain  Mirfa- .  I  In 
1  i  um-\  •*  ria  nl  *lata  « I « - 1 1 1  m*  tin  ll  m  I  11:1 1  i  hg  am  •  *•  l  >  m*  mi 
forcing  fumiion  to  tin-  vain*  row  ami  tin*  n"uhiu_ 

\  a  lie  Mirfam  *  1 « » - 1 » - :  1 « I \  pm->  urn  .  liM  ril-ut  i.  .m. 

'Tin.-  Mi-ady-M  at  r  |  •  r«  *  "^  1 1 1 1  •  *lala  an  ;  *  e  *  j  n  i  1  •  • !  "  ■<  1. 
a  IS  i  lia  11  in  I  a ni\ a l\ ••  MMrm.  I  mim  # mi | - ■  1 1  •  1 
it.iilrol.  tin'  *’s'a  nil  ah  «  m  *  dil.rat.d  -  a«  li  tin.  I  1  - 
i"  at  1 1 1  lit* «  *  I .  with  nun  pi-m  a  1  ion  mil  om  »i  n  ail)  nn  I* 
f«.r  v  a  rial  i«*n>  in  tin*  /.no  ami  span  output.  V  |  •  •  n 

of  tin-  .Sl  rad)  -M  a  t  «•  data  ai  *  p  1W1 1  h»U  ami  alialv  i- 

j»ro»  i"",  a  fi  tot  -  nn  a  it-"*  1 11  a  m  1  1  r>  »i  .iu.tl>-i-  1 

|<*  r  for  ill  id .  I  I  n*  M  i-ad  v  1 1 .1 1  a  an  ■  I » ■  t  i  1  n  « i  a  -  tin  in*  a  n 
..I  :{()  willi  llm  U-Y  ,  1  *  *11  In  |.  in a  inl*i'..l 

•  I*  1  miniimtl. 

The  linn -Valia  lit  *lal:i  1 1  <  »i  u  tin  Iml -win  |n  I" 
ami  tin-  *lvnainii  |  *  1  a  ^  >  1 1  n  1  ra  ii"«l  m  *h  ar«-  ..la.tunl 
nmlm'  i-on»j»nlii*  lonliol  l»v  lii-l  *  * « » 1  n  I  i  1 1 » •  1 1  i  1 1  ui  lit*  n 
i.*hal>  ami  tln  n  .li^iti/.in^  I  In  in  vv  illi  a  1 1  i -A 1 1  -  1  ••  *  • ! 
\-!>  "Vslrm.  I  hi"  rlianm  l  \  D  "VnIiiii  i"  al  l. 

to  di^ili/a  >i»iiak  "ininll  a  n*  oM"lv  at  r.ali"  t  >  >  .'»  Mil, 

|  »•  r  ilianml.  "ti»rine  ‘JOIN  |»oinl"  1  •li.tnn<l 
Decati-ji*  o|  l  lie  rrlativ  i  lv  lai*m*  j  1 1 1 1 1 1 1 •«  r  «>l  >l\naini> 

l«rr*?Miri-  tra n''<ln<,nr>,  ^i'oiiim  of  mx  |*r*  ssnrc  signal"  at 
a  tin ii*  art.-  -.uilrlm*!  to  l  In*  *>i^nal  foinlil ionim;  ami 
ill*’  A-l>  syslfin  l.y  a  >i^nal  mull  i  |  •  I  <  •  \ « - 1* .  In  a*ltlilii-n. 
alter  <  <  >in  lit  ioni  i||t  t  inn- varia  lit  liot-uiif  |.rol.t* 
and  I'l'r^un*  li:iiivlmTr  "i^iial.^  an*  inoiiiiorcil  l*>  a 
dyjniinic  signal  |'itn  e>"o|-  vv  In.  (1  rati  di^itizi-,  avi-ra^e. 
and  l-'onrii  r  ilifoin|.oM  uimtcadv  analog  signal.-,. 

The  I  line- v  aria  nl  data  of  inlii‘i>i  am  |  »t  riodit  , 
In*! ug  gem -rated  at  rotor  Made  |*av>ing  I'mijm-ncy. 
with  a  digital  envuddi-  avm  aging  lef*hni«|iie  umi|  lor 
data  aiial\si>.  \y,  will  In-  diM  iisM-d.  tin  h < •  \  to  lhi> 
tf(lini(|ue  ib  llm*  ahililv  to  bani|de  data  at  a  |*re-M*l 
lime.  Tliib  is  arroinpliblii  ll  hy  ineaiib  <if  an  ojtliral 
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encoder  mounted  on  the  rotor  shaft.  The 
microsecond  range  square  wave  voltage  signal  from 
the  encoder  is  the  time  or  data  initiation  reference, 
and  triggers  the  high  speed  A-D  multiplexer  system. 

PERIODIC  DATA  ANALYSIS 

In  general,  the  time-variant  signals  from  the  hot¬ 
wire  probe  and  the  dynamic  pressure  transducers  arc 
composed  of  three  components:  (1)  a  steady-slate 
component;  (2)  the  periodic  component  of  interest: 
and  (3)  a  random  fluctuating  component. 

f(t )  - r  +  rp(t)  +  f‘(t)  Hi 

where  f*,  f**  and  fr  .  denote  the  steady-state, 
harmonic,  and  randomly  linctuating  components, 
respect  ively. 

The  steady-stale  signal  component  is  typically 
measured  independently.  Titus  F  is  assumed  to  In 
known,  and  the  time-variant  transducer  signal.  s(t ). 
may  he  considered  to  he  composed  of  the  sum  of  tin- 
periodic  ami  random  components. 

s|l  j  =  P'(l)  +  f"(t)  (21 

The  periodic  signal  component  is  determined  by  a 
digital  ensemble  averaging  technique  based  on  the 
signal  enhancement  concept  initially  considered  by 
Gostelow,  reference  5.  The  time-variant  signal  is 
sampled  and  digitized  over  a  time  frame  that  is 
greater  than  the  periodic  signal  component 
characteristic  time.  With  the  same  data  initiation 
reference,  i.e.,  the  signal  from  the  rotor  shaft 
mounted  optical  encoder,  a  series  of  corresponding 
digitized  signals  is  genevv'.ed  by  repealing  this  signal 
sampling  and  digitization  process.  The  lime-variant 
signal  ensemble  average  is  then  determined  by 
averaging  this  series  of  digital  data  samples, 
Equation  3. 

1  N 

<si>“17£si«  J*1-2*3 . .  (3) 


7T  £^  +  77  £  f,n 

n  — I  n-l 


For  a  sufficiently  large  number  of  digital  signs F 
in  the  series,  N  >>  L,  the  ensemble  average  of  t  he 
random  signal  component  will  be  zero, 
i  N 

N-S/tn-0  (4  5 

Thus,  the  periodic  component  of  the  time-variant 
signal,  relative  to  the  data  initiation  reference,  is 
determined  by  this  ensemble  averaging  technique. 

<",>-77  £  (/?,.  N»*  J  =  1*2,3 .  (S) 

1N  n-l 

The  periodic  components  of  the  vane  row  inlet 
flow  field  and  the  resulting  unsteady  vane  surface 
pressures  are  determined  by  applying  this  digital 
ensemble  averaging  technique  to  the  lime-variant 
signals  from  the  cross  hot-wire  probe  and  the  vane 
surface  dynamic  pressure  transducers.  Digital  Fast 
Fourier  Transform  techniques  are  then  applied  to 
determine  the  first  harmonic  magnitude  ami  phase  of 


each  of  these  periodic  -ignal  eomponenl-'. 

These  hot-wire  probe  and  dynamic  pr<— sur<- 
transducer  data  are  each  refer,  no  .1  to  the  optic  al 
encoder  signal  which  initiates  the  digital  data 
acquisition.  However.  the  hot-wire  probe  is 
positioned  upstream  o|  the  leading  edge  plane  ot  I  he 
cane  row,  Figure  I.  Thus,  it  is  necessary  Lo  linn  - 
relale  these  data  lo  one  another,  i.e..  I  in** -relate  l  lie 
h  irinonie  vane  row  inlet  How  field  to  the  n  suiting 
uusleatly  vane  surface  pressures. 

As  depicted  in  figure  I,  the  rotor  blade  wake 
w  Unity  deficit  creates  a  fluctuating  velocity  rec  tor  in 
lb*-  absolute  Irani*-  ol  reference  of  I  lie  vane  row 
which  is  measured  with  the  crossed  hot-wire  probe. 
Iln-se  hot-wire  data  are  analyzed  to  determine  the 
harmonic  llucluatiug  inlet  flow  angle  and  velocity  to 
(lie  vane  row  and,  in  particular,  tin-  fluctuating 
velocity  components  parallel  and  normal  to  tin-  ram  . 
u*  amt  r*,  which  an-  tin-  aerodynamic-  forcing 
functions  to  the  vane  rorv. 

The  h  armonie  van*  row  inlet  flow  field  is  then 
lime-related  to  tin-  resulting  unsteady  ram-  surface 
pressure  s  with  tin  following  assumptions:  (I)  l  In- 
wakes  are  identical  at  the  hot-wire  and  tin-  ram- 
hailing  edge  planes;  ami  (2)  the  wakes  are  fixed  in 
the  rotor  relative  reference  frame.  The 
circumferential  rotor  blade  and  stator  vatu-  spacing, 
as  well  as  the  axial  spacing  between  the  ram-  ami 
hot-wire  probe  leading  edge  planes  are  known.  I  -mg 
the  above  two  assumptions,  the  wake  i-  located 
relative  to  the  hot-wire  ami  vane  row  lending  edge 
planes,  and  the  linn-  for  the  wake  to  Irani  hrlweiu 
(fuse  two  planes  dclcrmiiu-d.  This  time  is  then 
transposed  to  a  phase  angle  dill'file'c  between  l  lie 
harmonic  fluctuating  velocity  components  parallel 
ami  normal  to  the  ram-  and  tin-  ram-  leading  edge 
pla  lie. 

To  determine  tin-  harmonic  pressure  . I i 1 1 .  rem-c 
across  I  he  eltoidlim-  of  a  n  present  a  I  ir .-  ram.  am 
thus  tin-  unsteady  lift  ami  luoim-iil  iciingoii  a  .  cm 
it  is  necessary  to  liim-olat'-  the  pr*  "lire  and  'in  t  i.  I 
siit  faces.  This  is  a  result  of  haring  in  truim  tiled  the 
pr*  'si  ire  siirla*-*-  <  d  *»u*-  ram-  ami  tin  '  u«  l  ion  sii  rl  c .  c 
of  another.  Tin-  litM  harmonic  data  <>n  *a*  h  r  am 
-ml. I*-*-  an  individually  a .  I  j  1 1  - 1 .  .  I  in  |  •  h :  c  —  'U'h  lliil 
l  lie  llucluatiug  r  ilo*  ily  eoinpoiii ail  normal  to  I  In 
ram-  is  at  Zero  degr*  *-s  at  tin-  I*  acting  edg-  c  l  *a*  l 
-urlaic.  I-  nun  tin-  g*  mm  try,  tin  linn  at  which  I  hi- 
Woilld  occur  is  cal'  Clla  I  eel.  I  r  a  1 1  s  p*  cs*  d  tlit'c  a  phase 
dillcrcnec.  and  then  used  to  adjust  the  |  r-  "lire  dat. 
oil  each  sin  laei'.  The  pressure  dillcrems  a*  l  oss  |  fi* 
c  1 1  *  >  i‘  I  li  u  *  -  of  an  ecpiir  ihnl  siagh-  ram  is  I  In- 1 
del*  rmim-d  hr  I  lie  subtraction  of  I  In '*■  cmuple' 
I  i  i  m  -  -  r*  ■  I  a  t  *  -  c  I  ram  pr*  — .nr*-  and  'iidimi  '  m  lac  c  data. 

Til*-  final  form  *  »l  tin-  unsteady  pressure  data 
*1*  lines  tin-  ebonlvr  i- c  variation  *d  lb*  lii'l  liarnioui* 
pressure  dillcrcmc  across  tin-  *  limdliii*  ol  a  statoi 
ran*’,  ami  is  present  *-*  1  as  a  complex  driiauui 
pr* --sun-  *  ***  ■  1 1  i  *  i  *  ■  u  I .  ( '  in  tin-  formal  *>l  tin 
iiuiguitmle  and  tin-  phase  lag  refiii-med  to  . 
transverse  gust  at  the  airfoil  leading  edge. 
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RESl'LTS 

At  each  steady-state  operating  point,  an  ensemble 
averaged  tinie-variaat  data  set  consisting  of  l lie  cns' 
hot-wire  probe  and  the  dynamic  pressure  transducer 
signals  digitized  at  a  rate  of  2<X1  kHz  is  obtain.  <1. 
This  sample  rate  results  in  approximately  91  point-, 
defining  the  periodic  vane  inlet  flow  field,  i.e.,  the 
time-variant  flow  field  between  adjacent  rotor  blade-, 
at  the  design  speed  of  the  compressor. 

Ensemble  Averaging 

The  effect  of  ensemble  averaging  the  lime-variant 
signals  is  demonstrated  in  Figure  3,  which  presents  a 
typical  digitized  pressure  transducer  signal  for  I 
rotor  revolution  and  averaged  over  25,  50,  75,  100 
and  200  rotor  revolutions.  The  ensemble  averaging 
significantly  reduces  the  random  fluctuations  which 
are  superimposed  on  the  periodic  signal,  with  the 
time-variant  signals  essentially  unchanged  when 
averaged  over  75  or  more  rotor  revolutions.  For  the 
data  to  be  presented,  200  averages  are  obtained  lor 
both  the  hot-wire  probe  and  the  \ane  pressure 
t  ransducer  signals. 

Signal  Harmonic  Content 

Figure  d  shows  the  FFT  decomposition  of  a 
typical  ensemble  averaged  time-variant  pressure 
transducer  signal.  There  is  a  dominant  fundamental 
frequency  at  rotor  blade  passing,  with  much  small,  r 
higher  harmonics  and  minimal  non-harmonic  content. 
Also  show  n  is  the  digitized  signal  together  with  I  lie 
first  three  harmonics  and  their  sum.  This  sutumai ion 
i-  seen  to  yield  a  gcxid  approximation  to  the  original 
digitized  signal,  further  demonstrating  that  the 
time-variant  signal  is  primarily  composed  of  the  lirst 
three  harmonics  of  rotor  blade  passing  frequency. 

FFT  &  Ensemble  Averaging 

There  are  two  data  analysis  approaches  which 
could  be  applied  to  the  time-variant  digital  data.  In 
one,  the  data  are  Fourier  decomposed  and  then 
ensemble  averaged.  The  second  approach 
significantly  reduces  the  data  storage  requirements, 
with  the  digital  data  first  ensemble  averaged  and 
then  Fourier  decomposed.  Also,  the  previously 
presented  results  showing  that  the  ensemble 
averaged  time-variant  data  are  composed  primarily 
of  only  the  lower  harmonics  raises  the  question  of 
which  approach  is  appropriate.  Namely,  does 
ensemble  averaging  remove  the  higher  order 
harmonics  which  would  be  retained  by  averaging  the 
Fourier  decomposed  data.  This  is  addressed  by 
considering  the  differences  between  (a)  ensemble 
averaging  and  then  Fourier  decomposing  the  lime- 
variant  data  and  (b)  Fourier  decomposing  and  then 
averaging  the  time-variant  data. 

Figure  5  presents  the  results  of  these  two  lime- 
variant  data  analysis  approaches  for  a  representative 
vane  surface  dynamic  pressure  transducer  signal. 
There  is  no  difference  between  averaging  the  signal 
200  times  before  the  Fourier  analysis  and  Fourier 
decomposing  the  signal  before  taking  the  200 
averages.  Ensemble  averaging  the  signals  and  then 


Fourier  decomposition  is  used  in  the  following  lirsi 
stage  vane  row  mislead)  aerodynamic  experiments 
because  of  the  signiliea  lit  I)  reduced  .lata  storage 
requirements. 

I  nue  How  I'nsleady  Aerodynamic s 

I  he  detailed  lime-variant  aero.lvnamie  forcing 
function  to  the  lirst  stage  \anc  row.  in  particular  tin 
parallel  and  normal  inlet  velocity  components,  and 
the  effect  ol  stead)  aerodynamic  loading  on  the 
resulting  \  a  tie  suifacc  harmonic  pressure 
distributions  are  now  investigated  and  ptanlilicd. 
This  is  accomplished  l>)  applxing  these  digital  data 
acquisition  and  analysis  technique-  to  I  he  litiie- 
'nriant  signals  front  the  high  response 
instrumentation  in  the  lir-l  stage  vane  row  of  the 
research  compressor.  Two  -  lead) --t  ale  operating 
conditions  on  the  (it)1,  spied  lint  which  have  dill,  tent 
levels  ol  vane  acrod)  ttautic  loading  are  considered. 

I  he  chord  wise  .list  ril.ul  ions  of  the  static  pressure 
oil  the  pressure  and  -in  lion  surface-  of  the  \aiic  for 
these  two  compressor  operating  conditions  are 
presented  in  Figure  li.  The  level  of  aerodynamic 
loading  has  a  strong  effect  on  these  distributions, 
with  the  -0.5''  incidence  angle  data  corresponding  to 
a  low  level  of  aerodynamic  loading,  and  the  -( I.  (" 
incidence  angle  case  to  a  moderate  loading  level. 

For  these  two  compressor  operating  conditions, 
the  acrod)  numic  forcing  function  to  the  stator  row, 
the  parallel  and  normal  inlet  velocit)  components, 
are  presented  in  Figure  7.  The  amplitudes  of  (In 
chordwise  and  transverse  gust  components  an 
different.  However,  in  terms  of  the  lirst  harmonic-, 
these  two  forcing  functions  are  equivalent.  In 
particular,  the  ratios  of  the  magnitude-  of  the  lir-l 
harmonic  of  these  gusl  components  (u’/v’)  tire  l).l>9(> 
and  (1.709  for  these  two  vane  luadin  gs.  It  is 
interesting  to  note  that  these  inlet  vilocit) 
components  are  not  -mall  its  compared  to  the  frne- 
slream  velocity,  having  ratios  on  the  order  of  0.3  and 
0.15  for  the  parallel  and  normal  components, 
respectively,  at  -0.1"  of  incidence.  This  ma)  have 
i  in  plica  I  ions  regarding  the  validity  of  the  small 
perturbation  assumption  in  various  mat  hrmatical 
models  for  unsteady  aerodynamics. 

The  resulting  lirst  harmonic  complex  dynamic 
pressure  chordwise  distributions  are  shown  in  Figure 
8.  As  a  reference,  the  corresponding  prediction  from 
l  lie  periodic  small  perturbation  model  of  re  fort  me  (> 
is  also  presented.  This  model  considers  the  inxisci.l. 
irrotatioual  How  of  a  perfect  gas  and  analyzes  the 
uniform  subsonic  compressible  How  past  a  two- 
dimensional  Hat  plate  airfoil  cascade,  with  small 
unsteady  normal  velocity  pert urbations  superimposed 
and  conceded  dow  nstream. 

There  are  relatively  large  differences  in  the 
complex  dynamic  pressure  coefficient  data  presented 
in  Figure  8.  As  it  was  previously  determined  that 
the  lirst  harmonic  aerodynamic  forcing  functions  for 
these  two  compressor  operating  conditions  were 
nearly  identical,  these  dynamic  pressure  coefficient 
differences  are  attributed  to  the  effect  of  steady 
aerodynamic  loading.  Also,  although  the  level  of 


SO 
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loading  affects  both  the  phase  and  the  magnitude  of 
these  coefficient  data,  it  lias  a  larger  effect  on  the 
coefficient  magnitude  data. 

The  correlation  of  these  dynamic  pressure 
coefficient  data  with  the  flat  plate  cascade 
predictions  are  also  of  interest.  The  phase  of  the 
dynamic  pressure  difference  coefficient  data  show  a 
somewhat  different  trend  than  the  prediction.  I'his 
is  attributed  to  the  vane  camber  and  the  detailed 
steady  chordwise  loading  distribution  on  the  vane 
surfaces.  However,  very  good  correlation  is  obtained 
lor  the  -6.-»°  incidence  angle  magnitude  data,  with 
p<x»r  correlation  for  I  lie  corresponding  -0.  U  incidence 
angle  data.  This  is  associated  with  the  steady  vane 
aerodynamic  loading  level.  Namely,  the  prediction  is 
for  an  unloaded  flat  plate  airfoil  cascade.  Hence  the 
good  correlation  of  the  low  steady  aerodynamic 
loading  -0.5°  incidence  angle  data  and  the  poor 
correlation  of  the  moderate  loading  -0.1"  incidence 
angle  data.  In  general,  different  airfoil  designs  will 
produce  dilferent  steady  surface  pressure 
distributions  and  resulting  steady  lift  for  the  same 
incidence  angle.  Thus,  the  level  of  sleudv 
aerodynamic  loading,  not  the  incidence  angle,  is  I  In- 
key  parameter  to  obtain  good  correlation  with  flat 
plate  airfoil  cascade  mathematical  models. 

SUMMARY  AND  CONCLUSIONS 

Computer  based  time-variant  digital  data  acquisition 
and  analysis  techniques,  including  ensemble 
averaging  and  Last  Fourier  Transforms,  were 
developed  for  periodic  data.  These  techniques  were 
then  applied  to  the  lime-variant  signals  from  high 
response  instrumentation  in  the  first  stage  vane  row 
of  a  research  compressor. 

F.nstmble  averaging  of  lime-variant  signals  was 
demonstrated  and  shown  to  significantly  reduce  tin 
random  fluctuations  superimposed  on  the  periodic 
signal.  By  considering  two  alternative  data  analysis 
approaches,  it  was  then  shown  t  hat  ensemble 
averaging  does  not  remove  the  higher  order 
harmonics  which  would  lie  retained  by  averaging  I  In 
Fourier  decomposed  data. 

The  detailed  time-variant  aerodynamic  forcing 
function  to  the  first  stage  vane  row,  in  particular  tin 
parallel  anil  normal  inlet  velocity  components,  and 
the  elfeel  of  steady  aerodynamic  loading  on  the 
resulting  vane  surface  harmonic  prcssiin 
distributions  were  then  investigated  and  quantified. 

The  strong  efTeet  of  the  level  of  aerodynamic 
loading  on  the  chordwise  distributions  of  the  sialic 
pressure  on  the  pressure  and  suction  surfaces  of  the 
vane  was  shown,  with  the  -0.5"  incidence  angle  data 
corresponding  to  a  low  level  of  aerodynamic  loading, 
and  the  -0.1°  incidence  angle  case  to  a  moderate 
loading. 

For  these  two  compressor  operating  conditions, 
there  were  only  small  differences  in  the  acrodynamic 
forcing  function  to  the  stator  row,  the  parallel  and 
normal  inlet  velocity  components,  with  the  first 
harmonics  being  nearly  identical.  Also,  it  was  found 
that  these  inlet  velocity  components  were  not  small 


a--  compared  to  the  frc-e-slream  velocity. 

The  resulting  vane  surface  harmonic  pre-sim 
data  exhibited  large  dillerciiecs  in  holh  the  ]dia-e 
and  magnitude  of  the  complex  dviiamic  |ni"iin- 
co,  llnieul.  with  a  larger  i  lie,  l  on  llie  eoellicienl 
Inagliilndc  data.  \s  lilt-  aero.lv  no  ini,  b. icing 
him  linns  for  these  two  com  pn  ■■>•>,  ,i  operating 
1 1  .millions  wen  nearly  identical,  these  dviiamic 
pressure  coellii  ienl  dillerenees  are  attributed  t,,  Un¬ 
ified  of  steady  aerodv  n.uiiie  loading. 

I  In-  correla  I  ion  ol  I  lie*-,-  dvuamic  pri-ssinc 
inefficient  data  with  predi*  t  ions  obi  aim  d  from  a  Hat 
plate  eascailc  mathematical  model  was  aUo 
eon-idvr a-il.  I  lie  -leads  vane  surface  pressure 
distribution  and  lilt  lor  a  given  incidence  angle  will 
In  a  Inin  linn  of  airfoil  design.  Thus.  lie-  level  o| 
steady  aerodv  na  mil  loading,  not  the  incidence  ingle, 
"as  show  ii  to  be  tin-  I,.  \  parameter  I,,  obtain  good 
correlation  with  such  models. 
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Fig  5  Effect  of  ensemble  averaging  and  fourier  decomposition 
on  dynamic  pressure  signal  harmonic  content 
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Fig  6  Variation  of  vane  surface  static  pressure  coefficient 
with  loading 


75  100 

%  CHORO 


1  _  zoor 

a  I 

£  2  ioo- 
y  -o'  O  $ 

2  ^  Q  Q  U 

Z  - - 


s  i  -4 


20  2  5 

TIME  (msec) 


1 

~^T 

u*/V 

v*/V 

U*/ V  * 

-65* 

0178 

0074 

0104 

0709 

-04* 

Q268 

0071 

QI02 

0696 

Fig  8  Variation  of  first  harmonic  complex  unsteady 
pressure  coefficient  with  loading 


Fig  7  Effect  of  loading  on  the  vane  row  aerodynamic 
forcing  functions 
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\hslrncf.  I  lie  fitiHlnincntnl  unsteady  actodxiiamics  nn  a  xanc  rim 
i>l  an  axial  Him  icscaich  compressot  xlage  aic  experimentally 
investigated.  demonstrating  lire  ellcets  ol  aiiloil  camhet  anil 
steady  loading  In  pailicnlar.  the  mini  wake  prneralcil  unsteady 
stillavc  picssmc  distributions  im  tlie  fiisl  xtape  xanc  ion  arc 
■  inanliricil  oxer  a  tanpc  of  operating  conditions  Ihcsc  cambered 
aiiloil  unsteady  data  are  correlated  with  predictions  fiom  a  flat 
plate  cascade  inxiscid  (line  inotlel  At  lire  design  point,  tire  nn 
steads  piessrirc  dillcrcncc  coellicient  data  exhilxit  pood  cm t ela¬ 
tion  with  the  nonscparatcd  predictions,  with  the  aerodynamic 
phase  lap  data  exhibiting  lait  Itendwise  correlation  lire  iptanli 
latixc  phase  lap  diflcicnccs  are  associated  with  the  camber  of 
the  aiiloil.  An  all  suction  surface  How  separation  region  is  in¬ 
dicated  by  the  steady  stale  surface  static  picssmc  data  as  the  aero¬ 
dynamic  loading  is  increased.  Ibis  separation  affects  the  increased 
incidence  angle  unsteady  pressure  data. 
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number  ol  rotor  ic'oliilions 
dynamic  pressure  ililletence 
static  picssmc  dillcrcncc.  p 
slalor  xanc  circnmlcr citlral  spacing 
lolm  blade  lip  spccrl 
longitudinal  pcilinbalion  xclocilx 
absolnlc  xclocilx 
absolute  axial  xclocilx 
transxcisc  perturbation  xch<citx 
location  <’f  separation  point 
inlet  angle 
inlet  air  dcnsilx 

blarlc  passing  angular  fierpreiRX 


I  Introduction 

Dcslmctivc  aciorlvnamic  fruccrl  icspmiscs  of  lurhnma 
chincry  blading  have  been  pcuctalcd  bv  a  xxidc  xaiictv  of 


acindynamic  sritticcs  including,  for  example,  blade  xvakex. 
multi  stage  ittlcraclioiis.  laipc  angle  of  attack  or  yaxv.  and 
inlcl  lloxx  disloilious  As  a  result,  the  siruclutal  dynamic 
response  of  fan.  compressor,  and  Intbinc  blading  resulting 
liom  aerodynamic  excitations  is  an  item  of  rapidly  in¬ 
creasing  concern  to  designers  of  gas  turbine  engines  for 
advanced  technology  applications 

Actodynamically  induced  failure  level  vibratory  re¬ 
sponses.  of  blading  occur  when  a  periodic  aerodynamic 
forcing  fnnclion.  with  frequency  equal  lo  a  natnral  blade 
resonant  ficqncncy.  ads  upon  an  airfoil  row  The  operat¬ 
ing  conditions  al  which  these  aerodynamicallv  forced 
blade  responses  may  occur  ate  predicted  with  frequency- 
speed  resonance  or  Campbell  diagrams  (Oates  I97X) 

I  Itcsc  display  the  natural  frequency  of  each  blade  mode 
x ci sits  tutor  speed  with  lire  excitation  source  variation 
with  mint  speed  super  imposed,  as  schematically  depicted 
in  I  ig  I  I  lie  itilciscction  points  define  Ihc  rotor  speeds  al 
xx  hie  It  significant  icsponscs  may  be  found 

However.  Campbell  diagrams  give  no  indication  of  lire 
amplitude  of  Ihc  response.  Ihc  response  amplitude  can 
only  be  determined  by  first  relating  ihc  periodic  excita¬ 
tion  soiucc  lo  the  icsulling  unsteady  aerodynamic  forces 
and  moments  acting  on  Ihc  individual  blades  I  he  blade 
response  can  then  be  predicted  by  analyzing  the  interac¬ 
tion  of  these  unsteady  forces  and  moments  with  the  struc¬ 
tural  characteristics  of  the  blading,  accomplished  through 
either  a  classical  Newton  s  second  law  approach  (I  ring 
I'hi'i)  nr  a  balance  of  energy  technique  (lloyniak  & 
I  Icctcr  |9X  V  19X4) 

I  lie  development  of  cascade  analyses  In  predict  the 
misleads  acrodvnamics  acting  on  Ihc  blading  is  cintcnllv 
an  item  ol  lundaiucntul  icseaich  interest,  for  example,  ihc 
billowing  i  ctci  cnees'  I  lectci  197V.  ( inldslcin  ti  Alassj 
1976  Vcidou  ftc  Caspar  19X1.  I  nglcrl  19X7;  Napashima  <V 
I  aimla  19X4  I  bus.  the  unsteady  aerodynamic  forces  and 
moments  acting  on  the  individual  blades  cannot,  in 
gencial.  be  picdicted  As  a  resull.  Ilte  amplitude  of  die 
blading  response  cannot  be  accurately  analyzed 
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Hr  i  Schematic  ol  How  held 
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In  tilled  the  ties elii|>iiieol  ol  unsteady  acindynnntic 
models  and  to  evaluate  these  advanced  analyses  as  well  as 
existing  ones,  data  obtained  lioin  expel  intents  winch 
model  the  fundamental  unsteady  phenomena  inheieol  m 
tiiiliomachine  blade  tows  ate  ictpined  I  he  ob|ecit\e  of 
the  expet imettls  desutbetl  heieio  is  lo  investigate  (he 
toioi  wake  genetaletl  loived  tesponse  imsteatly  aeiody- 
nanites  on  a  vane  tow  m  a  multi-stage  eompiessoi  lo 
pailieiil.it.  the  tolot  wake  generated  chord w isc  distnbu- 
lion  ol  the  unsteady  stttlaee  piessioes  on  the  litsl  stage 
vane  tow  ol  a  ilnee  stage  axial  How  teseatch  eompiessoi 
ate  tletei inioetl  ovet  a  taiige  ol  steady  opciatmg  couth- 
lions  I  liese  data  ate  cottelaled  with  apptoptiale  piedic- 
Itons 


2  Kest-arclt  cutnprcssor  1 

I 

I  he  wakes  lioin  the  lotoi  blades  ate  the  pinoaiy  somceol 
the  imsteatly  soil. ice  piessmes  on  I  lie  lust  stage  viator 
vanes.  ie.  the  loioi  wakes  del  me  the  loicing  luodion  lo 
the  tlovv nsli cam  slaloi  vanes,  as  tlepicletl  in  I  ig  2  lienee, 
it  is  nccessai y  lo  cxpci imcnlnlly  mtnlel  die  baste  unsteady 
aeiody iiaiiiie  phenomena  inheicnt  hi  this  lime  variant 
iiiletaetiou.  including  the  incidence  angle  ellecls,  the  \ 

xclocily  anti  piessiue  vanaiioos.  and  llte  leduced  lie-  1 

tptency  J 

I  liese  limdamcoi.il  phenoiiieiia  aie  all  simulated  in  the  i 

Pm  clue  Ihitveisily  three  stage  axial  flow  rescaieh  com-  ‘ 

piessoi.  depicted  schematically  m  I  ig  1  I  he  eompiessoi 
is  tlnveo  by  a  15  111’  IK  elcclnc  moloi  with  a  speed  i.inge  ' 

ol  1IKI  to  1IMMI  KI’M  |  he  inlet  section  is  located  all  ol  the  < 

diivc  moloi  lo  the  exit  ol  this  section  aie  IK  ennoble  ‘ 

I 

geometiy  guide  vanes  which  tlneet  the  How  into  the  lest  ■ 

section  Ilnee  idcniical  compressor  stages  aie  mounted  in  ! 


v 

i 


Hr  3  Schematic  of  three  stage  research  compressor 
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I  lie  lest  section,  which  has  an  annulus  with  constant  huh 
(II  KHI  ml  and  lip  (0,120  nil  diameters.  I  he  exit  flow  fiom 
the  lest  section  is  diiccled  through  a  scries  of  flow 
slrniglrlcncrs  into  a  venturi  meter  which  enables  the  mass 
How  rale  to  he  determined.  To  throttle  the  compressor,  an 
adjustable  plate  is  located  at  (he  exit  of  the  dilluscr  ol  the 
i  enltiri. 

l  ath  of  the  three  identical  compressor  stapes  consists 
of  41  lolor  blades  and  41  stator  vanes  lienee,  the 
inteihlade  phase  angle  foi  these  expci inicnts  is  17  Vi” 

I  liese  free  soi tex  design  ail  foils  have  a  Ihilish  (  4  section 
piolile.  a  chord  ol  111  mm.  and  a  maximum  thickness -to¬ 
ehold  ratio  of  0.10.  I  he  ovciall  aiiloil  and  compressor 
characteristics  aie  picscnlrd  in  I  able  I 

.4  Instrumentation 

Conventional  steady-state  iiislimnentation  is  used  to  deter¬ 
mine  the  How  properties  in  the  coinpicssoi  I  he  inlet 
lempeialme  is  mcnsiued  by  I'om  eipiallv  spaced  tlicimo- 
t'onplcs  at  the  inlet  of  the  compressor  Casing  static  taps, 
eipiallv  spaced  circuinletcnliallv.  allow  the  measurement 
of  the  static  picssmc  between  each  blade  row  traversing 
gear  instrument  stations  provided  hclwcen  each  blade  row 
aic  used  to  measuie  the  mean  How  incidence  angle  on  the 
liist  stage  stator  vanes  (  hordwisc  distributions  of  vane 
surface  static  pressure  taps  are  used  to  determine  the 
steady  uctodynnntic  loading  A  thermocouple  and  Kiel 
piobe  located  downslicam  arc  used  to  measure  the  com¬ 
pressor  exit  lempeialme  and  total  piessme.  respectively 
I  lie  mass  How  is  measmed  with  the  calibrated  venturi 
meter  located  dovvnsticam  ol  the  compressor  test  section. 
A  shall  mounted  Ml  tooth  gear  and  a  magnetic  pickup 
piovidc  the  roloi  speed 

I  he  unsteady  data  ol  lundamental  inteiest  aie  the 
choidvvisc  distribution  ol  the  complex  lime  valiant  pres¬ 
sure  difference  across  the  choidiinc  ol  the  liist  stage  stalor 
vane  I  liese  data  aic  obtained  using  Kulile  thin  line 
design  dynamic  piessme  tiansduceis  I  wo  iusti iiuieriled 
varies  are  used,  lire  suction  surlacc  ol  one  vane  and  the 
piessme  sin  face  of  anolhei  are  iiisiimnenlrd  with  these 
tiansduceis  at  14  I.  2'*  1.  47  I.  and  M  7'"..  of  the  stator  vane 
droid,  lo  minimi/e  am  How  disturbances  generated  by 
I  he  tiansduceis.  they  aie  embedded  in  the  vanes  and 
connected  lo  the  suilace  bv  a  static  piessme  lap  with  the 
lead  wiics  placed  in  milled  slots  and  tamed  out  Ihioiigh 
hollow  ti millions.  I  liese  vanes  aie  located  in  the  staloi 
vane  imv  such  I  hat  a  complete  How  passage  is  instru¬ 
mented 

4  Dntsr  acquisition  and  analysis 

I  he  steady  state  data  of  inteiest  include'  II)  I  lie  static 
prcssuies  on  the  siatoi  vane  sui laces,  accomplished  wiili 
chordvvisc  dislribulions  of  suilace  static  piessme  laps;  (2) 


the  picssmes  and  Icmpcraturcs  throughout  the  compres- 
soi.  thcicby  permitting  the  cotnptcssor  operating  map  lo 
be  determined  I  lie  compressor  map  is  used  to  define  the 
operating  points,  in  tcims  of  oveiall  pressure  ratio  and 
collected  mass  How  rate,  at  which  the  unsteady  surface 
piessme  measurements  are  obtained. 

Steady  stale  data  acquisition  follows  the  standard 
evaluation  procedure.  At  the  selected  corrected  speed,  the 
compressor  is  stabilized  for  approximately  10  minutes, 
after  which  the  steady  stale  data  acquisition  is  initialed  and 
votiliollcd  by  a  1*1  >1*  11-21  computer  Ihc  data  aic  then 
analyzed,  and  Ihc  collected  mass  How.  piessme  lalio.  and 
collected  speed  determined 

I  he  lime-variant  data  acquisition  and  analysis  tech¬ 
nique  used  is  based  on  a  data  averaging  or  signal 
enhancement  concept  (( iostclow  1977),  1  he  kev  lo  such  a 
technique  is  the  ability  to  sample  data  at  a  piescl  tunc. 
In  this  investigation,  the  data  of  inteiest  arc  genciated  at 
the  blade  passing  (icqucncy  Hence,  an  optical  encoder 
delivering  a  square  wave  voltage  signal  with  a  duintion  in 
the  microsecond  inngc.  was  mounted  on  the  rotor  shall 
and  ired  as  Ihc  lime  or  data  initiation  reference  to  tugger 
the  A  I)  mtilliplcxci  system.  I  his  system  is  capable  of 
digitizing  signals  simultaneously  at  rales  to  5  megahertz 
pci  channel,  storing  204S  data  points  per  channel 

I  he  elfect  of  averaging  the  tune-variant  digitized 
piessme  signals  hour  the  blade  mounted  dynamic  pies¬ 
sme  tiansduceis  was  considered  Iigurc4  displays  the 
lime  valiant  piessme  signal  from  the  14  l"A  chord  pies 
sme  suilace  dynamic  piessme  transducer  for  I  rotor 
revolution  and  averaged  over  2 5.  50.  75.  and  |(Xt  rotor 
levoltilious  Averaging  is  seen  to  gicallv  icduce  the  ran¬ 
dom  Hiicluations  supci imposed  on  the  harmonic  pressure 
signal  Also  these  lime-variant  piessme  signals  aic  csscn- 
tiallv  unchanged  when  rivet  aged  over  75  oi  more  rotor 
revolutions 

At  each  steady  stale  operating  point,  an  avetaged  limc- 
va'innl  data  set.  consisting  of  the  Kulitc  dynamic  pressure 
liansduccr  signals  digitized  at  a  rate  of  20  kHz  and 
averaged  ovci  100  mini  (evolutions,  was  obtained  I  liese 
mloi  revolutions  vveie  not  consecutive  due  lo  Ihc  finite 
time  tequiicd  loi  the  A  ll  multiplexer  system  lo  sample 
Ihc  data  and  Ihc  computer  lo  then  read  Ihc  digitized  data 
I  rich  of  these  digitized  signals  is  I  ouricr  decomposed 
into  hai  monies  bv  means  of  an  Ilf  algorithm  figure*' 
shows  an  example  of  this  decomposition  for  Ihc  14  l"(. 
ihoul  piessme  suilace  liansduccr  signal  As  seen,  ihc 
liansducci  signal  contains  a  dominant  fundamental  fic- 
qiicncv  equal  lo  Ihc  blade  passing  frequency  and  a  much 
smallci  second  haimouic  component  In  addition.  Ihc 
a v ci aged  signal  exhibits  minimal  non  haimouic  content 
I  mm  this  I  omicr  decomposition.  Inilli  the  magnitude  of 
each  component  and  its  phase  lag  as  referenced  lo  (he 
optical  encoder  pulse  are  determined. 

Cascade  gust  unsteady  aerodynamic  analyses  predict 
the  unsteady  pressure  difference  across  the  vane  as  a  fiinc- 
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lion  of  aiifoii  tlioul  in  (lie  lonn  of  an  unsteady  piessme 
difference  coefficient  ami  an  aciodynamic  phase  lag  I  he 
unsteady  pressure  difference  coeflieieni  is  noiinali/ed 
\s i l h  lespecl  lo  the  steady  stale  pioperties  of  l!ie  llmv  and 
the  magnitude  of  the  liansvcise  gust  I  he  aeiodynatnie 
phase  lag  is  tefeieiieed  to  a  hansverse  gust  at  the  leading 
edge  of  the  reletence  anlotl  lienee,  to  enhance  the 
experiment-theory  coitclalion  process,  the  data  weic  ad¬ 
justed  in  phase  and  magnitude  to  agiee  with  the  ptedic- 
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fig.  4.  Digitized  piessme  signals  avci.igcd  over  .V  rotor  icsnlii 
lions 


lions  at  the  leading  edge  transducci  location  Thus,  the 
linal  loim  of  the  limc-vaiianl  data  consists  of  an  unsteady 
piessme  difference  coefficient.  and  an  aerodynamic 
phase  lag 


5  Results 

I  he  steady  stale  Inst  stage  vane  suiface  static  piessme 
disti ilmiioiis  ipianlily  the  effect  of  aerodynamic  loading 
I  i u in e  h  piesenls  the  aerodynamic  loading  disinflations  at 
P)  I  ",  span  in  the  loim  of  a  sialic  piessme  coefficient  for 
live  levels  ol  loading,  cniicspoudmg  to  mcivleuce  angles 
tanging  flout  7  (1°  to  l  (>  9° 

As  the  incidence  angle  is  incieased  I  tom  7.0°  to 
2  n°.  the  aciodynamic  loading  incieases.  vvitli  no  suiface 
llow  scpaiation  imlicaled  by  the  static  piessme  data. 
Iitcicasing  the  inciilence  angle  lo  0  0°.  results  in  fmllter 
incieased  aciodynamic  loading  The  flattening  out  of  the 
all  suction  smlacc  static  piessme  data  is  indicative  of  a 
constant  piessme  scpaiation  in  the  hailing  edge  region  of 
ibis  suit. ice  I  Inis.  2  O'1  of  incidence  conespoiuls  to  the 
steady  design  point  opeiation  ol  this  span  position  I  lie 
legion  ol  constant  sialic  piessme  becomes  somewhat  moie 
appal  cut  as  the  loading  is  tmtliei  increased,  lo  2.9°  and 
h  ol  incidence,  extending  Imlhei  forwaid  with  in- 
c leased  incidence  angle  values  Ibis  is  associated  with  the 
all  suction  suiface  llow  scpaialioti.  with  the  separation 
point  moving  lotvvanl  as  the  incidence  angle  is  increased 
I  he  sialoi  vane  sin  lace  lit  si  haimoiiic  unsteady  pies- 
siiie  cocllicienl  and  aciodynamic  phase  lag  data  aie 
coiielaled  vviih  piedichoiis  obtained  fiom  a  cascade  aeio- 
dvn.imic  gust  model  which  cousideis  the  iiiciscivl.  nrola- 
tional.  Dow  ol  a  pci  led  gas  I  Ins  model  considers  the 
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fig.  5.  Inmiei  analysis  nt  avet 
aged  piessme  signal  al  14  l"<. 
c In n it  on  llie  piessme  suit. ice 
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Experiments  in  fluids  4  ( 19X6) 
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I  ip.  6.  A  it  Toil  Millie  pressure  coefficient  us  ;i  function  of  airfoil 
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l  ip.  7.  Cascade  aerodynamic  prist  model 


tinilnim  subsonic  compicssiblc.  nonscparnled  steady  (low 
past  a  luo  dimensional  dal  plate  airfoil  cascade,  with 
small  unsteady  normal  velocity  perluihalions  superim¬ 
posed  and  comcctcd  downslrcatn.  l  ip  7.  I  lie  parameters 
modeled  include  the  cascade  solidity  and  stagger  angle, 
the  tincr  blade  phase  ;inple.  Ihe  inlet  Mach  number.  ;md 
the  t educed  lietptcncy 

lipntcft  presents  I  he  nnstcady  picssuic  data  a  I  Ihc 
steads -stale  design  point.  -  2  11°  of  incidence,  together 
with  the  incompressible  (Mach  -  0.0)  and  Ihc  appiopiialc 
compicssiblc  (Mach  -0.1)  predictions.  |  be  differences 
between  the  two  predictions  is  of  inlcicst  1  lie  axial 
velocity  is  approximately  72  m/s.  and  thus  Ihc  steady-stale 
experiments  arc  incompressible  However.  Ihc  compres¬ 
sible  t educed  lictpicncv  parameter.  k  A1 1  I  \1-  .  is  on 
the  order  ol  0  7  which  is  in  Ihc  lange  wherein  complex- 
sibililv  cllecls  aic  important  thus,  the  unsteady  data  aic 
lonipicssihlc  (low  data.  As  a  result,  all  of  Ihe  imsteady 
data  piescnlcd  ate  correlated  with  Ihe  compressible 
I  Mach  -01)  predictions 

As  also  seen  in  I  ip  ft.  pood  correlation  exists  between 
the  unsteady  picssuic  difference  coefficient  data  and  ihc 
prediction,  with  hoi  It  decreasing  with  increasing  cltotd- 
wisc  position  However,  the  aerodynamic  phase  lap  data 
exhibit  a  somewhat  dillcicnt  chorilwisc  distribution  Ilian 
the  prediction  In  particular,  the  phase  lap  data  first 
iih rcase  and  then  decrease  relative  to  Ihe  llal  plate 
(.rscade  prediction  as  ihc  chotd  is  tin  versed.  Ihis  result  is 
alliibuled  to  Ihc  camber  of  Ihc  stator  vane 

Ihe  zero  incidence  angle  results  are  presented  in  l  ip  9. 
\s  seen  Ihe  conclalion  of  ihc  unsteady  prcssuic  differ¬ 
ence  cocllicienl  data  with  the  nonscpaialcd  piediclions  is 
reasonably  pood,  with  the  data  decreased  at  47  4"/.  choid 
and  slighlly  increased  at  M  7'!!.  chord  as  compaied  lo  the 
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H«.  *  (  biniluisc  variation  <•(  lire  ilyrianm  pressure  coefficient 
and  aeiodyiianiic  phase  lap  at  7  ll"  of  incidence 
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I  Ip  o  r  Irordwise  vaiialion  of  lire  dynamic  pressure  coefficient 
and  aciodvn.iniK  phase  lap  at  11"  of  incidence 
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fig.  10.  C  hordwise  variation  of  (he  dynamic  pressure  coefficient 
siihI  aerodynamic  phase  lag  a(  -  7°  of  incidence 
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Hr  12.  Chord  wise  variation  of  the  dynamic  pressure  coelhcienl 
and  aerodynamic  phase  lag  al  V5  of  incidence 
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Hg.  II.  (.  hordwise  vanalion  of  ihc  dynamic  pressme  coefficienl 
and  aerodynamic  phase  lag  al  2  9°  ol  incidence 


Hr-  I  V  t  hordwise  vanalion  ol  (he  dynamic  piesstiic  coeflicienl 
and  aerodynamic  phase  lag  al  fi  9°  ol  incidence 


predictions  lire  phase  lag  data  exhibit  lire  pievionsly 
noted  design  point  effect  ol  nit  foil  camber 

I  ignre  HI  presents  the  latge  negative  incidence  angle. 
-  7°.  olf. design  results.  I  he  coirelalion  ol  these  unsteady 
pressure  difference  coeflicienl  data  with  the  prediction  is 
not  as  good  as  the  design  point  results,  with  the  29  17..  and 
the  617%  chord  data  noticeably  decreased  in  value  in 
iclalion  to  the  prediction  Also,  the  phase  big  data  Insi 
increase  and  then  decrease  relative  to  the  prediction  ns  the 
chord  is  traversed.  However,  lire  decrease  is  not  neatly  ns 
laigc  as  found  al  the  design  condition  I  his  decreased 


con  elation  is  associated  with  the  huge  dilleicnces  be 
tween  the  design  and  this  oil  design  steady  nondynamic 
loading  disliibuiions.  pci  I  tg  fi 

I  igures  1 1  lliiouglr  It  piescnl  the  coiielalion  ol  t  he 
positive  incidence  angle  unsteady  pressure  data  All  ol 
these  positive  incidence  angle  data  exhibit  simibu  correla¬ 
tion  (tends  Analogous  lo  the  design  poiul  r cs tilts,  ovei  the 
bout  pail  ol  (lie  anloil  clroid  lire  unsteady  ptesstue  dil- 
loence  data  exhibit  good  coiielalion  with  predictions 
whereas  the  nondynamic  phase  lag  data  lust  increase  and 
then  decrease  icl.ilive  to  the  piediclions  In  the  mid  and 
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nil  chord  regions,  the  unsteady  pressure  difference  and 
phase  lag  dala  exhibit  poor  con  elation  with  the  piedic 
lions.  In  particular,  the  unsteady  pressure  dill'eience  coef¬ 
ficient  dala  and  the  predictions  decrease  as  the  chord 
|x>silion  is  increased  over  the  I  tout  of  the  aiilbil.  How¬ 
ever.  whereas  the  prediction  continues  to  decrease  over 
the  mid  and  afi  part  of  the  ait  foil  chord,  the  dala  show 
increased  values,  with  the  higher  incidence  angle  dala 
exhibiting  the  largest  increase.  Also,  the  aerodynamic 
phase  lag  dala  increase  and  then  decrease  relative  to  the 
predictions  over  the  ftonl  pail  of  (he  aiilbil.  as  noted.  In 
the  mid  and  aft  chord  region,  the  phase  lag  data  inciease 
while  the  prediction  decreases,  this  poor  con  elation  of 
these  high  incidence  angle  dala  is  attiibuled  to  the  llow 
separation  over  the  aft  poilion  of  the  suction  suilacc 
indicated  by  (he  steady-state  smfnce  static  picssuic  data, 
an  effect  not  modeled  by  the  analysis 
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6  Summary  and  conclusions 

I  he  effects  of  airfoil  camber  and  steady  loading  on  the 
fundamental  unsteady  aerodynamics  of  the  lust  stage  vane 
tow  of  an  axial  llow  compressor  have  been  demonstrated 
In  particular,  the  unsteady  vane  surface  pressure  distribu¬ 
tions.  with  the  primary  source  of  excitation  being  the 
wakes  from  the  first  stage  rotor  blades,  were  mcasuicd  by 
means  of  embedded  Kulile  dynamic  pressure  iransdiiceis 
These  time- variant  dala  were  analyzed  using  data  avci  ag¬ 
ing  and  I  I  T  techniques  to  determine  the  unsteady  ptes- 
sure  difference  and  the  aerodynamic  phase  lag  these 
were  then  cot  related  with  predictions  obtained  fioin  a 
compressible  transverse  gust  Hal  plate  cascade  analysis 
which  considers  nonscparalcd  steady  llow. 

At  the  design  point  incidence  angle,  the  unsteady 
pressure  difference  coefficient  data  exhibited  good  corre- 
lation  with  the  predictions,  with  the  aeiodynamic  phase 
lag  data  exhibiting  fail  Ircndwisc  coil  elation  I  lie  qiianti- 
tilalive  phase  lag  dilfcienccs  between  the  dala  and  the 
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picdictions  are  a  lesull  ol  the  cambci  ol  the  an  I  oil  As 
the  steady  an  toil  loading  is  incieascd.  the  steady-stale 
sill  lace  static  picssuic  disti  ibitlions  indicated  an  all  suc¬ 
tion  smlucc  ilovv  separation  this  scpaialion  allcctcd  (lie 
unsteady  picssuic  data,  with  these  dala  exhibiting  pool 
coiielalioii  with  the  picdictions  ovci  the  all  poilion  ol  the 
vane 
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Unsteady  Blade  Row  Interactions 
in  a  Multistage  Compressor 

V.  R.  Capece,*  S.  R.  Manwaring,*  and  S.  Fleelerf 
Purdue  University,  West  Lafayette,  Indiana 

A  three-stage  mnnk  tnmpruvif  ha*  been  ntilireri  In  Investigate  Ihe  multistage  blade  row  Interaction  gust 
aerodynamic*  for  the  first  time.  I  he  aerodynamic  fordo*  function*  a*  well  a*  the  chordwlse  distributions  of 
the  steady  surface  pressure*  and  Ihe  first  harmonic  unsteady  pressure  differences  on  the  first  and  second  sta*e 
stator  vane  rows  were  experimentally  determined  over  a  range  of  operating  and  geometric  condition*.  Ibis 
series  of  esperlments  determined  (hat  the  complex  unsteady  aerodynamic  loading  on  dosrnstream  blade  rows 
Is  directly  related  to  Ihe  forcing  function  to  Ihe  hlade  row,  with  this  forcing  function  significantly  affected  hy 
multistage  hlade  row  Interactions.  These  results  have  an  Implication  towards  Ihe  modeling  of  unsteady  aero¬ 
dynamic  hlade  row  Interaction  phenomena.  Namely,  the  variations  of  Ihe  second  stage  unsteady  data  with 
forcing  function  waveform  cannot  he  predicted  hy  harmonic  gust  models. 


Nomenclature 
b  =  airfoil  setni-cltnrd 

A/z 

C.  -  dynamic  pressure  coefficient,  — — - — - - 

C„  -  static  pressure  coefficient,  (A/i/'/tpl/?) 

I  =  incidence  angle 

k  =  reduced  frequency,  (uh/V%MI) 

LI  =  number  of  rotor  revolutions 

5  =  stator  vane  circumferential  spacing 

U,  =  rotor  blade  tip  speed 

u  =  longitudinal  perturbation  velocity 

V  =  absolute  velocity 

=  absolute  axial  velocity 
v  -transverse  perturbation  velocity 

ft  =  inlet  angle 

Ap  =  dynamic  pressure  difference 

A p  =  static  pressure  difference,  p-P,,,, 

p  =  inlet  air  density 

<* >  =  blade  passing  angular  frequency 


Introduction 

TUP.  demand  for  gas  turbines  with  increased  durability 
has  made  the  structural  dynamic  response  of  turbo¬ 
machinery  hlade  rows  to  periodic  aerodynamic  loading  a 
problem  of  increasing  concern.  In  particular,  as  part  of  Ihe 
engine  design  process,  the  alternating  blade  stresses  due  to 
resonant  vibratory  response  must  be  predicted.  The  failure  to 
accurately  account  for  this  vibratory  behavior  can  lead  to 
premature  engine  failure  and  reduced  engine  life. 

Vibratory  responses  of  blade  rows  occur  when  a  periodic 
aerodynamic  forcing  function  with  frequency  equal  to  a 
natural  blade  resonant  frequency  acts  upon  a  blade  row.  T  he 
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rotor  speeds  at  which  these  aerodynamically  induced  vibra¬ 
tions  may  occur  are  predicted  with  Campbell  diagrams. 
However,  Campbell  diagrams  yield  no  information  about  the 
amplitude  of  the  resulting  stresses. 

The  structural  behavior  of  turbomachinery  blade  rows  in 
terms  of  airfoil  frequencies  and  mode  shapes  can  be  accu¬ 
rately  predicted  from  geometric  and  material  considerations. 
However,  the  overall  vibratory  response  of  the  blade  row  is 
influenced  not  only  by  the  structural  dynamics,  but  also  by 
the  unsteady  aerodynamics  of  the  blade  row.  Unfortunately, 
a  general  predictive  capability  for  Ihe  unsteady  aerodynamics 
due  to  periodic  disturbances  does  not  yet  exist.  Thus,  due  to 
the  inadequacies  or  current  unsteady  aerodynamic  models, 
accurate  predictions  cannot  be  made  for  the  amplitude  of  the 
resulting  vibration  and  stress. 

Small  perturbation  models  for  the  periodic  disturbance 
unsteady  aerodynamics  have  been  developed  which  consider 
a  gust  convected  with  the  freestream  past  zero  thickness 
cascade  flat  plate  airfoils  operating  at  zero  mean  incidence  in 
both  subsonic  and  supersonic  flowfields,  for  example.  Refs. 
1-3.  Atassi*  has  developed  an  analysis  for  incompressible 
unsteady  flow  past  an  isolated  thick  cambered  airfoil  in¬ 
cluding  incidence  effects.  Carttlhers5  and  Caspar  and  Ver- 
don*  have  developed  subsonic  compressible  cascade  analyses 
which  consider  thick,  cambered  airfoils  operating  at 
incidence. 

To  verify  such  mathematical  models,  experiments  in  single 
stage  research  compressors  have  been  performed.1’  The 
upstream  rotor  wake  and  the  resultant  first  harmonic 
unsteady  pressures  on  the  surfaces  of  the  downstream  stator 
vanes  are  measured  and  correlated  with  predictions  obtained 
from  harmonic  cascade  gust  models. 

However,  these  analyses  and  experiments  consider  only 
one  blade  row  at  a  time,  with  the  effect  of  the  upstream 
blade  rows  represented  by  the  harmonic  aerodynamic  gust, 
i.e..  multistage  blade  row  aerodynamic  interactions  are  not 
directly  considered. 

In  this  paper,  the  fundamental  multistage  interaction  gust 
unsteady  aerodynamics  of  nonresponding  airfoils  are  ex¬ 
perimentally  investigated  for  the  first  time.  In  particular,  Ihe 
aerodynamic  forcing  functions  as  well  as  Ihe  chordwise 
distributions  of  the  steady  pressures  and  First  harmonic 
unsteady  pressute  differences  on  the  first  and  second  stage 
stator  vane  rows  of  a  three  stage  research  compressor  are  ex- 
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Research  Compressor 

The  wakes  from  upstream  blade  and  vane  rows  are  the 
primary  source  of  the  unsteady  aerodynamics  on  the  down¬ 
stream  blade  rows,  i.e.,  the  upstream  airfoil  wakes  define  the 
forcing  function  to  the  downstream  airfoil  rows.  Hence,  it  is 
necessary  to  experimentally  model  the  basic  unsteady  aero- 

» dynamic  phenomena  inherent  in  this  time-variant  interaction, 
including  the  incidence  angle,  velocity  and  pressure  varia¬ 
tions,  aerodynamic  forcing  function  waveforms,  reduced  fre¬ 
quency,  and  blade  row  interactions. 

These  fundamental  phenomena  are  all  simulated  in  the 
Purdue  University  three-stage  axial  flow  research  compressor 
(Fig.  I).  The  compressor  is  driven  by  a  15  hp  DC  electric 
motor  over  a  speed  range  of  300  to  3000  rpm.  The  inlet  sec¬ 
tion  is  located  aft  of  the  drive  motor.  In  the  exit  of  this  sec¬ 
tion  are  38  variable  geometry  guide  vanes  which  direct  the 
flow  into  the  test  section.  Three  identical  compressor  stages 
are  mounted  in  the  test  section,  which  has  an  annulus  with 
jAj  constant  hub  (0.300  m)  and  tip  (0.420  m)  diameters.  The  exit 
Bx  flow  from  the  test  section  is  directed  through  a  series  of  flow 
“  straighteners  into  a  venturi  meter  which  enables  the  mass 
flow  rate  to  be  determined.  To  throttle  the  compressor,  an 

S  adjustable  plate  is  located  at  the  exit  of  the  diffuser  of  the 
venturi. 

Each  of  the  three  identical  compressor  stages  consists  of 
43  rotor  blades  and  41  stator  vanes.  These  free  vortex  design 
airfoils  have  a  British  C4  section  profile,  a  chord  of  30  mm, 
and  a  maximum  thickness-to-chord  ratio  of  0.10.  The  overall 
airfoil  and  compressor  characteristics  are  presented  in  Table 
I.  For  the  case  of  rotor  generated  forced  response  unsteady 
fU  aerodynamics,  the  interblade  phase  angle  is  specified  by  I  he 
ratio  of  the  number  of  rotor  blades  to  stator  vanes.  Hence 
the  interblade  phase  angle  for  these  experiments  is  17.36  deg. 
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Instrumentation 

The  steady  stale  data  of  interest  include  the  overall  com¬ 
pressor  performance  and  the  aerodynamic  loading  distribu¬ 
tions  on  the  Fust  and  second  stage  stator  vane  rows. 

Conventional  steady  state  Instrumentation  is  used  to  deter¬ 
mine  the  flow  properties  in  the  compressor.  The  inlet 
temperature  is  measured  by  four  equally  spaced  thermo¬ 
couples  at  the  inlet  of  the  compressor.  Casing  static  taps, 
equally  spaced  circumferentially,  allow  the  measurement  of 
the  static  pressure  between  each  blade  row.  The  traversing 
gear  instrument  stations  provided  each  blade  row  are  used  to 
measure  the  mean  flow  incidence  angle.  A  thermocouple  and 
Kiel  probe  located  downstream  are  used  to  measure  the  com¬ 
pressor  exit  temperature  and  total  pressure,  respectively.  The 
mass  flow  is  measured  with  the  calibrated  venturi  meter 
located  downstream  of  the  compressor  test  section.  A  shaft 
mounted  60  tooth  gear  and  a  magnetic  pickup  provide  the 
rotor  speed. 

The  steady  state  aerodynamic  loading  of  the  vane  rows  is 
determined  by  instrumenting  a  pair  of  stator  vanes  with 
chordwise  distributions  of  surface  static  pressure  taps.  It  is 
only  necessary  to  instrument  one  pair  of  vanes  as  the  first 
and  second  stage  vane  rows  are  identical  and  inter 
changeable. 

The  unsteady  aerodynamic  data  of  fundamental  interest 
are:  I)  the  fluctuating  aerodynamic  forcing  function  to  the 
first  and  second  stage  stators,  i.e.,  the  wakes  from  the 
upstream  blade  rows;  and  2)  the  resulting  chordwise  distribu¬ 
tion  of  the  complex  time-variant  pressure  difference  across 
the  chordline  of  the  first  and  second  stage  stator  vane  rows. 

The  aerodynamic  forcing  function  to  the  vane  rows  is 
measured  with  a  cross-wire  probe  calibrated  and  liuearired  to 
43  m/s  and  ±33  deg  angular  variation.  The  mean  absolute 
exit  flow  angle  from  the  rotor  is  determined  by  rotating  the 
cross-wire  probe  until  a  zero  voltage  difference  is  obtained 
between  the  two  linearized  hot-wire  signals.  This  mean  angle 
is  then  used  as  a  referepce  for  calculating  the  instantaneous 
absolute  and  relative  How  angles.  The  output  from  each 


-37- 

channel  is  corrected  for  tangential  cooling  effects,  with  in¬ 
dividual  fluctuating  velocity  components  parallel  and  normal 
to  the  mean  flow  angle,  i.e.,  the  components  of  the  aero¬ 
dynamic  gust,  calculated  from  the  corrected  quantities.  For 
this  velocity  and  flow  angle  range,  the  accurcy  of  the  veloc¬ 
ity  magnitude  and  angle  are  ±4%  and  ±2  deg,  respectively. 

The  airfoil  surface  dynamic  pressure  measurements  are  ac¬ 
complished  with  K u lit e  thin-line  design  dynamic  pressure 
transducers.  As  per  the  steady  instrumentation  on  the  stator 
vanes,  only  two  vanes  are  instrumented.  The  suction  surface 
of  one  vane  and  the  pressure  surface  of  the  second  are  in¬ 
strumented  with  these  transducers  at  14.1,  29.1,  47.4,  and 
63.7%  of  the  vane  chord.  To  minimize  any  flow  disturbances 
generated  by  the  transducers,  they  are  embedded  in  the  vanes 
and  connected  to  the  surface  by  a  static  pressure  tap  with  the 
lead  wires  placed  in  milled  slots  and  carried  out  through 
hollow  trunnions.  Calibrations  of  the  transducers  showed  the 
accuracy  of  the  unsteady  pressure  measurements  to  be 
±3.5%. 

As  schematically  depicted  in  Fig.  2,  each  set  of  instrumented 
vanes  are  located  such  that  a  flow  passage  is  instrumented. 
Also,  the  cross-wire  probe  is  located  axially  upstream  of  the 
leading  edge  of  the  stator  row  at  niidstator  circumferential 
spacing  in  a  noninstrumented  vane  passage. 

Data  Acquisition  and  Analysis 

The  steady  state  compressor  performance  data  acquisition 
follows  the  standard  evaluation  procedure.  At  the  selected 
corrected  speed,  the  compressor  is  stabilized  for  approxi¬ 
mately  10  min,  after  which  the  steady  slate  data  acquisition 
is  initiated  and  controlled  by  a  PDF  11-23  computer.  The 
data  are  then  analyzed,  and  the  corrected  mass  flow, 
pressure  ratio,  corrected  speed,  and  vane  surface  static 
pressure  distributions  determined. 

The  time-variant  data  acquisition  and  analysis  technique 
used  is  based  on  a  data  averaging  or  signal  enhancement 
concept.10  The  key  to  such  a  technique  is  the  ability  to 
sample  data  at  a  preset  lime.  In  this  investigation,  the  data 
of  interest  are  generated  at  the  blade  passing  frequency. 
Hence,  an  optical  encoder,  delivering  a  square  wave  voltage 
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table  I  Airfoil  mean  section  characteristics  and  compressor 
design  point  conditions 


Rotor 

Stator 

lype  of  Airfoil 

C4 

C4 

Number  of  Blades 

43 

41 

Chord,  C(tnnt) 

30 

30 

Solidity.  C/S 

1  14 

1  09 

Camber 

27.95 

27  70 

Aspect  Ratio 

2.0 

2.(1 

1  liickitess/Chord  (•/») 

to 

10 

flow  Rale  (kg/s) 

2  66 

Rotor  Stator  Axial  Spacing  (mm) 

22.2 

Design  Axial  Velocity  (m/s) 

32.0 

Rotational  Speed  (ipm) 

3000 

Number  of  Stages 

3 

Stage  Pressure  Ratio 

1  003 

Inlet  Tip  Diameter  (mm) 

420 

llub/1  ip x  Radios  Ratio 

0.714 

Stage  Efficiency  (%) 

85 
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Fig.  2  Schematic  of  flowfteld  and  Instrumentation. 
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Fig.  4  Fourier  decomposition  on  averaged  unsteady  pressure  signal. 
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Fig.  3  Averaging  of  unsteady  pressure  signals. 


signal  with  a  duration  in  the  microsecond  range,  was 
mounted  on  the  rotor  shaft  and  used  as  the  time  or  data  ini¬ 
tiation  reference  to  trigger  the  A-l)  multiplexer  system.  This 
system  is  capable  of  digitizing  signals  simultaneously  at  rates 
to  5  Mllz  per  channel,  storing  204R  data  points  per  channel 

The  effect  of  averaging  the  time-variant  digitized  pressure 
signals  from  the  blade  mounted  dynamic  pressure 
transducers  was  considered.  Figure  3  displays  the  time- 
variant  pressure  signal  from  the  14.1%  chord  pressure  sur¬ 
face  dynamic  pressure  transducer  for  I  rotor  revolution  and 
averaged  over  23,  SO,  75,  and  100  rotor  revolutions.  As  seen, 
averaging  greatly  reduces  the  random  fluctuations  super¬ 
imposed  on  the  harmonic  pressure  signal.  Also,  these  time 
variant  pressure  signals  are  essentially  unchanged  when 
averaged  over  75  or  more  rotor  revolutions. 

At  each  steady  slate  operating  point,  an  averaged  time-  , 


Kulite  dynamic  pressure  transducer  signals  digitized  at  a  rate 
of  200  KHz  and  averaged  over  100  rotor  revolutions,  are  not 
consecutive  due  to  the  finite  time  required  for  the  A-D  multi¬ 
plexer  system  to  sample  the  data  and  the  computer  to  then 
read  the  digitized  data. 

Each  of  these  digitized  signals  is  Fourier  decomposed  into 
harmonics  by  means  of  an  FFT  algorithm.  Figure  4  shows  an 
example  of  this  decomposition  for  the  14. 1  %  chord  pressure 
surface  transducer  signal.  As  seen,  the  transducer  signal  con¬ 
tains  a  dominant  fundamental  frequency  at  the  blade  passing 
frequency  and  much  smaller  higher  harmonics.  In  addition, 
the  averaged  signal  exihibits  minimal  nonharmonic  content. 
From  this  Fourier  decomposition,  both  the  magnitude  of 
each  component  and  its  phase  lag  as  referenced  to  the  optical 
encoder  pulse  are  determined. 

Figure  5  presents  the  digitized  signal  from  the  trailing  edge 
transducer  on  the  pressure  surface  together  with  the  sum  of 
the  first  three  harmonics  of  this  signal.  As  seen,  the  addition 
of  the  first  three  harmonics  yields  a  good  approximation  to 
the  signal,  thereby  demonstrating  that  this  signal  is  com¬ 
posed  primarily  of  the  first  three  harmonics  of  the  rotor 
blade  passage  frequency. 

From  the  Fourier  analyses  performed  on  the  data,  the 
ude.  and  .phase  angle,  of  .1 
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Fig.  S  Digitized  signal  together  with  the  sum  of  the  first  three 
harmonics. 
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Fig.  6  Variation  of  absolute  velocity  due  to  rotor  blade  wakes. 


the  wake  generated  velocity  profiles  with  the  first  harmonic 
surface  dynamic  pressures  on  the  instrumented  vanes,  the 
rotor  exit  velocity  triangles  are  examined.  Fig.  6  shows  the 
change  in  rotor  relative  exit  velocity  which  occurs  as  a  result 
of  the  presence  of  the  blade.  A  deficit  in  the  velocity  in  this 
relative  frame  creates  a  change  in  the  absolute  velocity  vector 
as  indicated.  This  velocity  change  is  measured  with  the 
crossed  hot-wires.  From  this  instantaneous  absolute  angle 
and  velocity,  the  rotor  exit  relative  angle  and  velocity  as  well 
as  the  magnitude  and  phase  of  the  perturbation  quantities 
are  determined. 

As  noted  previously,  the  hot-wire  probe  is  positioned 
upstream  of  the  leading  edge  of  the  stator  row.  To  relate  the 
time  based  events  as  measured  by  this  hot-wire  probe  to  the 
unsteady  pressures  on  the  vane  surfaces,  the  following 
assumptions  are  made:  I)  the  wakes  are  identical  at  the  hot¬ 
wire  and  the  stator  leading  edge  planes;  and  2)  the  wakes  are 
fixed  in  the  relative  frame.  A  schematic  of  the  rotor  wakes, 
the  instrumented  vanes,  and  the  hot-wire  probe  was  pres¬ 
ented  in  Fig.  2.  The  rotor  blade  spacing,  vane  spacing, 
length  of  the  hot-wire  probe,  and  axial  spacing  between  the 
vane  leading  edge  plane  and  the  probe  holder  centerline  are 
known  quantities.  At  a  steady  operating  point,  the  hot-wire 
data  is  analyzed  to  determine  the  absolute  flow  angle  and  the 
rotor  exit  relative  flow  angle.  Using  the  above  two  assump¬ 
tions,  the  wake  is  located  relative  to  the  hot-wires  and  the 
leading  edges  of  the  instrumented  vane  suction  and  pressure 
surfaces.  From  this,  the  times  at  which  the  wake  is  present  at 
various  locations  is  determined.  The  increment  times  be¬ 
tween  occurrences  at  the  hot-wire  and  the  vane  leading  edge 
plane  are  then  related  to  phase  differences  between  the  per¬ 
turbation  velocities  and  the  vane  surface. 

To  simplify  the  experiment -theory  correlation  process,  the 
first  harmonic  data  is  adjusted  in  phase  such  that  the 


Flf.  7  First  stage  vane  static  pressure  coefficient  distribution. 


fig.  S  First  harmonic  unsteady  data  correlation  for  first  stage 
vane. 


transverse  perturbation  is  at  zero  degrees  at  the  vane  suction 
surface  leading  edge.  From  the  geometry  indicated  in  Fig.  2. 
the  time  at  which  this  would  occur  is  calculated  and 
transposed  into  a  phase  difference.  This  difference  is  then 
used  to  adjust  (he  pressure  data  from  the  suction  surface.  A 
similar  operation  is  performed  on  the  pressure  surface  data 
so  lhai  the  surfaces  of  the  vanes  are  time  related;  i.e.,  lime 
relating  (he  data  results  in  data  equivalent  to  that  for  a  single 
instrumented  vane.  Following  this  procedure,  the  first  har¬ 
monic  pressure  differences  across  an  equivalent  single  vane 
at  each  transducer  location  are  calculated.  The  final  form  of 
the  unsteady  pressure  data  describes  the  chordwise  variation 
of  the  first  harmonic  pressure  difference  across  a  stator  vane 
and  is  presented  as  an  aerodynamic  phase  lag  referenced  to  a 
transverse  gust  at  the  airfoil  leading  edge  and  the  dynamic 
pressure  coefficient, 
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Fig.  9  Second  stage  vane  Malic  pressure  coefficient  distribution. 


Ii(.  19  First  Harmonic  tinsleadr  data  correlation  lor  second  Mate 
vane. 


Results 

The  objective  of  this  series  of  experiments  is  the  quan¬ 
titative  investigation  of  the  blade  row  interaction  first  har¬ 
monic  gust  unsteady  aerodynamics.  This  is  accomplished  by 
measuring  the  aerodynamic  forcing  functions  and  the  chord- 
wise  distributions  of  the  steady  pressures  and  the  first  har¬ 
monic  unsteady  pressure  differences  on  the  first  and  second 
stage  stator  vane  rows  of  a  three-stage  research  compressor 
over  a  range  of  operating  and  geometric  conditions. 

The  chordwise  distributions  of  the  first  harmonic  of  the 
complex  unsteady  pressure  differences  across  the  vane  rows 
are  correlated  with  predictions  obtained  from  a  periodic  gust 
model  which  considers  the  inviscid,  irrotational  flow  of  a 
perfect  gas.  This  model5  analyzes  the  uniform  subsonic  com¬ 
pressible  flow  past  a  two-dimensional  flat  plate  airfoil 
cascade,  with  small  unsteady  normal  velocity  perturbations 
superimposed  and  convected  downstream  The  parameters 
include  the  cascade  solidity  and  stagger  angle,  the  interblade 
phase  angle,  inlet  Mach  number,  and  reduced  frequency. 

The  first  stage  vane  steady  and  first  harmonic  unsteady 
data  at  incidence  angles  of  -9.2,  -10.3,  and  -14.5  deg,  are 
presented  in  Figs.  7  and  8,  respectively.  No  evidence  of  flow 
separation  is  evident  in  the  vane  surface  static  pressure 
distributions,  with  the  steady  aerodynamic  loading  a  func¬ 
tion  of  the  incidence  angle,  as  expected.  However,  the  first 
harmonic  unsteady  data.  Fig.  8,  are  nearly  independent  of 
the  incidence  angle  and  the  steady  loading  over  this  range  of 
operating  conditions.  The  difference  between  the  zero  in¬ 
cidence  flat  plate  predictions  and  these  unsteady  data  ate  at¬ 
tributed  to  the  camber  of  the  airfoil  and  incidence  angle  ef- 


Flg.  II  Second  stage  vane  aerodynamic  forcing  function  wave¬ 
form. 
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l'l|.  14  Effect  of  first  stage  stator  indexing  on  second  stage  vane 
stalk  pressure  coefficient. 


Fig.  IS  Effect  of  first  stage  stator  Indexing  on  second  stage  vane 
forcing  function  waveform. 
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Fig.  Id  Effect  of  first  stage  vane  Indexing  on  serond  stage  tane 
unsteady  data  at  -id  deg  of  Incidence. 
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fects,  analogous  to  the  single  stage  experimental  results  of 
Refs.  8.  9.  and  10. 

I  lie  second  stage  steady  loading  distribution  and  the  cor¬ 
relation  of  the  first  and  second  stage  unsteady  data  for  this 
same  range  of  incidence  angles  and  (educed  frequency  values 
ate  presented  in  I  igs.  9  and  10,  respectively.  The  chordwise 
static  pressure  distributions  on  the  vane  surfaces  are  similar 
for  both  stages,  with  the  steady  aerodynamic  loading  a  func¬ 
tion  of  the  incidence  angle  and  no  evidence  of  flow  separa¬ 
tion.  The  second  stage  unsteady  data  exhibit  the  same  overall 
trends  as  that  of  the  first  stage.  However,  unlike  the  first 
stage  results,  these  second  stage  unsteady  data,  particularly 
the  dynamic  pressure  coefficient,  ate  a  function  of  the  in¬ 
cidence  angle  and,  thus,  the  steady  slate  loading. 

To  understand  this  difference  in  the  effect  of  incidence 
angle  on  the  first  and  second  stage  unsteady  data,  it  is 
necessary  to  consider  the  aerodynamic  forcing  functions  for 
the  unsteady  pressure  data,  i.e.,  the  upstream  wakes  imping¬ 
ing  on  the  downstream  stator  vanes.  Figure  II  presents  the 
wake  normal  perturbation  velocity  wavefotms  which  are  the 
forcing  function  to  the  fitsl  stage  vane  row  data  of  I  ig.  8. 
As  seen,  these  waveforms  are  neatly  identical  to  one  another. 

I  lie  corresponding  second  stage  vane  row  inlet  not  null  per¬ 
turbation  velocity  waveforms  ate  presented  in  f  ig.  12.  I  liese 
waveforms  differ  significantly  from  one  another  and  also 
from  the  first  stage  wake  waveforms.  This  variation  in  wave 
form  of  the  second  stage  forcing  function  with  steady 
operating  point  is  a  multistage  blade  row  interaction  el  feet, 
with  the  second  stage  rotor  wake  being  modulated  by  the 
wakes  from  upstream  lirst  stage  rotor  and  stator  ait  foils. 

I  he  research  compressor  used  in  this  study  offers  the 
ability  to  investigate  this  multistage  unsteady  blade  row 
interaction  effect.  This  is  because  the  first  stage  stator  vanes 
can  be  indexed  circumferentially  relative  to  the  second  stage 
vane  row.  Thus,  this  multistage  unsteady  blade  row  inter¬ 
action  is  investigated  at  a  fixed  steady  slate  operating  point 
by  indexing  the  first  stage  stator  row  relative  to  the  second 
stage  vane  row,  as  schematically  depicted  in  Fig.  13. 
Specifically,  with  the  first  stage  stators  indexed  0,  25,  50, 
and  75*/«,  relative  to  the  second  stage  vane,  complete  steady 
and  unsteady  second  stage  vane  row  data  sets  are  obtained 
The  circumferential  indexing  of  the  first  stage  statoi  vanes 
has  no  effect  on  the  second  stage  vane  steady  slate  loading 
distributions  (Fig.  14).  However,  it  docs  have  a  significant 
effect  on  the  waveform  of  the  aerodynamic  forcing  function 
to  the  second  stage  vanes.  In  particular,  the  relative  stator 
positioning  results  in  the  modulation  of  the  waveform  of  the 
second  stage  rotor  wakes,  as  seen  in  l  ig.  15.  This  waveform 
modulation  of  the  ptimary  forcing  function  to  the  second 
stage  vane  row  affects  the  complex  unsteady  pressure 
distributions  oil  this  vane  row  (I  ig  16). 

I  liese  variations  of  the  unsteady  data  with  foicing  func¬ 
tion  waveform  cannot  be  predicted  by  harmonic  gust 
models.  Ibis  is  because  the  foicing  function  waveforms  and 
the  lesulting  unsteady  picssuie  distributions  have  been 
Fourier  decomposed,  with  the  first  harmonics  ol  the 
unsteady  data  presented.  Thus,  all  of  these  fiist  haimoiiic 
unsteady  data  arc  coriclatcd  with  the  same  prediction  curve, 
as  indicated  in  Fig.  16,  i.e.,  the  predictions  from  these  har¬ 
monic  gust  models  are  identical  for  all  of  the  forcing  func¬ 
tion  waveforms. 

Summary  and  Conclusions 
A  three-stage  research  compressor  has  been  utilized  to  in¬ 
vestigate  the  fundamental  multistage  blade  row  interaction 
gust  unsteady  aerodynamics  for  the  first  lime.  The  aero¬ 
dynamic  forcing  functions  as  well  as  the  chordwise  distribu¬ 
tions  of  the  steady  surface  pressures  and  the  first  harmonic 
unsteady  pressure  differences  on  the  first  and  second  stage 
stator  vane  rows  were  experimentally  determined  over  a 
range  of  operating  conditions,  including  the  indexing  of  the 
first  stage  stator  row  telative  to  the  second  stage  vane  row. 
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This  series  of  experiments  demonstrated  the  major  effect 
of  multistage  blade  tow  inlet  actions  on  the  unsteady  aero¬ 
dynamics  of  downstream  blade  rows.  In  particular,  the  first 
stage  blade  rows  modulated  the  waveform  of  the  aero¬ 
dynamic  forcing  function  to  tire  second  stage  vane  row.  This 
has  no  effect  on  the  steady  loading  of  the  second  stage 
vanes,  but  does  have  a  significant  effect  on  the  resulting 
complex  unsteady  chordwise  pressure  difference  distribu¬ 
tions.  Thus,  the  complex  unsteady  aerodynamic  loading  on 
downstream  blade  rows  is  directly  related  to  the  forcing 
function  to  that  blade  row,  with  this  forcing  function 
significantly  affected  by  multistage  blade  tow  interaction 
phenomena.  These  results  have  an  implication  towards  the 
modeling  of  unsteady  aerodynamic  blade  row  interaction 
phenomena.  Namely,  the  variations  of  the  second  stage 
unsteady  data  with  forcing  function  waveform  cannot  be 
predicted  by  harmonic  gust  models,  i.e,  the  predictions  from 
these  gust  models  would  be  identical  for  all  of  the  forcing 
function  waveforms. 
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ABSTRACT 

The  effects  of  steady  loading  and  the 
detailed  aerodynamic  forcing  function  on  airfoil 
roe  unsteady  aerodynamics  are  investigated  and 
quantified  at  high  reduced  frequency  values.  For 
the  first  time,  both  parallel  and  normal  gust  com¬ 
ponents  of  the  forcing  function  are  considered. 
This  is  acca^lished  by  a  series  of  experiments 
which  quantify  the  unsteady  aerodynamics  of  the 
first  stage  vane  row  of  a  research  coapressor. 
The  effects  of  steady  vane  aerodynamic  loading 
with  both  non-constant  and  constant  aerodynamic 
forcing  functions  are  quantified.  These  data  show 
that  the  steady  loading  affects  only  the  magnitude 
of  the  complex  dynamic  pressure  coefficient 
whereas  the  ratios  of  the  marl mum  amplitudes  of 
the  parallel  and  normal  components  of  the  aero¬ 
dynamic  forcing  function  affects  both  the  magni¬ 
tude  and  the  phase  lag.  The  relative  effects  of 
the  two  components  of  the  time-variant  inlet  velo¬ 
city  field  on  the  reeultlng  vane  row  unsteady 
aerodynamics  are  also  investigated,  showing  that 
the  parallel  component  of  the  aerodynamic  forcing 
function  affects  only  the  dynamic  pressure  coeffi¬ 
cient  phase  lag.  The  correlation  of  the  dynamic 
pressure  coefficient  data  with  flat  plate  predic¬ 
tions  is  also  considered.  The  level  and  chordwise 
distribution  of  the  steady  aerodynamic  loading, 
not  the  incidence  angle,  are  revealed  to  be  the 
key  parameters  to  obtain  good  correlation  with 
such  mathematical  models. 


NOMENCLATURE 

b  airfoil  semi-chord  ^ 

Cp  dynamic  preesure  coefficient,  dp/pv£(^r ) 

—  _  _  j  2 

Cp  static  pressure  coefficient,  (p-p>xit)/jput 

k  reduced  frequency,  uto/V 

1  incidence  angle 

N  number  of  rotor  revolutions 

p  stator  vane  surface  static  pressure 

PtIit  stator  vane  exit  static  pressure 

Ap  dynamic  pressure  difference  across  chordline 

u*  inlet  velocity  parallel  to  vane 
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rotor  blade  tip  speed 

v*  inlet  velocity  normal  to  vane 

V  absolute  velocity 

V  absolute  axial  velocity 

p  inlet  air  density 

u  blade  passing  frequency 


INTRODUCTION 

An  item  of  concern  for  high-performance  gas 
turbine  engines  is  the  structural  dynamic  response 
of  fan,  compressor,  and  turbine  blading  to  aero¬ 
dynamic  excitations.  The  spatially  periodic ‘vari¬ 
ations  in  pressure,  velocity,  and  flow  direction 
of  the  exit  flow  field  of  an  upstream  airfoil  row 
appear  as  temporally  varying  in  a  coordinate  sys¬ 
tem  fixed  to  a  downstream  row  of  airfoils.  This 
periodic  inlet  flow  field  is  an  aerodynamic  forc¬ 
ing  function  to  the  downstream  airfoil  row  which 
may  lead  to  vibrations  of  these  airfoils.  In  par¬ 
ticular,  when  the  frequency  of  the  aerodynamic 
forcing  function  is  equal  to  one  of  the  natural 
frequencies  of  the  downstream  airfoils,  vibrations 
result  which  can  have  large  amplitudes  and  associ¬ 
ated  high  vibratory  etrese  levels. 

At  present,  these  resonant  stress  levels  can 
not  be  accurately  predicted.  Thus,  they  are  unk¬ 
nown  until  the  first  testing  of  the  blade  or  vane 
row.  If  this  testing  reveals  stresses  in  excess 
of  a  predetermined  allowable  level,  airfoil  life 
considerations  then  require  a  redesign  to  reduce 
these  stresses. 

To  predict  the  aerodynamically  forced 
response  vibratory  behavior  of  an  airfoil  row 
requires  a  definition  of  the  unsteady  forcing 
Cunction  in  terms  of  its  harmonics.  The  periodic 
aerodynamic  response  of  the  airfoil  row  to  each 
forcing  function  harmonic  is  then  assumed  to  be 
comprised  of  two  distinct  but  related  unsteady 
aerodynamic  parts.  One  is  due  to  the  chordwise 
and  normal  components  of  the  harmonic  forcing 
function  being  swept  past  the  non-responding  fixed 
airfoil  row,  termed  the  normal  (or  transverse)  and 
chordwise  gust  responses,  respectively.  The 
second,  the  self-induced  unsteady  aerodynamics,  is 
associated  with  the  resulting  harmonic  oscillatory 
response  of  the  airfoils. 

There  are  many  analytical  and  physical 
assuaq>tions  inherent  in  the  various  gust  and 
self-induced  unsteady  aerodynamic  models,  refer¬ 
ences  1  through  6  for  example.  However,  only  very 
limited  experimental  data  exists  to  assess  the 
range  of  validity  and  to  direct  the  refinements 
necessary  to  develop  valid  predictive  design  sys¬ 
tems  . 
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WIT  lo**  Him*  of  the  reduced  frequency , 
fuetlMnttl  date  for  both  eel f- induced  unsteady 
and  *oml  gust  aerodynamics  have  been  obtained  in 
Umax  caeca dee.  Carta  and  St.  Hilaire  (?,•)  per- 
f oread  a  eeriee  of  oscillating  airfoil  sxperiments 
and  demonstrated  the  effect  of  aerodynaaic  loading 
on  self-induced  unsteady  aerodynaalcs,  with  the 
lnterblade  phase  angle  found  to  be  the  principle 
paraaeter  affecting  stability.  Ostdiek  (g) 
developed  an  oscillating  inlet  wind  tunnel  and 
Investigated  the  normal  component  gust  aerodynaa¬ 
lcs. 


At  the  high  values  of  reduced  frequency 
characteristic  of  turbomschlnery,  low  speed  single 
and  multi-stage  research  compressors  have  been 
used  to  investigate  normal  component  gust  aero¬ 
dynamics.  These  experiments  considered  the  effect 
of  airfoil  camber  and  rotor-stator  axial  spacing, 
references  10  to  11,  and  also  showed  that  the 
aerodynaaic  forcing  function  waveform  has  an 
important  Influence  on  the  fundamental  normal  gust 
unsteady  aerodynamics  [12], 


Za  this  paper,  the  effects  of  stesdy  airfoil 
loading  and  the  detailed  aerodynaaic  forcing  func¬ 
tion  on  airfoil  row  unsteady  ae  rodynami  cs  are 
investigated  and  quantified  at  high  reduced  fre¬ 
quency  values.  Por  the  first  time,  both  parallel 
and  normal  gust  components  of  the  forcing  function 
are  considered.  This  is  accomplished  by  the 
acquisition  and  analysis  of  unique  data  which 
describe  the  unsteady  aerodynaalcs  of  the  first 
stage  vane  row  of  a  research  compressor  over  a 
range  of  steady  operating  conditions. 


Xs  schematically  depicted  in  rigure  1,  the 
wakes  from  the  rotor  blades  axe  the  primary  source 
of  the  unsteady  aerodynaalcs  of  the  first  stage 
stator  vanes,  l.e..  the  exit  flow  field  from  the 
rotor  defines  the  forcing  function  to  the  down¬ 
stream  stator  vanes.  This  aerodynaaic  forcing 
function  is  defined  by  the  velocity  components 
parallel  and  normal  to  the  vane  chord,  u+  and  v* 
respectively.  The  variation  in  the  forcing  func¬ 
tion  ie  accomplished  by  altering  the  setting  angle 
of  the  inlet  guide  vanes  which  establish  the  firet 
stage  rotor  flow  field,  including  the  rotor  exit 
flow  field  which  is  the  aerodynaaic  forcing  func¬ 
tion  to  the  downstreaa  first  stage  vane  row. 
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It  is  necessary  to  experimentally  model  the 
basic  unsteady  aerodynaaic  phenomena  inherent  in 
the  1 1  me  variant  blade  row  flow  interaction 
Including  the  Incidence  angle,  the  velocity  and 
pressure  variations,  the  aerodynamic  forcing  func¬ 
tion  waveforms,  the  reduced  frequency,  and  the 
blade  sow  interactions.  These  axe  all  simulated 
in  the  Purdue  University  axial  flow  research 
compressor,  Figure  2.  This  compressor  is  driven 
by  a  IS  HP  DC  electric  motor  over  a  speed  range  of 
300  to  1,000  KPN.  each  of  the  three  identical 
eoayteaser  stages  contains  43  rotor  blades  and  41 
stator  vanes,  with  the  first  stage  rotor  flow 
field  established  by  a  row  of  variable  setting 
angle  inlet  guide  vanes.  The  airfoils  are  of  free 
vortex  design  and  have  British  C4  section  pro¬ 
files. 


IWSTKUKEMTATION 


Both  steady-state  and  time-variant  data  are 
of  interest.  The  steady  data  describe  the  overall 
compressor  operating  point  and  the  detailed  vane 
surface  steady  loading.  The  unsteady  data  define 
the  time-variant  aerodynamic  vane  row  inlet  flow 
field,  i.e.,  the  vane  row  aerodynaaic  forcing 
function,  and  the  resulting  vane  surface  unsteady 
pressure  distributions . 


Steady-State 


Conventional  steady-etate  instrumentation  is 
used  to  determine  the  flow  properties  throughout 
the  compressor.  The  inlet  temperature  is  measured 
by  four  equal  circumferentially  spaced  inlet  ther¬ 
mocouples.  The  static  pressures  between  each 
blade  row  are  measured  with  casing  static  taps. 
Traversing  stations  between  each  blade  row  are 
used  to  measure  the  mean  flow  incidence  angles.  A 
downstream  thermocouple  and  Kiel  probe  determine 
the  compressor  exit  temperature  and  total  pres¬ 
sure,  respectively.  The  mass  flow  is  measured 
with  the  calibrated  venturi  meter  located  down¬ 
stream  of  the  compressor  test  section.  A  shaft 
mounted  40  tooth  gear  and  a  magnetic  pick-up  pro¬ 
vide  the  rotor  speed. 


The  steady-state  aerodynaaic  loading  on  the 
vane  surfaces  is  determined  by  instrumenting  a 
pair  of  stator  vanes  with  chordwise  distributions 
of  midspan  surface  static  pressure  taps,  rlow 
visualization  showed  the  flow  to  be  two- 
dimensional  along  this  streamline.  These  vanes 
are  positioned  such  that  one  complete  flow  passage 
is  instrumented.  Figure  1. 


Time-Variant 


The  airfoil  surface  time-  variant  pressure 
measurements  are  accomplished  with  Kullte  thin- 
line  design  high  response  transducers.  A  reverse 
mounting  technique  is  utilised,  with  the  transduc¬ 
ers  embedded  in  the  vanes  from  the  backside  and 
connected  to  the  measurement  surface  by  a  static 
tap.  This  minimizes  any  disturbance  generated  by 
the  inability  of  the  transducer  or  mounting  to 
exactly  maintain  the  vane  surface  curvature.  As 
also  depicted  in  Figure  1,  these  vanes  are  posi¬ 
tioned  such  that  a  complete  flow  passage  is 
instrumented . 


The  embedded  transducers  are  statically  and 
dynamically  calibrated.  The  static  calibrations 
exhibit  good  linearity  and  no  discernible  hys- 
tereois.  The  dynamic  calibrations  demonstrate 
that  the  frequency  response,  in  terms  of  gain 
attenuation  and  phase  shift,  is  not  affected  by 
the  transducer  mounting.  The  accuracy  of  the 
unsteady  pressure  measurements,  determined  from 
the  calibrations,  is  ±3.$% 


The  time-variant  inlet  flow  field  to  the  vane 
row  is  measured  with  a  cross  hot-wire  probe  posi¬ 
tioned  midway  between  rotor  and  stator  at  mid- 
stator  circumferential  spacing.  Figure  1.  These 
probes  are  calibrated  and  linearized  to  45  m/sec 
and  135  angular  variation,  with  the  accuracy  of 
the  velocity  magnitude  and  angle  of  t  4%  and  12°  , 
respectively.  The  mean  absolute  flow  angle  is 
determined  by  rotating  the  probe  until  a  zero  vol- 
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teg*  difference  tetvMn  the  two  linearised  hot¬ 
wire  ilgMli  la  obtained.  Thia  mean  angle  is  sub¬ 
sequently  used  as  a  reference  for  calculating  the 
Instantaneous  absolute  and  relative  flow  angles. 


path  ACOPUiTiom  mb  amaltsis 

A  digital  data  acquisition  and  analysis  sya- 
tea  centered  around  a  Hewlett-Packard  HF-1000  com¬ 
puter  la  utilised  to  acquire  and  analyse  cn-line 
both  the  steady  and  unsteady  data. 

Steady-State 

1  4S  channel  Sc snivel ve  system  la  used  to 
acquire  the  steady  pressure  data.  Under  computer 
control,  the  Scanivalve  la  calibrated  each  tine 
steady-state  data  are  acquired,  with  coapensation 
automatically  made  for  variations  in  the  sero  and 
span  output.  he  part  of  this  steady-state  data 
analysis  sequence,  a  root -mean- square  error 
analysis  is  performed,  with  the  steady  data 
defined  as  the  mean  of  30  samples,  with  the  95* 
confidence  intervals  determined. 

Time-Variant 

The  time  variant  data  from  the  hot-wire  probe 
and  the  dynamic  pressure  transducers  are  obtained 
under  computer  control  by  first  conditioning  their 
signals  and  then  digitising  them  with  a  high  speed 
h-D  system.  This  eight  channel  A-D  system  is  able 
to  digitise  signals  simultaneously  at  rates  to  S 
MBs  per  channel,  storing  2041  points  per  channel. 

The  time-variant  data  of  Interest  are 
periodic,  being  generated  at  rotor  blade  passing 
frequency,  with  a  digital  ensemble  averaging  tech¬ 
nique  used  for  data  analysis.  The  key  to  this 
technique  is  the  ability  to  sample  data  at  a  pre¬ 
set  time.  This  is  accomplished  by  an  optical 
encoder  mounted  on  the  rotor  shaft.  The 
microsecond  range  square  wave  voltage  signal  from 
the  encoder  serves  as  the  time  or  data  initiation 
reference  and  triggers  a  high  speed  A-D  mulli- 
plexsr  system. 

The  time  variant  hot-wire  probe  and  dynamic 
pressure  transducer  signals  are  analysed  to  deter¬ 
mine  their  periodic  components  by  means  of  a  digi¬ 
tal  ensemble  averaging  data  analysis  technique 
based  on  the  signal  enhancement  concept  of  Gos- 
telow  (13].  This  ensemble  averaging  is  demon¬ 
strated  in  Figure  3,  which  shows  a  typical  digi¬ 
tised  pressure  transducer  signal  for  1  rotor  revo¬ 
lution  and  averaged  over  2S,  SO,  7S,  100,  and  200 
rotor  revolutions.  Averaging  significantly 
reduces  the  random  fluctuations  superimposed  on 
the  periodic  signal,  with  the  time-variant  signals 
essentially  unchanged  when  averaged  over  75  or 
more  rotor  revolutions.  For  the  data  to  be 
presented  herein,  200  averages  are  used  for  both 
the  hot-wire  and  vane  pressure  transducer  signals. 

The  periodic  hot-wire  probe  and  dynamic  pres¬ 
sure  transducer  signals  axe  each  then  Fourier 
decomposed  into  harmonics  by  means  of  a  rest 
Fourier  Transform  (FFT)  algorithm.  This  Fourier 
analysis  determines  the  magnitude  and  phase  of  the 


These  are  each  referenced  to  the  initiation  of  the 
data  acquisition.  However,  the  hot-wire  probe  is 
positioned  upstream  of  the  leading  edge  plane  of 
the  vane  row.  Thus,  it  is  necessary  to  time- 
relate  the  harmonic  vane  row  inlet  flow  field  to 
the  resulting  unsteady  vane  surface  pressures. 

As  was  depicted  in  Figure  1,  the  rotor  blade 
wake  velocity  deficit  creates  a  fluctuating  velo¬ 
city  vector  in  the  absolute  frame  of  reference  of 
the  vane  row  which  is  measured  with  the  crossed 
hot-wire  probe.  These  hot-wire  data  are  analyzed 
to  determine  the  harmonic  fluctuating  vane  inlet 
flow  angle  and  velocity,  in  particular,  the  fluc¬ 
tuating  velocity  components  parallel  end  normal  to 
the  vane,  u+  and  v+,  which  define  the  vane  row 
aerodynamic  forcing  function. 

The  hot-wire  probe  is  positioned  upstream  of 
the  leading  edge  of  the  stator  vane  row.  To 
relate  time  based  events  measured  by  thia  hot-wire 
probe  to  the  resulting  unsteady  pressures  on  the 
vane  surfaces,  the  following  assumptions  are  madei 
(1)  the  wakes  are  identical  at  the  hot-wire  and 
the  van.>  leading  edge  planes;  and  (2)  the  wakes 
are  fi~  1  in  the  rotor  relative  reference  frasm. 
The  rotc.r  blade  spacing,  the  vane  spacing,  and  the 
axial  spicing  between  the  vane  leading  edge  plane 
and  the  probe  centerline  are  known. 

At  a  steady  operating  point,  the  hot-wire 
data  are  analyzed  to  determine  the  absolute  flow 
angle  and  the  rotor  exit  relative  flow  anqle. 
Using  the  above  two  assusiptions,  the  wake  is 
located  relative  to  the  hot-wire  probe  and  the 
leading  edges  of  the  instrumented  vane.  From 
this,  the  times  at  which  the  wakes  are  present  at 
various  locations  are  determined.  The  increswnted 
times  between  occurrences  at  the  hot-wire  and  the 
vane  leading  edge  plane  are  then  related  to  phase 
differences  between  velocities  and  the  vane  sur¬ 
face  . 

To  simplify  the  experiment-theory  correla¬ 
tion,  the  first  harmonic  data  are  adjueted  in 
phase  such  that  the  transverse  inlet  velocity  com¬ 
ponent  is  at  zero  degrees  at  the  vane  suction  sur¬ 
face  leading  edge.  From  the  geometry,  the  time  at 
which  this  would  occur  is  calculated  and  tran¬ 
sposed  into  a  phase  difference  which  is  then  used 
to  adjust  the  pressure  data  from  the  suction  sur¬ 
face.  An  analogous  procedure  is  utilized  for  the 
pressure  surface  data  so  that  the  two  instrumented 
stator  vanes  are  time  related.  The  pressure 
difference  across  the  chordline  of  an  equivalent 
single  vane  is  then  determined  by  the  subtraction 
of  these  complex  time-related  vane  pressure  and 
auction  surface  data. 

The  final  form  of  the  unsteady  pressure  data 
describes  the  chordwise  variation  of  the  first 
harmonic  pressure  difference  across  the  chordline 
of  a  stator  vane  and  is  presented  as  a  complex 
dynamic  pressure  coefficient,  Cp,  in  the  format  of 
the  magnitude  and  the  phase  lag  referenced  to  a 
transverse  gust  at  the  airfoil  leading  edge.  As  a 
reference,  also  presented  with  these  complex 
dynamic  pressure  coefficient  data  are  predictions 
obtained  from  a  periodic  small  perturbation  model 
which  considers  the  inviscld,  irrotational  flow  of 


first  harmonic  of  the  vane  inlet  flow  field,  i.e.,  t  perfect  gas,  reference  2.  This  sx>del  analyses 
the  aerodynamic  forcing  function,  and  the  result-  the  uniform  subaonic  compressible  flow  past  a 
log  vane  surface  unsteady  pressure  distributions.  two-dlmensionsl  flat  plate  airfoil  cascade,  with 
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•Mil  unsteady  normal  velocity  perturbations 
superimposed  and  convactad  downstream. 


BZSPLT3 

&  aarlaa  of  experiments  on  tha  60%  speedline 
of  tha  compressor  ara  performed  to  determine  and 
quantify  tha  affacta  of  ataady  loading  and  tha 
datailad  aerodynamic  forcing  function.  Including 
tha  affacta  of  both  tha  parallal  and  normal  guat 
component s,  on  tha  raaultlng  airfoil  row  unataady 
aerodynamics .  Tha  variation  In  tha  forcing  func¬ 
tion  la  accomplished  by  altaring  tha  aottlng  angla 
of  tha  row  of  inlat  gulda  van aa,  aa  schematically 
daplctad  In  Figure  4,  which  changaa  tha  rotor  flow 
flald.  In  particular,  a  changa  in  tha  inlat  guida 
vana  Batting  angla  altara  tha  rotor  exit  flow 
flald,  i.a.  it  changaa  tha  aarodynaaic  forcing 
function  to  tha  downatraaa  firat  ataga  vana  row, 
including  tha  parallal  and  normal  guat  coaponenta. 
u+  and  v+. 

At  each  ataady-atata  oparating  point,  an 
avaragad  tlaia-var lant  data  aat  conalating  of  tha 
hot-wira  and  dynamic  praaaura  tranaducer  aignala 
digltisad  at  a  rata  of  200  kHa  la  obtainad.  Thia 
aaapla  rata  allow*  approxiaataly  31  point*  between 
aach  rotor  blada  at  tha  daaign  rotational  apaad. 

VAHE  tOAPIHO  EFFECTS 

Bon-Conatant  forcing  Function* 

Tha  affact  of  tha  ataady  airfoil  aarodynaaic 
loading  dlatribution  on  tha  vana  row  unataady 
aarodynaaic*  Including  tha  Influanca  of  tha 
datailad  aarodynaaic  forcing  function,  both  tha 
parallal  and  noraal  aarodynaaic  forcing  function 
coaponanta,  la  conaldarad  firat.  For  two  particu¬ 
lar  inlat  guida  vana  aattinga,  tha  atator  row 
inlat  flow  flald  la  ahown  in  Plgura  9,  with  tha 
corraaponding  parallal  and  noraal  inlat  valocity 
coaponanta  ahown  in  Plgura  6.  Por  thaaa  two  con- 
figuratlona,  tha  ratio*  of  tha  auuciaua  amplitude 
of  tha  parallal  coaponant  to  that  of  the  noraal 
component  ara  approxiaataly  0.9  and  0.7.  Alao,  it 
la  Interacting  to  not*  that  thaaa  inlat  valocity 
coagionanta  are  not  aaall  aa  coopered  to  tha  free- 
atraaa  valocity,  having  ratio*  on  tha  order  of 
0. 4-0.6  and  0.2-0. 4  for  tha  noraal  and  parallal 
coaponanta,  raapactivaly . 

Tha  ataady-atata  vana  aurfaca  atatic  praaaura 
dlatribution*  ara  presented  in  Plgura  7 .  Tha  auc¬ 
tion  aurfaca  distribution*  ara  nearly  identical 
except  near  tha  leading  and  trailing  edge  regions, 
with  larger  differences  apparent  on  the  vane  praa¬ 
aura  surface.  Alao,  thaaa  configurations 
correspond  to  a  high  level  of  vana  aarodynaaic 
loading,  with  tha  vana  Incidence  angle*  nearly  tha 
•aa*,  9.7°  and  9. a6. 

Plgura  •  presents  tha  data  describing  tha 
chordwlaa  dlatribution*  of  tha  first  harmonic  com¬ 
plex  dynamic  praaaura  coefficient .  Por  these  two 
caaaa,  both  tha  magnitude*  and  tha  phase  lags  of 
thaaa  dynastic  praaaura  coefficient  data  vary  over 
tha  vana  chord,  with  tha  magnitude  data  exhibiting 
aomawhat  larger  differences.  Alao,  aa  will  ba 
further  discussed,  tha  high  level  of  aarodynaaic 
loading  on  tha  vanes  results  in  the  differences 
between  these  data  and  the  prediction. 


Thera  ara  two  potential  mechanisms  Which 
cauaa  tha  above  noted  variation*  in  tha  complex 
dynamic  pressure  coefficient i  (1)  tha  ataady  aero¬ 
dynamic  loading  on  tha  vanei  and  (2)  tha  differ¬ 
ences  in  the  vane  row  aerodynamic  forcing  func¬ 
tion.  These  are  individually  invaatigated  in  tha 
following . 

Constant  Porcino  Punctlona 

Tha  affect  of  the  steady  airfoil  aarodynaaic 
loading  distribution  on  tha  vana  row  unataady 
aarodynaalca  for  the  saas  aarodynaaic  forcing 
function  is  now  considered.  A  third  inlet  guide 
vane  setting  was  established  auch  that  tha  paral¬ 
lel  and  normal  inlet  velocity  components  ara 
nearly  identical  with  one  previously  investigated. 
Figure  9  shows  that  tor  these  two  conf lgurationa, 
there  ara  only  minimal  variations  in  tha  time- 
variant  aerodynamic  forcing  function  to  the  vane 
row,  with  the  first  harmonica  of  these  coaponenta 
being  nearly  identical. 

The  vane  row  is  highly  loaded  aerodynaaically 
for  these  two  configurations,  with  small  differ¬ 
ences  in  the  vane  surface  static  praaaura  distri¬ 
butions  associated  with  these  two  configurations, 
figure  10.  Tha  suction  surface  distributions  ara 
nearly  identical,  with  differences  apparent  in  tha 
leading  and  trailing  edge  regiona.  Tha  pressure 
aurfaca  distributions  exhibit  differences  nsar  tha 
leading  edge  and  aft  of  tha  quarter  chord.  Alao, 
thaaa  configurations  hava  only^amall  differences 
in  tha  vane  incidence  angle.  9.1°  for  one  confi¬ 
guration  and  9.7°  for  the  other. 

Tha  chordwlaa  distributions  of  tha  firat  har¬ 
monic  complex  dynamic  pressure  coefficient  data 
are  shown  in  Figure  11.  Por  these  two  configura¬ 
tions  and  steady  loading  distributions,  tha 
dynamic  pressure  coefficient  magnitude  data  differ 
near  the  leading  edge  and  aft  of  quarter  chord, 
with  only  a  minimal  effect  on  the  phaa*  lag  data 
near  the  leading  edge.  These  differences  in  tie 
data  correspond  to  the  differences  previously 
noted  in  the  vane  surface  static  pressure  distri¬ 
butions,  i.e.,  near  the  leading  edge  and  aft  of 
quarter  chord.  Aa  the  first  harmonic  aerodynamic 
forcing  functions  generating  these  distributions 
are  nearly  Identical,  these  differences  in  the 
dynamic  pressure  coefficient  data  are  attributed 
to  steady  vana  aerodynamic  loading  effects. 

A  comparison  of  the  variation  of  those 
dynamic  pressure  coefficient  magnitude  data  with 
steady  loading  and  a  constant  forcing  function. 
Figure  11.  and  th#  corresponding  dots  differences 
previously  found  with  steady  loading  and  a  non¬ 
constant  forcing  function.  Figure  S,  reveals  that 
tha  magnitude  data  differences  for  thsss  two  csss* 
ara  not  analogous  to  one  another .  Thus,  it  can  ba 
concluded  that  whereas  steady  loading  affacta  only 
tha  magnitude  of  tha  complex  dynamic  praaaura 
coefficient,  tha  detailed  aerodynamic  forcing 
function,  in  particular,  tha  ratios  of  tha  maximum 
amplitudes  of  the  parallal  and  normal  components 
of  tha  aarodynaaic  forcing  function,  affects  both 
the  magnitude  and  tha  phase  lag  of  tha  dynamic 
pressure  coefficient. 

EPfTCT  OP  PORCINO  rUWCTIOW  HgMUL  mwpowwwT 

To  determine  tha  relative  affacta  of  tha  two 
components  of  tha  time-variant  inlat  valocity 
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field  on  the  resulting  van*  row  unsteady  aero¬ 
dynamics,  two  new  inlet  guide  vane  settings  were 
established  such  that  the  parallel  components  of 
the  aerodynamic  forcing  function  were  different 
while  the  normal  coeponents  were  nearly  the  same. 
Figure  12.  For  these  two  configurations,  the  vane 
aerodynamic  loading  level  is  low,  with  only  snail 
Incidence  angle  differences,  -4.3  and  -4.S  .  The 
corresponding  steady-stats  van*  surface  static 
prsssurs  distributions  are  presented  in  Figure  13. 
The  pressure  surface  distributions  are  nearly 
Identical,  with  only  very  small  differsnces  noted 
on  the  van*  suction  surface. 

Figure  14  show*  the  chordwise  distributions 
of  the  first  harmonic  complex  dynamic  pressure 
coefficient  data.  The  magnitude  data  axe  almost 
identical,  with  differences  existing  in  the  phase 
lag  data.  Previous  results  determined  that  for  a 
constant  aerodynamic  forcing  function,  steady  vane 
loading  differences  primarily  resulted  in  differ¬ 
ences  in  the  magnitude  data  of  the  dynamic  pres¬ 
sure  coefficient.  Bence,  these  differences  in 
only  the  dynamic  pressure  coefficient  phase  lag 
data,  are  attributable  to  the  differences  in  the 
time  variant  inlet  flow  field,  in  this  particular 
case,  the  parallel  component  of  the  aerodynamic 
forcing  function.  Thus,  the  parallel  component  of 
the  aerodynamic  forcing  function  only  has  an 
effect  on  the  dynamic  pressure  coefficient  phase 
lag  and  has  no  effect  on  its  magnitude. 

PREDICTION-DATA  CORRELATION 

The  correlation  of  the  copies  dynamic  pres¬ 
sure  coefficient  data  with  the  flat  plate  predic¬ 
tions,  presented  in  Figures  S,  11,  and  14,  are 
also  of  interest.  With  regard  to  the  correlation 
of  the  phase  lag,  relatively  good  correlation  is 
evident  for  all  cases.  However,  this  is  not  true 
for  the  correlation  of  the  magnitude  of  the 
dynamic  pressure  coefficient. 

By  far,  the  best  correlation  of  the  dynamic 
pressure  coefficient  data  and  the  corresponding 
prediction  is  obtained  for  the  -4. a  and  -4.3 
incidence  angle  cases.  Figure  14,  with  good  corre¬ 
lation  apparent  over  the  aft  ?S«  of  the  van* 
chord.  These  correlation  results  are  associated 
with  the  steady  van*  aerodynamic  loading.  Namely, 
the  prediction  is  for  an  unloaded  flat  plate  air¬ 
foil  cascade.  The  -4.S  and  -4.3  incidence  angle 
data  have  a  much  lower  level  of  aerodynamic  load¬ 
ing  than  the  other  cases,  as  determined  by  a  com¬ 
parison  of  Figures  7,  10,  and  13.  Also,  for  the 
low  loading  cases,  the  good  correlation  over  the 
aft  79%  van*  chord  and  poor  correlation  over  the 
front  23%  corresponds  to  the  steady  aerodynamic 
loading  distributions  on  the  van*  surface.  Figure 
13. 

To  verify  this  effect  of  steady  loading  on 
the  correlations,  the  van*  row  was  re-staggered 
and  a  compressor  operating  point  established  such 
that  there  was  a  significantly  lower  level  of  van* 
steady  loading,  characterised  by  an  incidence 
angle  of  -S.%°.  The  resulting  excellent 
correlation  of  the  dynamic  pressure  coefficient 
data  with  the  prediction  for  this  minimal  loading 
condition  is  shown  in  Figure  19.  Thus,  the  level 
of  the  steady  aerodynamic  loading,  not  the 
incidence  angle,  is  a 'hey  parameter  for  correla¬ 
tion  with  flat  plat*  cascade  mathematical  models. 


SUMMARY  AND  CONCLUSIONS 

A  series  of  experiments  was  performed  to 
investigate  and  quantify  the  effects  of  steady 
airfoil  loading  and  the  detailed  aerodynamic  forc¬ 
ing  function  on  airfoil  row  unsteady  aerodynamics 
at  high  reduced  frequency  values.  For  the  first 
tins,  both  parallel  and  normal  gust  coa^ionsnta  of 
ths  forcing  function  are  considered.  This  was 
accomplished  by  the  acquisition  and  analysis  of 
unique  data  which  describe  the  unsteady  aerodynam¬ 
ics  of  the  first  stage  vane  row  of  a  research 
compressor  over  a  rang*  of  steady  operating  condi¬ 
tions  . 

The  exit  flow  field  from  the  rotor  defines 
the  forcing  function  to  the  downstream  stator 
vanes,  with  this  aerodynamic  forcing  function 
defined  by  the  velocity  components  parallel  and 
normal  to  the  vane  chord.  The  variations  in  this 
forcing  function  were  accomplished  by  changing  the 
inlet  guide  vane  setting  angle  to  alter  the  rotor 
exit  flow  field. 

Data  defining  the  effect  of  steady  vane  aero¬ 
dynamic  loading  with  non-constant  aerodynamic 
forcing  1 unction  components  on  the  vane  row 
unsteady  aerodynamics  were  analyzed.  These  data 
demonstrated  that  the  ratios  of  the  maximum  ampli¬ 
tude  of  the  parallel  component  of  the  aerodynamic 
forcing  function  to  that  of  the  normal  component 
affect  both  the  magnitude  and  the  phase  lag  of  the 
resulting  complex  dynamic  pressure  coefficient. 

The  effect  of  steady  airfoil  aerodynamic 
loading  on  the  vane  row  unsteady  aerodynamics  with 
a  constant  aerodynamic  forcing  function  was  then 
considered.  The  resulting  data  determined  that 
steady  aerodynamic  loading  affects  the  magnitude 
of  the  complex  dynamic  pressure  coefficient,  but 
not  the  aerodynamic  phase  lag. 

The  relative  effects  of  the  two  coaiponents  of 
the  time-variant  inlet  velocity  field  on  the 
resulting  vane  row  unsteady  aerodynamics  were  also 
investigated.  The  parallel  component  of  the 
aerodynamic  forcing  function  waa  found  to  affect 
only  the  phase  lag  of  the  dynamic  pressure  coeffi¬ 
cient  and  not  the  magnitude. 

The  correlation  of  the  complex  dynamic  pres¬ 
sure  coefficient  dsts  with  the  flat  plate  predic¬ 
tions  wes  elso  considered.  Good  correlation  of 
the  phase  lag  le  evident  for  all  casea.  However, 
the  level  and  chordwise  distribution  of  the  steady 
serodynamic  loading,  not  the  incidence  angle,  were 
shown  to  be  the  key  perameters  to  obtain  good 
correlation  with  flat  plate  eirfoil  cascade 
mathematical  models. 
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Figure  2.  Three-stage  axial  flow 
research  ocnpressor 


Figure  3.  Ehsanble  averaging  of  unsteady 
pressure  signals 
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Figure  10.  Effect  of  loading  an  the  static 
pressure  coefficient  for 
constant  forcing  function 


jure  8.  Effect  of  loading  cn  the  first 
harmonic  unsteady  data  for  noR- 
ocnstant  forcing  function 
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Unsteady  Aerodynamic 
Interactions  in  a  Multistage 
Compressor 

The  fundamental  flow  physics  of  multistage  blade  row  interactions  is  experimentally 
investigated,  with  unique  data  obtained  which  quantify  the  unsteady  harmonic 
aerodynamic  interaction  phenomena.  In  particular,  a  series  of  experiments  is  per¬ 
formed  in  a  three-stage  axial  flow  research  compressor  over  a  range  of  operating  and 
geometric  conditions  at  high  reduced  frequency  values.  The  multistage  unsteady  in¬ 
teraction  effects  of  the  following  on  each  of  the  three  vane  rows  are  investigated: 
(/)  the  steady  vane  aerodynamic  loading,  ( 2 )  the  waveform  of  the  aerodynamic 
forcing  function  to  each  vane  row.  including  both  the  chordwise  and  traverse  gust 
components. 


Introduction 

Ian,  compressor,  and  turbine  airfoil'  ate  susceptible  to 
destructive  acrodynaniicallv  induced  vilnalinnal  i espouse' 
when  a  periodic  aerodynamic  cscitalion  source  with  a  frequen¬ 
cy  equal  to  an  airfoil  natural  frequency  acts  on  an  airfoil  row. 
Willi  (lie  resonant  airfoil  Ircqencies  accurately  predicted  with 
finite  element  structural  models,  Campbell  diagrams  are  uti- 
lired  to  determine  lire  rotor  speed  at  which  the  airfoil  row 
may  he  susceptible  to  significant  aerodynamically  induced 
vibrational  response.  However,  accurate  predictions  for  the 
amplitude  of  the  resulting  vibration  ami  stress  cannot  be  made 
due  to  the  inadequacies  existing  in  current  state-of-the-art 
unsteady  aerodynamics  models  lor  both  the  aerodynamic 
forcing  function  and  the  resulting  airfoil  row  unsteady 
aerodynamics. 

lire  most  common  aerodynamic  excitation  sources  arc  the 
wakes  shed  by  upstream  blade  or  vane  rows.  For  example,  in 
the  single  compressor  stage  schematically  depicted  in  Tig.  I, 
the  wakes  from  the  upstream  rotor  are  the  primary  source  of 
the  unsteady  aerodynamics  on  the  downstream  stator  vanes, 
i.c.,  the  exit  flow  licld  from  the  upstream  rotor  defines  the 
unsteady  aerodynamic  lorcing  function  to  the  downstream 
stator  vanes.  I  his  aerodynamic  forcing  function  is  defined  by 
the  velocity  components  parallel  attd  ttortttal  to  (he  vane 
chord,  i/'  artd  v'  ,  respectively. 

I'irst  principles  predictive  techniques  for  aerodynamically 
induced  airloil  response  require  a  definition  of  the  unsteady 
forcing  function  in  lerttts  of  its  harmonics,  lire  periodic 
response  of  the  airfoil  row  to  each  harmonic  is  assumed  to  be 
comprised  of  two  components.  One  is  doe  to  the  chordwise 
and  normal  components  of  the  harmonic  forcing  function  be 
ing  swept  past  the  noiircsponding  airfoil  row.  termed  the 
transverse  (normal)  and  chordwise  (parallel)  gust  responses, 
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respectively,  fire  second,  (he  self-induced  unsteady 
aerodynamics,  arises  when  the  airfoil  row  responds  to  the 
aerodynamic  forcing  function. 

(irrst  and  self-induced  itnsleady  aerodynamic  models  have 
been  and  continue  to  be  developed  (I  -7).  These  models  are  in- 
viscid,  considering  small  unsteady  perturbations  superim¬ 
posed  on  a  steady  throughflow.  I  here  are  many  analytical  attd 
physical  assumptions  inherent  in  these  mathematical  models. 
Unfortunately,  at  the  high  reduced  freqrtency  values 
characteristic  of  lurbomachinery,  only  a  very  limited  quantity 
of  appropriate  fundamental  unsteady  aerodynamic  data  exists 
to  verify  these  models.  Data  have  been  obtained  in  single 
stages  of  low-speed  research  compressors.  In  experiments 
which  considered  only  transverse  gust  aerodynamics,  the  ef¬ 
fects  of  airfoil  camber  and  rotor-stator  axial  spacing  were  in¬ 
vestigated,  with  the  data  demonstrating  that  the  waveform  of 
the  aerodynamic  forcing  function  has  an  important  influence 
on  the  unsteady  aerodynamic  gust  response  of  the  airfoil  row 
|R.  9).  In  |I0|,  the  significant  effects  of  steady  airfoil  ioading 
and  the  detailed  aerodynamic  forcing  function  transverse  gust 
component  on  the  unsteady  aerodynamic  response  of  an  air¬ 
foil  row  were  investigated. 

However,  the  significant  effects  associated  with  multistage 
I  low  field  interactions  have  not  been  experimentally  (or 
mathematically)  considered.  Tor  example,  in  the  single  stage 
depicted  in  Fig.  I,  the  wakes  from  the  upstream  rotor  blades 
define  the  unsteady  aerodynamic  forcing  function  to  the 
downstream  stator  vanes,  with  this  forcing  function  defined 
by  the  velocity  components  parallel  and  normal  to  the  vane 
chord.  However,  in  a  multistage  turbomachine,  the 
aerodynamic  forcing  function  to  a  downstream  vane  row  is 
determined  by  all  of  the  upstream  airfoil  wakes  and  the 
unsteady  aerodynamic  interactions  between  the  various 
upstream  blade  and  vane  rows. 

In  this  paper,  the  fundamental  flow  physics  of  multistage 
blade  row  interactions  are  experimentally  investigated  for  the 
first  time,  with  unique  data  obtained  (o  describe  (he  fun- 


Fig.  t  Schematic  ol  tingle  (tag*  compressor  llow  Held 


(Jamental  unsteady  aerodynamic  interaction  phenomena.  In 
particular,  a  scries  of  experiments  is  performed  which  utilize 
the  versatility  of  the  Purdue  University  Three-Stage  Axial 
Flow  Research  Compressor  lo  investigate  the  multistage 
unsteady  interaction  effects  of  the  following  on  each  of  the 
three  individual  vane  rows:  (I)  the  steady  vane  aerodynamic 
loading,  and  (2)  the  waveform  of  the  aerodynamic  forcing 
function  to  each  vane  row,  including  both  the  chordwise  and 
transverse  gust  components. 

Research  Compressor 

The  Purdue  University  Axial  I  low  Research  Compressor 
experimentally  models  the  fundamental  turbomachine 
unsteady  aerodynamic  multistage  interaction  phenomena  in¬ 
cluding  the  incidence  angle,  the  velocity  and  pressure  varia¬ 
tions,  the  aerodynamic  foicing  function  waveforms,  the 
reduced  frequency,  and  the  unsteady  blade  row  interactions. 
The  compressor  is  driven  by  a  15  lip  d-c  electric  motor  over  a 
speed  range  of  300  to  3000  rpm.  Each  of  the  three  identical 
stages  contains  43  rotor  blades  and  41  stator  vanes  having  a 
British  C4  airfoil  profile,  with  the  first  stage  rotor  inlet  flow 
field  established  by  a  row  of  variable  setting  angle  inlet  guide 
vanes. 

Instrumentation 

Both  steady  and  unsteady  data  are  required  to  quantify  ihc 
aerodynamics  of  each  of  (he  three  vane  rows.  The  steady  data 
specify  the  overall  compressor  operating  point  and  the  de¬ 
tailed  vane  surface  steady  loading.  The  unsteady  data  define 
the  time-variant  aerodynamic  inlet  flow  field  to  each  vane 
row,  i.e.,  the  individual  vane  row  aerodynamic  forcing  func¬ 
tion,  as  well  as  the  resulting  vane  surface  unsteady  pressure 
distributions. 

Conventional  steady  instrumentation  is  used  to  dclciminc 
the  flow  properties  throughout  Ihc  compressor.  I  lie  steady 
aerodynamic  loading  on  the  surfaces  of  the  vanes  is  measured 
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witli  chordwise  distributions  of  midspan  surface  static 
pressure  laps. 

The  unsteady  aerodynamic  inlet  flow  field  to  each  vane  row 
is  measured  with  a  cross  hot-wire  probe  positioned  midway 
between  each  rotor  and  stator  at  midstator  circumferential 
spacing.  The  probe  is  calibrated  and  linearized  to  60  m/s  and 
±.  35  deg  angular  variation,  with  the  accuracy  of  the  velocity 
magnitude  and  angle  of  ±  4  percent  and  ±  2  deg,  respectively. 

1  he  mean  absolute  llow  angle  is  determined  by  rotating  the 
probe  until  a  zero  voltage  difference  between  the  two  linear¬ 
ized  hot-wire  signals  is  obtained.  This  mean  angle  is  subse¬ 
quently  used  as  a  reference  for  the  calculation  of  the  instan¬ 
taneous  absolute  and  relative  flow  angles. 

The  measurement  of  the  midspan  vane  surface  unsteady 
pressures  is  accomplished  with  ultraminiaiurc  high  response 
transducers.  To  minimize  the  potential  of  flow  disturbances 
generated  by  the  transducers,  the  transducers  are  embedded  in 
the  vanes  from  the  backside  and  connected  lo  the  measure¬ 
ment  surface  by  a  static  tap  These  dynamically  instrumented 
vanes  are  positioned  such  that  a  complete  flow  passage  is  in¬ 
strumented  in  each  vane  row. 

The  embedded  dynamic  transducers  are  statically  and 
dynamically  calibrated.  The  sialic  calibrations  show  good 
linearity  and  no  discernible  hysteresis.  The  dynamic  calibra¬ 
tions  demonstrate  that  the  frequency  response,  in  terms  of 
gain  attenuation  and  phase  shift,  is  not  affected  by  the 
transducer  mounting.  The  accuracy  of  the  unsteady  pressure 
measurements,  determined  from  the  calibrations,  is  ±3.5 
percent . 

Unsteady  Data  Acquisition  and  Analysis 

The  unsteady  data  of  interest  are  periodic,  being  generated 
at  rotor  blade  passing  frequency.  Thus,  a  digital  ensemble- 
averaging  technique  based  on  the  signal  enhancement  concept 
of  Gosielow  (ll|  is  used  for  the  data  analysis.  The  key  to  this 
technique  is  (he  ability  to  sample  data  at  a  preset  time.  This  is 
accomplished  by  an  optical  encoder  mounted  on  the  rotor 
shaft .  1  he  microsecond  range  square  wave  voltage  signal  from 
the  encoder  is  the  data  initiation  lime  reference  and  triggers  a 
high  speed  AT)  multiplexer  system.  This  averaging 
significantly  reduces  the  random  fluctuations  superimposed 
oti  the  periodic  signals,  with  the  unsteady  signals  essentially 
unchanged  when  averaged  over  75  or  more  rotor  revolutions. 
For  the  data  presented  herein,  200  averages  are  used. 

lire  resulting  ensemble  averaged  digital  periodic  hot  wire 
and  dynamic  pressure  transducer  signals  are  each  Fourier 
decomposed  into  harmonics  by  means  of  a  Fast  Fourier 
transform  (IT  O  algorithm.  I  his  Fourier  analysis  determines 
the  magnitude  and  the  phase  of  the  first  harmonic  of  both  the 
inlet  flow  field  lo  each  vane  row,  i.e.,  the  aerodynamic  forcing 
function,  and  the  resulting  vane  surface  unsteady  pressures. 
These  are  each  referenced  or  ihc  initiation  of  the  data  acquisi¬ 
tion  However,  the  hot  wire  piobe  is  positioned  upstream  of 
the  leading  edge  plane  ol  the  vane  low.  I  Inis,  it  is  necessary  to 
lime  relate  the  harmonic  vane  row  inlet  flow  field  lo  the 
resulting  unsteady  vane  surface  pressures. 


Nomenclature 


c  =  airfoil  chord 
C,  =  steady  lift  coefficient  = 

L  ’/'ApUfc 

C„  =  dynamic  pressure  coefficient 
=  Ap/pf'.u' 

Cp  =  static  pressure  coefficient  = 
<P  -  Pt,*V'-'n>U} 
k  =  reduced  frequency  - 
uc/lV, 


i  -  incidence  angle 
/. '  -  steady  lift  per  unit  span  - 

f>  =  stator  vane  surface  static 
pressure 

-  stator  vane  row  exit  static 
pressme 


&f>  =  dynamic  pressure  difference 
across  vane  chordline 
ii  '  =  inlet  velocity  parallel  to  vane 

U,  =  rotor  blade  tip  speed 
v‘  =  inlet  velocity  normal  to  vane 
V  =  absolute  velocity 
I',  =  absolute  axial  velocity 
u>  =  blade  passing  frequency 
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The  hot-wire  data  are  analyzed  to  determine  (lie  harmonic 
unMeady  inlet  flow  angle  and  velocity  to  each  vane  row,  in 
particular,  the  unsteady  velocity  components  parallel  and  nor¬ 
mal  to  each  vane  row,  u '  and  v  *  of  Fig.  I ,  which  define  the 
unsteady  forcing  function.  The  hot  wire  probe  is  positioned 
upstream  of  the  leading  edge  of  each  stator  vane  row.  To 
relate  tinte-based  events  measured  by  the  hot-wire  probe  to  the 
resulting  unsteady  pressures  on  the  vane  srtt  faces,  the  follow¬ 
ing  assumptions  are  made:  (I)  the  wakes  are  identical  at  the 
hot-wire  and  the  vane  leading  edge  planes;  (2)  the  wakes  ate 
fixed  in  the  rotor  relative  rcfereitce  frame,  lire  rotor  blade 
spacing,  the  vane  spacing,  aitd  the  asial  spacing  between  the 
vane  leading  edge  plane  and  the  probe  centerline  are  known. 

At  a  steady  operating  point  for  each  vane  row,  the  hot-wire 
data  are  analyzed  to  determine  the  absolute  How  angle  and  the 
upstream  rotor  exit  relative  flow  angle.  Using  the  above  two 
assumptions,  the  wake  is  located  relative  to  the  hot-wire  probe 
and  the  leading  edges  of  the  instrumented  vanes,  from  this, 
the  times  at  which  the  wakes  ate  present  at  various  locations 
are  determined.  I  he  incremented  times  between  occurrences  at 
the  hot-wire  and  the  vane  lending  edge  plane  are  then  con¬ 
verted  to  phase  differences  between  velocities  and  the  vane 
surface. 

To  simplify  the  experiment  theory  correlation,  the  lirst  har¬ 
monic  data  for  each  vane  row  are  adjusted  in  phase  such  that 
the  transverse  inlet  velocity  component  is  at  0  deg  at  the  vane 
suction  surface  leading  edge.  From  the  geometry,  the  time  at 
which  this  would  occur  is  calculated  and  transposed  into  a 
phase  difference  which  is  then  used  to  adjust  the  pressure  data 
from  the  suction  surface.  Art  analogous  procedure  is  utilized 
for  the  pressure  surface  data  so  that  (he  two  instrumented 
stator  vanes  in  each  vane  row  are  time  related,  lire  pressure 
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FIq.  2  Schematic  ol  compressor  geometry  variations  to  altar  the 
downstream  vane  row  aerodynamic  forcing  (unctions 


difference  across  (he  clundline  of  an  equivalent  single  vane  in 
each  row  is  then  determined  by  the  subtraction  of  these  com¬ 
plex  time  related  vane  pressure  and  suction  surface  data. 

lire  final  form  of  the  unsteady  pressure  data  defines  the 
chotdwise  variation  of  the  first  harmonic  pressure  difference 
across  the  chordline  of  a  stator  vane  and  is  presented  as  a  com¬ 
plex  dynamic  pressure  coefficient  Cr  in  the  format  of  the 
magnitude  and  the  phase  lag  referenced  to  a  transverse  gust  at 
the  vane  leading  edge.  As  a  reference,  also  presented  are  pre¬ 
dictions  obtained  from  a  periodic  small  perturbation  model 
which  considers  the  inviscid,  irrotational  flow  of  a  perfect  gas 
(2|.  This  model  analyzes  the  uniform  subsonic  compressible 
flow  past  a  two-dimensional  flat  plate  airfoil  cascade,  with 
small  unsteady  normal  velocity  perturbations  superimposed 
and  convected  downstream. 


is  specified  by  the  chordwise  and  transverse  gust  components, 
tr '  and  u'  .  fhese  were  experimentally  varied  as  follows. 
(  hanging  the  setting  angle  of  the  inlet  guide  vanes  alters  the 
inlet  flow  to  the  first  stage  rotor.  This  results  in  a  change  in  the 
detailed  rotor  blade  exit  flow  field,  in  particular  the  chordwise 
and  transverse  gust  components.  Thus,  the  variations  in  the 
aerodynamic  forcing  function  to  the  first-stage  vane  row  were 
accomplished  by  altering  the  setting  angle  of  the  inlet  guide 
vanes,  as  schematically  depicted  in  Fig.  2.  The  forcing  func¬ 
tion  waveform  variations  for  the  second  and  third-stage  vane 
rows  were  accomplished  by  independently  circumferentially 
indexing  the  upstream  vane  rows  relative  to  one  another,  as 
also  depicted  in  Fig.  2.  In  these  cases,  the  steady  aerodynamic 
loading  of  the  vane  row  was  maintained  constant. 


Firsl-Sfage  Vane  Row  Experiments 


Results 

lo  investigate  the  rotor  wake  generated  gust  aerodynamics 
on  each  vane  row  of  a  three  stage  axial  flow  research  com¬ 
pressor,  including  the  multistage  interactions,  a  series  of  ex¬ 
periments  were  performed.  In  these,  the  effects  of  the  follow¬ 
ing  on  the  unsteady  aerodynamics  of  each  vane  row  were 
quantified:  (I)  the  steady  aerodynamic  loading;  (2)  the  de¬ 
tailed  waveform  of  the  aerodynamic  forcing  function,  in¬ 
cluding  the  chordwise  and  transverse  gust  components. 

I  he  variations  in  the  steady  loading  of  each  vane  row  were 
accomplished  by  adjusting  the  setting  angles  of  the  stators, 
thereby  altering  the  incidence  angle  lo  the  vanes.  This  enables 
both  the  aerodynamic  forcing  function  waveform  to  be  main¬ 
tained  while  varying  the  steady  aerodynamic  loading,  and  also 
the  matching  of  the  steady  vane  aerodynamic  loading  for  dif¬ 
ferent  aerodynamic  forcing  functions.  The  detailed  steady 
aerodynamic  loading  of  the  vane  rows  Is  specified  by  lire 
chordwise  distribution  of  the  vane  surface  steady  static 
pressure  coefficient  Cr,  with  the  overall  loading  level  given  by 
the  incidence  angle  and  the  steady  lift  coefficient  . 

1  he  detailed  waveform  of  the  aerodynamic  forcing  function 


Vane  Loading  Effects.  Figures  3  and  4  present  the  steady 
vane  surface  static  pressure  distributions  and  the  aerodynamic 
forcing  function  in  the  form  of  the  two  gust  components, 
respectively,  for  two  relatively  low  levels  of  aerodynamic 
loading.  The  surface  static  pressure  distributions  are  smooth 
and  show  no  indication  of  flow  separation,  with  the  loading 
differences  in  the  lending  edge  region  due  to  the  differences  in 
the  incidence  angles.  The  amplitudes  of  the  chordwise  and 
transverse  gust  components  are  different.  However,  in  terms 
of  the  first  harmonics,  these  two  forcing  functions  are 
equivalent.  In  particular,  the  ratios  of  the  magnitudes  of  the 
first  harmonic  of  these  gust  components  (rr '  /u*  )  are  0.447 
and  0.430  for  these  two  vane  loadings.  Also,  it  should  be 
noted  that  relative  to  the  absolute  velocity,  these  gusts  are  not 
small,  particularly  at  -4.7  deg  of  incidence  where  the 
transverse  and  chordwise  gusts  are  approximately  50  and  20 
percent  of  the  absolute  velocity.  This  may  have  implications 
regarding  the  validity  of  the  small  perturbation  assumption  in 
tire  various  mathematical  models. 

lire  resulting  chordwise  distributions  of  the  dynamic 
pressure  difference  coefficient  on  the  first-stage  vanes  are 
shown  in  Fig.  5.  Also  presented  are  the  predictions  from  the 
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Flg.  3  Chordwlaa  distribution  ol  tha  llrsl  (tag*  *ana  turlaca  Halle 
praaaura  coalflclanl  al  low  loading  lavala 


Fig.  4  Aarodynamlc  forcing  function  to  fha  Ural  alaga  vans  row  al 
loading  lavala 
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Fig  $  Chordwlaa  dlalrlbullon  ol  lha  dynamic  praaaura  dlllaranr.a  coal 
ildant  on  lha  lltal  alaga  vanaa  al  low  loading 


Fig  6  Chordwlaa  dlalrlbullon  ol  lha  Ural  alaga  vana  aurlaca  atallc 
praaaura  coaflldanl  al  high  loading  lavala 


flat  plate  airfoil  cascade  transverse  gust  model  of  |2|.  The 
magnitude  data  exhibit  good  correlation  with  the  prediction, 
with  both  decreasing  with  increasing  chordwise  position.  As 
the  loading  is  increased,  Ihe  magnitude  data  show  an  increase- 
above  both  the  prediction  and  ihe  lower  loading  data  aft  of  60 
percent  chotd.  The  phase  of  the  dynamic  pressure  difference 
coefficient  data  exhibits  a  somewhat  different  chordwise 
distribution  than  the  prediction.  This  is  attributed  to  (he  vane 
camber  and  the  detailed  steady  chordwise  loading  distribution 
on  the  vane  surfaces. 

The  effects  of  higher  levels  of  steady  aerodynamic  loading 
(Fig.  6)  on  the  first-stage  vane  row  unsteady  aerodynamics, 
with  the  u*  and  u*  gust  components  maintained  relatively 
constant,  were  also  investigated.  At  these  higher  loadings,  (lie- 
suction  surface  distributions  are  nearly  identical  over  the  aft 
part  of  the  vane,  with  the  differences  in  the  front  part  of  the 
vane  due  to  the  differences  in  the  incidence  angles.  On  the 
pressure  surface,  larger  variations  between  Ihe  two  loading 
conditions  are  apparent  over  the  entire  vane  chord.  Again, 
there  is  no  evidence  of  flow  separation. 

The  dynamic  pressure  difference  coefficient  data  for  this 
higher  loading  case  are  presented  in  Fig.  7.  A  comparison  of 
these  high  loading  data  with  the  corresponding  lower  loading 
data  of  Fig.  S  reveals  targe  differences.  As  the  aerodynamic 
forcing  functions  are  the  same,  aerodynamic  loading  has  a 
significant  effect  on  the  unsteady  aerodynamics  of  the  vane 
row.  Increasing  the  aerodynamic  loading  results  in  poorer  cor¬ 
relation  of  the  dynamic  pressure  difference  coefficient 
magnitude  data  with  the  flat  plate  cascade  prediction,  as  ex 
peeled.  Also,  as  the  loading  is  increased,  the  magnitude  data 
in  the  trailing  edge  region  of  the  airfoil  are  increased  in  value- 
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Fig  7  Chordwlaa  distribution  ot  Ihs  dynamic  prsssurs  dlllertncs  cost 
tlcsnl  on  tha  liras  slags  vtnas  at  high  loading  lavala 


As  will  be  shown,  the  data  on  the  third  stage  vane  row,  the  last 
airfoil  row  in  the  compressor,  for  similar  steady  loading  do 
not  exhibit  this  increase  in  the  magnitude  data  irt  (Ire  trailing 
edge  region.  Hence,  this  is  most  probably  a  multistage  blade 
tow  interaction  effect. 

I  Inis,  the  best  cun  elation  of  the  dynamic  pressure  dif¬ 
ference  coefficient  data  and  the  flat  plate  cascade  predictions 
is  obtained  at  the  low  level  of  steady  aetodynamic  loading,  in¬ 
dicating  that  (be  steady  loading,  not  the  incidence  angle,  is  a 
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Fig.  8  Variations  In  lha  transverse  grist  aerodynamic  forcing  function 
lo  the  first  stage  «ane  row 


Fig.  9  Effect  ol  the  transverse  gust  aerodynamic  forcing  function  on 
the  first  stage  vane  surface  static  pressure  coefficient 
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Fig  12  Effect  of  the  chordwlse  gust  aerodynamic  forcing  function  on 
the  first  stage  van*  surface  static  pressure  coefficient 


Fig.  to  Variation  ol  the  first  stage  vane  dynamic  pressure  difference 
coefficient  with  transverse  gust  aerodynamic  forcing  function 


key  parameter.  Also,  the  slearly  loading  level  and  distribution 
have  a  significant  effect  on  the  unsteady  aerodynamics  of  the 
vane  row. 


Aerodynamic  Forcing  Function  F.ffecls.  the  effects  of 
variations  in  fhe  aerodynamic  forcing  function  transverse  gust 
component  v *  on  the  first-stage  vane  row  unsteady 
aerodynamics  are  investigated.  This  is  accomplished  by  means 
of  two  configurations  such  that  the  chordwise  gust  component 


ii '  ,  ami  the  steady  aerodynamic  loadings  are  maintained 
relatively  constant.  Figure  8  shows  these  aerodynamic  forcing 
functions,  with  the  ratios  of  the  gust  components  (1/  *  /v  ‘  )  be¬ 
ing  0.447  and  0.670.  The  chordwise  distributions  of  the  steady 
vane  surface  static  pressure  at  this  moderate  loading  for  these 
forcing  functions  are  presented  in  Fig.  9. 

1  he  resulting  first  stage  vane  chotdwise  distributions  oT  the 
dynamic  pressure  difference  coefficient  data  and  the  cor¬ 
responding  flat  plate  cascade  prediction  are  presented  in  Fig. 
10.  The  magnitude  data  are  decreased  in  value  relative  to  the 
prediction  over  the  leading  30  percent  of  the  vane,  with  the 
(11  ‘  /v  *  )  data  of  0.630  having  a  decreased  amplitude  relative 
lo  the  (1  i‘/t>‘  )  data  of  0.447.  However,  in  the  midchord 
region,  the  magnitude  data  correlate  well  with  each  other  and 
with  the  prediction.  Aft  of  70  percent  of  the  chord,  the 
magnitude  data  are  increased  in  value  at  this  moderate  level  of 
steady  loading,  analogous  to  the  previous  high  steady  loading 
results.  The  phase  data  are  increased  with  respect  to  the 
prediction  over  the  front  part  of  the  vane,  becoming  nearly 
constant  over  the  aft  half  of  the  vane. 

lire  effects  of  variations  in  the  aerodynamic  forcing  func¬ 
tion  chordwise  gust  component  11  *  on  the  first  stage  vane  row 
unsteady  aerodynamics  are  also  investigated.  This  is  ac¬ 
complished  by  means  of  two  configurations  such  that  the 
transverse  gust  component  p*  ,  and  the  steady  aerodynamic 
loading  are  maintained  relatively  constant.  The  aerodynamic 
forcing  functions  are  shown  in  Fig.  1 1,  with  the  ratios  of  the 
gust  components  (1/  •  /v  *  )  being  0.299  attd  0.61 1 .  The  chord- 
wise  distributions  of  the  steady  vane  surface  static  pressures  at 
this  high  loading  are  presented  in  Fig.  12. 

fhe  resulting  chordwise  distributions  of  the  dynamic 
pressure  difference  coefficient  data  and  the  corresponding  flat 
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Ftg.  13  Variation  ol  lha  Ural  alaga  van*  dynamic  prattura  dlllaranca 
coalllcanl  with  chordwlsa  gual  aarodynamic  forcing  luncllon 


plate  cascade  prediction  are  presented  in  Fig.  13.  The 
magnitude  data  both  exhibit  analogous  trends,  decreasing 
over  the  front  part  of  the  vane  chord  and  increasing  over  the 
aft  part  of  the  vane,  analogous  to  the  high  and  moderate 
loading  cases  previously  considered.  There  is  good  correlaton 
with  the  prediction  over  the  front  half  of  the  vane  for  a 
(i/  '  /u '  )  of  0.299,  with  the  corresponding  data  for  a  (ir  *  /r>*  ) 
of  0.61 1  somewhat  decreased  in  value  but  exhibiting  the  same 
trends.  The  phase  data  for  a  (n  *  /v'  )  value  of  0.299  show 
trends  similar  to  those  obtained  with  a  dilTerent  aerodynamic 
forcing  function  but  an  analogous  high  level  of  aerodynamic 
loading  (Fig.  7). 

Tims,  the  transverse  gust  component  of  the  aerodynamic 
forcing  function  has  a  larger  effect  on  the  phase  of  the 
dynamic  pressure  difference  coellicient  than  either  the  steady 
loading  or  the  chordwisc  gust  component.  However,  both  the 
chordwise  and  the  transverse  gust  components,  and  the  steady 
aerodynamic  loading,  inllucncc  the  magnitude  of  the  dynamic 
pressure  difference  coefficient. 

Afl-Slage  Vane  Row  Experiments 
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To  investigate  the  alt-stage  unsteady  blade  row  interactions 
at  a  fixed  operating  point,  the  upstream  stators  are  indexed 
circumferentially  relative  to  the  downstream  instrumented 
vane  rows,  as  previously  noted  and  depicted  in  Fig.  2.  Figure 
14  presents  the  surface  static  pressure  distributions  on  the 
downstream  vane  rows  with  the  upstream  stators  indexed  cir¬ 
cumferentially  0,  25,  50,  and  75  percent.  The  surface  sialic 
pressure  distributions  are  seen  to  be  nearly  independent  of  the 
circumferential  indexing  of  the  upstream  stators,  with  only 
small  variations  apparent  near  the  leading  edge.  Also,  there  is 
no  evidence  of  How  separation. 
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Fig.  14  EtlKl  ot  ctrcuml*i»ntl»lty  Induing  thn  upiti**m  itaton  on 
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Fig.  18  8*eond  alag*  van*  atrodynamle  forcing  luncllon  variation  du* 
lo  th«  Indaalng  ol  lh*  llral  alag*  alalora  al  modaral*  loading 


(Instead)  Aerodynamics— Adjacent  Vane  Kow  Index¬ 
ing.  The  effect  of  indexing  circumferentially  (I)  the  first- 
stage  stators  on  the  second-stage  vane  tow  unsteady 
aerodynamics  and  (2)  the  second  stage  stators  on  the  third- 
stage  vane  row  unsteady  aerodynamics  are  considered. 

Indexing  the  first -stage  stators  has  a  significant  effect  on  the 
aerodynamic  forcing  function  to  the  second-stage  vane  row. 

I  igurc  15  shows  that  the  forcing  functions  dilfer  significantly 
from  one  another  and  Irom  the  previously  measured  first- 
stage  vane  row  loicing  lunctions.  I  his  variation  in  the  second- 
stage  vane  row  forcing  luuctiou  at  a  single  operating  point  is  a 
multistage  blade  row  interaction  effect,  with  the  second  stage 
rotor  wake  being  modulated  by  the  wakes  from  the  upstream 
inlet  guide  vanes  and  the  fits!  slagc  rotor  blades  and  stator 
vanes.  Also,  this  indexing  is  seen  to  have  a  larger  cl  feet  on  the 
amplitude  of  the  chordwisc  gust  than  on  the  transverse  gust, 
indicated  by  the  wide  range  of  values  ol  the  ratio  (u  '  / 1> '  |. 

1  he  resulting  chordwisc  distributions  of  the  unsteady 
pressure  difference  coefficient  on  the  second  stage  vane  row- 
arc  presented  in  Fig.  16.  At  this  moderate  level  of  steady 
aerodynamic  loading,  the  effects  of  circumferential  indexing 
on  the  magnitude  data  are  primarily  found  over  the  front  25 
percent  of  the  vane,  with  these  magnitude  data  coalescing  over 
the  aft  75  percent  of  the  chord.  In  contrast,  the  indexing  af¬ 
fects  the  phase  data  over  the  complete  vane  chord.  Also,  the 
magnitude  and  phase  data  exhibit  trends  analogous  to  the 
previously  presented  lirsl  stage  vane  row  results,  with  the 
magnitude  data  decreased  over  the  front  pan  of  the  vane  and 
increased  over  the  all  pail  relative  to  the  prediction.  As  the 
steady  aerodynamic  loading  is  independent  of  the  indexing  of 
the  first  stage  stators,  these  effects  are  attributed  to  the  dif¬ 
ferences  in  the  chordwise  and  transverse  gust  components  with 
indexing. 

I  he  cflccts  ol  steady  loading  level  and  circumferential  in¬ 
dexing  of  the  lirsl  stage  stators  arc  investigated  by  establishing 
a  new  compressor  operating  point.  Figure  17  shows  the  effect 
of  this  indexing  on  the  aerodynamic  loicing  function  lo  the 
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Fig.  16  Effect  of  first  stage  stalor  Indexing  on  second  siege  vane 
unsteady  pressure  difference  coefficient  at  moderate  loading 
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second- singe  vane  rmv  at  this  high  loading  condition,  the  in¬ 
dexing  primarily  influences  the  chordwise  gust  component, 
analogous  to  the  lower  loading  case,  (ompaiing  the  forcing 
Inudinns  at  the  Iwo  loading  levels  (I  igs.  |S  and  17)  indicates 
that  the  compressor  operating  point  has  an  effect  on  the  forc¬ 
ing  Inncl  ion. 

I  he  resulting  chordwise  distributions  of  the  unsteady 
pressure  difference  coefficient  in  the  second-stage  vane  row 
associated  with  these  variations  in  the  aerodynamic  forcing 
function  al  this  high  loading  level  ate  presented  in  Fig.  18. 1  he 
effect  of  this  indexing  is  evident  in  the  magnitude  data  over  the 
front  and  aft  part  of  the  vane,  not  just  the  front  as  at  the  lower 
loading  level,  with  the  phase  data  still  affected  over  the  com¬ 
plete  vane  chord.  Also,  the  magnitude  data  are  decreased  over 
the  front  and  increased  over  the  aft  part  of  the  vane  as  com¬ 
parer!  to  the  prediction.  However,  in  the  aft  chord  region,  the 
magnitude  data  for  the  0  and  25  percent  indexing  differ  from 
that  with  ?0  and  75  percent  indexing.  Namely,  for  0  and  25 
percent  indexing,  the  magnitude  data  continue  to  increase  as 
the  trailing  edge  is  approached  relative  to  the  prediction 
whereas  the  50  and  75  percent  indexing  data  decrease  and  cor- 
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associated  with  the  much  smaller  magnitudes  of  the  chordwise 
gust  component,  as  the  normal  gusts  are  nearly  the  same  for 
all  indexing  positions.  Again,  the  steady  aerodynamic  loading 
is  independent  of  the  indexing  of  the  first -stage  stators.  Thus, 
these  effects  are  attributed  to  the  differences  in  the  chordwise 
and  transverse  gust  components  with  indexing. 

I  he  effect  of  indexing  the  second  stage  stators  on  the 
aerodynamic  forcing  function  to  the  third-stage  vane  row  and 
the  resulting  chordwise  distributions  of  the  unsteady  pressure 
difference  coefficient  on  the  third  stage  vane  row  are 
presented  in  Tigs.  19  and  20,  respectively.  The  magnitudes  of 
(he  gust  components  indicated  by  the  values  of  the  (rr*  /v'  ) 
ratio  arc  similar  lo  those  found  Tor  the  second  stage  at  the 
same  level  of  steady  loading  (Tigs.  17  and  19).  However,  the 
aerodynamic  forcing  functions  are  different  than  those  for  the 
second-stage  vane  row  at  the  same  level  of  steady  loading. 

I  his  results  from  the  third-stage  vane  row  forcing  function  be¬ 
ing  affected  by  all  of  the  individual  component  blade  rows  in 
the  compressor,  i.e.,  the  wakes  from  the  inlet  guide  vanes,  the 
first  and  second-stage  rotor  blades  and  stator  vanes,  and  the 
third  stage  rotor  blades. 

The  resulting  third-stage  vane  row  dynamic  pressure  dif¬ 
ference  coefficient  data  show  that  the  forcing  function  varia¬ 
tion  with  indexing  affects  the  magnitude  primarily  over  the 
front  part  of  the  vane,  with  the  phase  affected  over  the  com¬ 
plete  vane  chord,  analogous  to  previous  results.  However, 
these  third  stage  magnitude  data  differ  from  the  analogous 
second  stage  data  at  the  same  level  of  steady  loading.  In  par¬ 
ticular ,  the  tirst  and  second-stage  data  increase  relative  to  tire 
prediction  in  the  vane  trailing  edge  region,  whereas  these 
third-stage  data  do  not  and,  in  fact,  exhibit  good  correlation 
with  the  prediction  in  this  region.  Since  there  are  no  airfoils 
downstream  of  the  third-stage  vane  row  to  influence  the 
unsteady  aerodynamics  on  the  aft  part  of  the  vane,  (he  in- 
ctcasc  in  (he  magnitude  data  relative  to  the  prediction  for  the 
first  and  second-stage  vane  rows  is  a  multistage  interaction 
effect. 

Unsteady  Aerodynamics— Upstream  Row  Indexing.  To 
complete  this  study,  the  effect  of  circumferentially  indexing 
the  first -stage  stators  on  the  unsteady  aerodynamics  of  (he 
third-stage  vane  row  are  considered.  The  chordwise  and 
transverse  gust  components  defining  the  aerodynamic  forcing 
function  to  the  third-stage  vane  row  are  presented  in  Fig.  21. 
Hie  indexing  of  the  first-stage  stators  affects  the  third-stage 
Iiiii  Itiyx  linn -ttnii,  wllli  •  lie  piimnry  effect  being  on  the  chord- 
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Flg.  19  Third  xtege  van*  aerodynamic  forcing  function  variation  dua  lo  Fig.  21  Third  (lag*  van*  aerodynamic  forcing  function  variation  due  to 
Indexing  ol  Ih*  second  flag*  stalors  Indexing  ol  the  first  stage  stators 
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Fig.  20  Ellecl  ol  sacond  stage  stator  Indexing  on  third  stag*  vane  Fig.  22  Ellecl  ol  Hr  si  stage  stator  Indexing  on  the  third  stage  van* 
unsteady  pressure  difference  coelllclent  unstesdy  pressure  dlllerenc*  coefficient 


The  resulling  third  stage  vane  row  chordwisc  distributions 
of  the  unsteady  pressure  difference  coefficient  are  presented  in 
Fig.  22.  Again,  the  effect  of  the  forcing  function  variation 
with  indexing  is  evident  in  the  phase  data  over  the  complete 
vane  chord,  but  primarily  affects  the  magnitude  data  over  the 
front  part  of  the  vane.  Also,  the  trailing  edge  region 
magnitude  data  are  in  good  agreement  with  the  prediction. 

Summary  and  Conclusions 

I  he  rotor  wake  generated  gust  aerodynamics  on  each  vane 
row  of  a  three-stage  axial  flow  research  compressor,  including 
the  multistage  interactions,  were  investigated  by  means  of  a 
series  of  experiments.  In  these,  the  effects  of  the  following  on 
the  unsteady  aerodynamics  of  eacli  vane  row  were  quantified: 
(I)  the  steady  aerodynamic  loading:  (2)  the  detailed  waveform 
of  the  aerodynamic  forcing  function,  including  the  chordwisc 
and  transverse  gust  components. 

The  best  correlation  of  the  dynamic  pressure  difference 
coefficient  data  and  (he  flat  plate  predictions  is  obtained  at  a 
low  level  of  steady  aerodynamic  loading,  indicating  that  the 
steady  loading,  not  the  incidence  angle,  is  a  key  parameter 


Also,  the  steady  loading  level  and  chordwise  distiibution  have 
a  significant  effect  on  the  unsteady  aerodynamics  of  the  vane 
row. 

The  transverse  gust  component  of  the  aerodynamic  forcing 
function  has  a  larger  effect  on  the  phase  of  the  dynamic 
pressure  difference  coefficient  than  either  the  steady  loading 
or  the  chordwise  gust  component  However,  the  steady 
loading,  and  the  chordwise  and  transverse  gust  components  all 
influence  the  magnitude  of  the  dynamic  pressure  difference 
coefficient. 

I  he  citcumlcictuial  indexing  ol  Ihe  upstream  stators  has  no 
ellecl  on  Ihe  steady  aerodynamic  loading  of  downstream  vane 
rosss  However,  indexing  ol  the  upstream  vane  rows  di.es  have 
a  significant  ellecl  on  the  downstream  aerodynamic  foicing 
function  and  resulting  chordwise  pressure  difference  coeffi¬ 
cient  distributions,  including  the  indexing  of  the  first  stage 
stators  aflecting  the  third  stage  vane  row.  1  lie  primary  effect 
of  the  indexing  is  on  the  chordwise  gust  ol  the  aerodynamic 
forcing  function. 

Circumferential  indexing  affects  the  magnitude  of  the 
dynamic  pressure  difference  coefficient  data  over  the  liont 
portion  of  Ihe  vane,  with  the  phase  data  affected  over  Ihe 
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complete  vane  chord.  I  he  variations  in  lire  data  as  a  function 
of  indexing  are  attributed  to  the  differences  in  the  post  com¬ 
ponents  of  the  aerodynamic  forcing  function,  primarily  the 
chordwise  gust  component,  since  the  steady  loadittg  is 
constant . 

for  moderate  levels  of  steady  loading,  the  dynamic  ptessnre 
difference  coefficient  magnitude  data  increase  significantly 
relative  to  the  prediction  in  the  Mailing  edge  tegiott  on  the  fits! 
ami  second-stage  vane  rows.  However,  for  the  same  steady 
loading,  the  third  stage  vane  tow  data  do  not  show  this  trend 
anti,  in  fact,  correlate  quite  well  with  the  prediction.  Since 
there  are  no  blade  rows  downstream  of  the  third  stage  vane 
row ,  this  increase  itt  the  magnitude  data  relative  tit  the  predic¬ 
tion  lor  the  litst  and  second  stage  is  a  multistage  blade  row  in  - 
tcraction  effect. 

lire  variations  of  the  unsteady  data  with  forcing  function 
waveform  cannot  be  predicted  by  harmonic  gust  models.  I  his 
is  because  the  forcing  function  waveform*  and  the  resulting 
unsteady  pressure  distributions  have  been  Fourier  decom¬ 
posed,  with  the  first  harmonics  of  the  unsteady  data  presented. 
I  hits,  all  of  these  first  harmonic  data  arc  correlated  with  the 
same  picdiction  curve,  i.c.,  the  predictions  from  these  har¬ 
monic  gust  models  ate  identical  for  all  of  the  forcing  function 
waveforms. 
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ABSTRACT 

The  fundamental  flow  physics  of  multistage  blade  row 
interactions  are  experimentally  investigated  at  realistic 
reduced  frequency  values.  Unique  data  are  obtained  which 
describe  the  fundamental  unsteady  aerodynamic  interaction 
phenomena  on  the  stator  vanes  of  a  three  stage  axial  flow 
research  compressor.  In  these  experiments,  the  effect  on 
vane  row  unsteady  aerodynamics  of  the  following  are 
investigated  and  quantified:  (1)  steady  vane  aerodynamic 
loading;  (2)  aerodynamic  forcing  function  waveform, 
including  both  the  chordwise  and  transverse  gust 
components;  (3)  solidity;  (4)  potential  interactions;  and  (5) 
isolated  airfoil  steady  flow  separation. 


NOMENCLATURE 
C  vane  chord 

Ce  steady  lift  coefficient  (pp  —  pjdx/y  P  U*C 

Cp  first  harmonic  dynamic  pressure  coefficient 

Ap/p  Vx  0+ 

Cp  static  pressure  coefficient,  (p  —  p  U* 

2 

i  incidence  angle 

k  reduced  frequency,  wC/2V„ 

p  stator  surface  static  pressure 

Puit  stator  exit  static  pressure 

A£  first  harmonic  dynamic  pressure  difference 

u+  instantaneous  chordwise  gust  component 

fl+  first  harmonic  chordwise  gust 

Ut  blade  tip  speed 

v+  instantaneous  transverse  gust  component 

♦+  first  harmonic  transverse  gust 

V,  absolute  axial  velocity 

a  solidity 

w  blade  passing  frequency 
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INTRODUCTION 

Airfoil  rows  of  advanced  gas  turbine  engines  are 
susceptible  to  destructive  aerodynamically  induced 
vibrational  responses,  with  upstream  blade  and  vane  wakes 
the  most  common  excitation  source.  For  example,  in  the 
single  stage  compressor  flow  field  schematically  depicted  in 
Figure  1,  the  rotor  wake  velocity  deficits  appear  as  a 
temporally  varying  excitation  source  to  a  coordinate  system 
fixed  to  the  downstream  stator  vanes,  i.e.,  the  rotor  blade 
wakes  are  the  forcing  function  to  the  downstream  stator 
vanes.  Also  as  shown,  the  reduction  of  the  rotor  relative 
velocity  causes  a  decrease  in  the  absolute  velocity  and 
increases  the  incidence  to  the  stator  vanes.  This  produces  a 
fluctuating  aerodynamic  lift  and  moment  on  the  vanes 
which  can  result  in  high  vibratory  stress  and  high  cycle 
fatigue  failure. 

First  principle  forced  response  predictive  techniques 
require  a  definition  of  the  unsteady  forcing  function  in 
terms  of  harmonics.  The  total  response  of  the  airfoil  to 
each  harmonic  is  then  assumed  to  be  comprised  of  two 
parts.  One  is  due  to  the  disturbance  being  swept  past 
nonresponding  airfoils.  The  second  arises  when  the  airfoils 
respond  to  the  forcing  function.  A  gust  analysis  predicts 
the  unsteady  aerodynamics  of  the  nonresponding  airfoils, 
with  an  harmonically  oscillating  airfoil  analysis  used  to 
predict  the  additional  motion-induced  unsteady 
aerodynamics. 

Both  gust  and  harmonically  oscillating  unsteady 
aerodynamic  models  are  being  developed,  references  1 
through  5,  for  example.  Within  these  models  are  many 
numerical,  analytical,  and  physical  assumptions. 
Unfortunately,  there  are  only  a  limited  quantity  of  high 
reduced  frequency  data  appropriate  for  model  verification 
and  direction. 

Carta  and  St.  Hilaire  |6j  and  Carta  [7|,  measured  the 
surface  chordwise  unsteady  pressure  distribution  on  an 
harmonically  oscillating  cascade  in  a  linear  wind  tunnel. 
This  work  was  extended  by  Hardin,  Carta,  and  Verdon  |8| 
to  an  isolated  rotor  with  oscillating  blades.  In  addition, 
inlet  distortion  generated  gust  response  unsteady 
aerodynamics  were  also  studied.  Although  the  interblade 
phase  angles  in  these  experiments  were  within  the  range 
found  in  turbomachines,  the  reduced  frequencies,  less  than 
0.4,  were  low  for  forced  response  unsteady  aerodynamics 
found  in  the  mid  and  aft  stages  of  multistage 
turbomachines  where  the  reduced  frequency  is  typically 
greater  than  2.0  In  references  0,  10,  and  11,  the  effects  of 
airfoil  profile  and  rotor-stator  axial  spacing  on  the 
transverse  gust  unsteady  aerodynamic  response  were 
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investigated  in  a  tingle  stage,  low  speed  research 
compressor  at  realistic  values  of  the  reduced  frequency, 
with  these  data  also  showing  the  influence  of  the  forcing 
function  waveform. 

These  previous  experimental  investigations  were 
performed  in  linear  cascades,  isolated  rctor  rows,  and  single 
stage  compressors.  They  did  not  consider  the  multistage 
and  potential  interaction  effects  which  exist  in  the  mid  and 
aft  stages  of  turbomachines.  For  multistage  compressors, 
the  unsteady  aerodynamics  on  the  first  two  vane  rows  of  a 
three  stage  low  speed  research  compressor  were  studied  for 
the  first  time  in  reference  12.  The  transverse  gust  forcing 
function  and  the  chordwise  distributions  of  the  first 
harmonic  pressure  difference  coefficients  on  the  first  two 
vane  rows  were  determined  for  a  variety  of  geometric  and 
compressor  operating  conditions.  These  results  indicated 
that  the  unsteady  aerodynamic  loading  of  an  airfoil  row 
was  related  to  the  aerodynamic  forcing  function  which  itself 
is  significantly  influenced  by  the  multistage  blade  row 
interactions.  This  work  was  extended  in  reference  13  to 
include  all  three  vane  rows,  with  the  effects  of  both  the 
transverse  and  chordwise  gust  components  quantified. 

In  this  paper,  the  fundamental  flow  physics  of 
multistage  blade  row  interactions  are  experimentally 
investigated  at  realistic  reduced  frequency  values,  with 
unique  data  obtained  to  describe  the  fundamental  unsteady 
aerodynamic  phenomena  on  the  stator  vanes  of  a  three- 
stage  research  compressor.  In  particular,  a  series  of 
experiments  are  performed  to  investigate  and  quantify  the 
effect  of  the  following  on  vane  row  unsteady  aerodynamics: 

(1)  steady  loading;  (2)  forcing  function  waveform,  including 
both  the  chordwise  and  transverse  gust  components;  (3) 
solidity;  (4)  potential  interactions;  and  (5)  steady  flow 
separation. 

RESEARCH  COMPRESSOR 
AND  INSTRUMENTATION 

The  Purdue  University  Three  Stage  Axial  Flow  Research 
Compressor  is  driven  by  a  IS  HP  DC  electric  motor  over  a 
speed  range  of  300  to  3,000  RPM.  The  three  identical 
compressor  stages  consist  of  43  rotor  blades  and  41  stator 
vanes,  with  the  first  stage  rotor  inlet  flow  field  controlled  by 
variable  setting  angle  inlet  guide  vanes.  The  free-vortex 
design  airfoils  have  a  British  C4  section  profile,  a  chord  of 
30  nun,  an  aspect  ratio  of  2,  and  a  maximum  thickness-to- 
chord  ratio  of  0.10.  The  overall  airfoil  and  compressor 
characteristics  are  presented  in  Table  I. 

The  aerodynamic  forcing  function  to  the  stator  rows  are 
the  upstream  airfoil  wakes.  The  first  stage  vane  row 
forcing  function  is  varied  by  changing  the  setting  angle  of 
the  inlet  guide  vanes,  thereby  altering  the  inlet  flow  to  the 
first  stage  rotor,  Figure  2.  This  results  in  a  change  in  the 
rotor  blade  exit  flow  field,  in  particular,  the  chordwise  and 
transverse  gust  components.  The  second  and  third  stage 
vane  row  forcing  function  variations  are  accomplished  by 
independently  circumferentially  indexing  the  upstream  vane 
rows  relative  to  one  another,  as  also  depicted. 

The  stator  vane  forcing  function  is  quantified  by 
measuring  the  stator  inlet  time-variant  velocity  and  flow 
angle  with  a  cross-wire  probe  located  midway  between  rotor 
and  stator  at  midstator  circumferential  spacing,  Figure  1. 


The  rotor  mean  absolute  exit  flow  angle  is  determined  by 
rotating  the  probe  until  a  zero  voltage  difference  is  obtained 
between  the  two  hot-wire  channels.  This  mean  angle  is 
then  used  as  a  reference  for  calculating  the  instantaneous 
absolute  and  relative  flow  angles  and  defines  the  vane 
steady  incidence  angle.  From  the  instantaneous  velocity 
triangles,  the  individual  fluctuating  velocity  components 
parallel  and  normal  to  the  mean  flow,  the  aerodynamic  gust 
components,  are  calculated.  The  accuracy  of  the  velocity 
magnitude  and  angle  are  ±  4%  and  ±  2  degrees, 
respectively. 

The  steady  and  unsteady  aerodynamic  loading  on  the 
vane  surfaces  are  measured  with  chordwise  distributions  of 
midspan  surface  pressure  taps  and  transducers.  Flow 
visualisation  along  this  streamline  shows  the  flow  to  be 
two-dimensional  for  the  operating  conditions  of  this 
investigation.  A  reverse  transducer  mounting  technique  is 
utilised  to  minimise  disturbances,  with  the  transducer 
connected  to  the  measurement  surface  by  a  pressure  tap. 
Static  and  dynamic  calibrations  of  the  embedded 
transducers  demonstrate  no  hysteresis,  with  the  mounting 
method  not  affecting  the  frequency  response.  The  accuracy 
of  the  unsteady  pressure  measurements  is  ±  3.5%. 

DATA  ACQUISITION  AND  ANALYSIS 

The  steady-state  data  define  the  steady  aerodynamic 
loading  on  the  vane  surfaces  and  the  compressor  operating 
point.  A  root-mean-square  error  analysis  is  performed,  with 
the  steady  data  defined  as  the  mean  of  30  samples  and 
their  05%  confidence  intervals  determined.  The  detailed 
steady  loading  on  the  vanes  is  defined  by  the  chordwise 
distribution_of  the  vane  surface  steady  static  pressure 
coefficient,  Cp,  with  the  overall  loading  level  specified  by  the 
incidence  angle,  i,  and  the  steady  lift  coefficient,  Ce . 

The  time-variant  data  quantify  the  aerodynamic  forcing 
function  and  the  resulting  unsteady  pressure  difference  on 
the  stator  vanes,  and  are  analysed  by  means  of  a  data 
averaging  or  signal  enhancement  concept,  as  proposed  by 
Gostelow  [14].  The  key  to  this  technique  is  the  sampling  of 
data  at  a  preset  time,  which  is  accomplished  with  a  shaft 
mounted  optical  encoder.  At  a  steady-state  operating 
point,  an  averaged  time-variant  data  set  consisting  of  the 
two  hot-wire  and  the  vane  mounted  transducer  signals, 
digitised  at  a  rate  of  200  klls  and  averaged  over  200  rotor 
revolutions,  is  obtained.  Each  is  Fourier  decomposed  into 
harmonics  by  means  of  a  Fast  Fourier  Transform  algorithm, 
with  the  magnitude  and  phase  angle  of  the  first  harmonic 
referenced  to  the  data  initiation  pulse  determined. 
Analysing  the  data  in  this  form  was  found  to  be  equivalent 
to  averaging  the  Fourier  transforms  for  each  rotor 
revolution.  Also,  ensemble  averaging  and  then  Fourier 
decomposing  the  signal  is  used  because  it  significantly 
reduces  the  data  storage  requirements. 

The  rotor  and  stator  spacing,  the  axial  spacing  between 
the  vane  leading  edge  plane  and  the  probe,  and  the 
absolute  and  relative  flow  angles  are  known.  To  time  relate 
the  hot-wire  and  vane  surface  unsteady  pressure  signals,  the 
rotor  exit  velocity  triangles  are  examined  and  the  following 
assumptions  made:  (!)  the  wakes  are  identical  at  the  hot¬ 
wire  and  stator  leading  edge  planes,  and  (2)  the  wakes  are 
fixed  in  the  relative  frame.  The  wakes  are  located  relative 
to  the  hot-wires  and  the  leading  edges  of  the  instrumented 
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vane*  and  the  times  at  which  the  wakes  are  present  at 
various  locations  determined.  The  incremented  times 
between  occurrences  at  the  hot-wire  and  the  vane  leading 
edge  planes  are  then  related  to  phase  differences  between 
unsteady  velocities  and  the  vane  surfaces.  These 
assumptions  are  necessary  in  order  to  correlate  the  data 
with  a  gust  analysis  which  fixes  the  gust  at  the  airfoil 
leading  edge.  The  hot-wire  was  located  approximately 
midway  between  the  rotor  and  stator  and  was  less  than 
25%  of  the  stator  chord  upstream  of  its  leading  edge. 

In  final  form,  the  detailed  waveform  of  the  aerodynamic 
forcing  function  is  specified  by  the  first  harmonics  of  the 
chordwiae  and  transverse  gust  components,  and  v+, 
respectively.  The  unsteady  pressure  data  describe  the 
chordwiae  variation  of  the  first  harmonic  pressure  difference 
acroee  a  stator  vane,  presented  as  a  dynamic  pressure 
difference  coefficient  magnitude  and  phase.  As  a  reference, 
these  data  are  correlated  with  predictions  from  reference  2. 
This  gust  analysis  assumes  the  flow  to  be  inviscid, 
irrotational,  two-dimensional,  and  compressible.  Small 
unsteady  transverse  velocity  perturbations,  v+,  are  assumed 
to  be  convected  with  the  uniform  flow  past  a  cascade  of  flat 
plate  airfoils.  The  parameters  modeled  include  the  cascade 
solidity,  stagger  angle,  inlet  Mach  number,  reduced 
frequency,  and  the  interblade  phase  angle.  The  analysis 
does  not  consider  flow  separation  or  chordwiae  gust 
perturbations,  u+. 

RESULTS 

Three  stator  vane  solidities  are  investigated:  the  design 
value  of  1.09;  a  reduced  value  of  0.545;  and  0.10  which 
results  in  a  spacing  between  vanes  large  enough  so  that  the 
influence  of  neighboring  vanes  is  negligible;  i.e.,  each  vane  is 
an  isolated  airfoil.  The  results  are  presented  for  each 
solidity  for  variations  in  one  of  the  key  parameters.  All 
design  solidity  data,  except  for  the  potential  interaction 
effects,  are  presented  for  the  first  stator  vane  row.  The 
data  sets  for  the  other  solidities  are  presented  for  the  third 
stator  vane  row.  Since  there  are  no  airfoil  rows 
downstream  of  the  third  stage  vane  row,  there  are  no 
potential  interaction  effects  on  the  trailing  edge  region  of 
these  vanes.  Data  from  reference  13  have  been  added  for 
the  design  solidity  in  order  to  have  a  complete  presentation 
of  the  results  and  to  indicate  the  significant  effects  which 
solidity  has  on  the  unsteady  aerodynamic  response  of  the 
stator  vanes.  Also,  the  error  in  the  static  pressure 
coefficient  data  is  represented  by  the  symbol  sise. 

VANE  STEADY  LOADING 

Steady  aerodynamic  loading  effects  are  considered  for 
the  design  and  reduced  solidities  of  1.09  and  0.545.  The 
first  harmonics  of  the  forcing  function  are  maintained 
nearly  constant,  Figure  3.  Note  that  relative  to  the 
absolute  velocity,  the  instantaneous  gust  components  are 
not  small.  For  example,  the  Instantaneous  transverse  and 
chordwiae  gust  components  are  approximately  40%  and 
25%  of  the  absolute  velocity  at  -5.9  degrees  of  incidence. 
However,  in  terms  of  the  first  harmonics  these  gust 
components  are  approximately  11%  and  6%  of  the  absolute 
velocity. 


For  each  solidity,  the  vane  surface  steady  pressure 
distributions  are  smooth  and  show  no  indication  of  “ 
separation,  Figure  4.  At  the  design  solidity,  the  surface 
static  pressures  for  the  lift  coefficient  of  0.298  are  greater 
than  those  for  the  lift  coefficient  of  0.178,  a  result  of  the 
inlet  guide  vane  indexing  altering  the  compressor  operating 
point.  Also,  the  reduced  solidity  has  much  higher  pressure 
differences  and  steady  lift  coefficients  due  to  the  decreased 
number  of  vanes. 

The  resulting  chordwiae  distributions  of  the  dynamic 
pressure  difference  coefficient  and  the  predictions  are  shown 
in  Figure  5.  At  the  design  solidity,  good  correlation  exists 
between  the  magnitude  data  and  the  prediction  for  the  lift 
coefficient  of  0.178,  with  an  increase  in  lift  to  0.268  resulting 
in  poorer  correlation.  The  higher  loading  data  are  decreased 
in  amplitude  relative  to  both  the  prediction  and  the  lower 
loading  data  over  the  front  25%  of  the  vane.  Aft  of  25% 
chord,  the  data  correlate  well  with  each  other  and  the 
prediction  until  63%  chord,  with  both  data  sets  then 
increasing  to  a  larger  value  than  the  prediction. 

The  phase  data  exhibit  a  somewhat  different  chordwise 
distribution  than  the  prediction.  In  particular,  the  phase 
data  are  increased  relative  to  the  prediction  over  the  first 
14%  of  the  vane  chord.  The  data  then  decrease  to  the  level 
of  the  prediction  and  then  increase  to  values  greater  than 
the  prediction  with  increasing  chordwise  position.  The 
phase  data  for  both  loading  levels  exhibit  the  same  trends, 
with  the  higher  loading  data  increased  relative  to  both  the 
prediction  and  the  lower  loading  data  over  most  of  the 
chord.  The  differences  between  the  phase  data  and  the 
prediction  are  attributed  to  the  vane  camber  and  the 
detailed  steady  loading  distributions  on  the  vane  surfaces. 

The  magnitude  data  for  the  reduced  solidity  are  also 
decreased  relative  to  the  prediction  over  the  front  50%  of 
the  vane,  with  the  higher  loading  data  having,  in  general,  a 
decreased  amplitude  relative  to  the  lower  loading  data. 
The  decrease  in  amplitude  relative  to  the  prediction  is  due 
to  the  high  levels  of  steady  aerodynamic  loading.  Aft  of 
50%  chord,  the  magnitude  data  increase  to  the  level  of  the 
prediction  and  show  better  correlation.  The  phase  data 
increase  to  a  level  larger  than  the  prediction  over  the  front 
14%  of  the  vane,  then  decrease  towards  the  prediction,  and 
from  approximately  25%  to  50%  chord,  the  phase  data  are 
almost  constant.  Aft  or  50%  chord  this  trend  changes,  with 
the  higher  loading  data  decreased  relative  to  both  the  lower 
loading  data  and  the  prediction,  and  then  increasing  as  the 
chordwise  position  increases.  Thus,  from  these  results  it  is 
evident  that  steady  loading  primarily  affects  the  magnitude 
of  the  dynamic  pressure  difference  coefficient. 

The  best  correlation  of  the  dynamic  pressure  difference 
coefficient  data  and  the  prediction  is  obtained  at  the  low 
level  of  steady  loading  at  the  design  solidity,  as  expected, 
since  this  most  closely  approximates  the  unloaded  Bat  plate 
cascade  model.  Also,  the  steady  loading  level  and 
distribution  have  a  significant  effect  on  the  unsteady 
aerodynamics  of  the  vane  row.  In  general,  different  airfoil 
designs  will  produce  different  steady  surface  pressure 
distributions  and  steady  lift  for  the  same  incidence  angle. 
Therefore,  the  level  of  steady  aerodynamic  loading,  not  the 
incidence  angle,  is  the  key  parameter  in  obtaining  good 
correlation  with  mathematical  models. 


AERODYNAMIC  FORCING  FUNCTION 

The  influence  of  each  gust  component  on  the  complex 
dynamic  preaeure  coefficient,  with  the  steady  aerodynamic 
loading  held  constant,  is  considered. 

Transverse  Gust 

The  surface  static  pressure  distributions  for  each  solidity 
are  smooth,  with  no  evidence  of  separation  and  only  small 
variations  apparent  near  the  leading  edge  which  result  in 
the  slight  variations  in  the  steady  lift  coefficients,  Figure  6. 
As  the  solidity  is  decreased,  there  is  an  increase  in  the  level 
of  steady  surface  pressures  and  a  corresponding  increase  in 
the  steady  lift  coefficient.  The  chordwise  gust,  u+,  is  held 
approximately  constant  while  the  transverse  gust,  v+,  is 
varied.  Figure  7,  with  the  difference  between  the 
configurations  specified  by  the  first  harmonic  gust  ratio, 

The  effect  of  the  transverse  gust  on  the  chordwise 
distributions  of  the  dynamic  pressure  difference  coefficient 
data  is  presented  in  Figure  8.  At  the  design  solidity,  both 
configurations  show  the  magnitude  data  to  be  decreased 
relative  to  the  prediction  over  the  leading  30%  of  the  vane, 
with  the  (u+/v+)  data  of  0.630  having  a  decreased 
amplitude  relative  to  the  0.447  data.  However,  in  the 
midchord  region,  the  data  for  these  two  configurations 
correlate  well  with  each  other  and  with  the  prediction.  As 
in  the  previous  cases,  aft  of  70%  chord  the  data  increase 
relative  to  the  prediction.  This  is  a  result  of  both  the 
potential  interaction  from  the  downstream  second  stage 
rotor  row  and  the  parallel  gust  component,  ti+,  as  the 
design  solidity  data  are  acquired  on  the  first  stage.  This 
phenomena  will  be  discussed  in  greater  detail  in  the  section 
on  Potential  Flow  Interactions. 

The  reduced  solidity  and  the  isolated  airfoil  data  show  a 
different  trend  with  the  ratio  of  (u+/v+)  than  that  of  the 
design  solidity,  with  the  data  for  the  larger  values  of 
(u+/4+)  increased  in  value  relative  to  the  lower  values. 
This  is  opposite  to  the  trend  noted  at  the  design  solidity. 
However,  examination  of  the  magnitudes  of  the  first 
harmonics  of  the  chordwise  gust  component,  fl+,  indicates 
that  the  magnitudes  of  the  chordwise  gust  are  lower  in 
value  than  the  design  case.  This  indicates  that  the 
chordwise  pressure  distributions  are  not  governed  simply  by 
the  ratio  of  the  two  gust  components  but  also  by  their 
magnitudes. 

For  each  of  the  reduced  solidity  values,  0.54S  and  0.10, 
the  magnitude  data  are  generally  decreased  relative  to  the 
prediction  over  the  leading  50%  of  the  vane,  with  the  lower 
data  having  a  decreased  amplitude  relative  to  the 
higher  (fi*/?*)  d*ta.  In  the  trailing  edge  portion  of  the 
vane,  the  magnitude  data  correlate  well  with  each  other 
but  are  increased  in  level  relative  to  the  prediction.  This  is 
a  result  of  the  chordwise  gust  which  is  not  considered  by 
the  model. 

The  design  solidity  phase  data  are  increased  relative  to 
the  prediction  over  the  front  14%  of  the  vane,  decrease  to 
the  level  of  the  prediction  at  22%  chord,  and  then  increase 
to  values  greater  than  the  prediction  with  increasing 
chordwise  poeitlon,  becoming  nearly  constant  aft  of  40% 
chord.  At  the  reduced  solidity,  the  phase  data  are  increased 


relative  to  the  prediction  over  the  entire  vane  chord,  being 
nearly  constant  in  the  22%  to  38%  chord  region.  For  the 
isolated  airfoil,  the  phase  data  show  good  trendwise 
correlation  with  the  prediction  over  the  leading  20%  of  the 
vane,  with  the  (u+/v+)  data  of  0.245  decreasing  relative  to 
both  the  prediction  and  the  (u+/v+)  0.218  data.  Aft  of  20% 
chord,  where  the  vane  does  most  of  its  turning,  the  phase 
data  decrease  until  54%  chord  and  then  increase  with 
increasing  chordwise  position. 

These  results  show  that  the  transverse  gust  primarily 
influences  the  magnitude  of  the  dynamic  pressure  difference 
coefficient.  Also,  the  unsteady  data  variations  with  forcing 
function  waveform  cannot  be  predicted  by  harmonic  gust 
models.  This  is  because  the  forcing  function  waveforms  and 
the  resulting  unsteady  pressure  distributions  have  been 
Fourier  decomposed,  with  the  first  harmonic  of  the 
unsteady  data  presented.  Thus,  all  of  these  first  harmonic 
data  are  correlated  with  the  same  prediction  curve;  i.e.,  the 
predictions  from  these  harmonic  gust  models  are  identical 
for  all  of  the  forcing  function  waveforms. 

Chordwise  Gust 

The  effect  of  the  forcing  function  chordwise  gust 
component,  u+,  on  the  vane  row  unsteady  aerodynamics  for 
each  solidity  is  considered.  This  is  accomplished  by 
establishing  compressor  configurations  such  that  the 
transverse  gust  and  the  steady  aerodynamic  loading  are 
nearly  identical  Figures  0  and  10,  respectively. 

The  resulting  chordwise  distributions  of  the  dynamic 
pressure  coefficient  data  and  the  predictions  are  presented 
in  Figure  11.  In  general,  the  magnitude  data  exhibit 
analogous  trends  for  each  solidity,  decreasing  over  the  front 
of  the  vane  and  increasing  over  the  aft  part.  The 
magnitude  data  increase  over  the  prediction  at  the  design 
solidity,  whereas  they  increase  up  to  the  prediction  for  the 
other  two  solidity  values.  This  is  again  the  result  of  the 
design  solidity  data  being  acquired  on  the  first  stage,  with 
the  data  for  the  other  solidities  being  acquired  on  the  third 
stage.  Also,  the  higher  (u+/v+)  data  are  decreased  relative 
to  both  the  prediction  and  the  lower  (u+/v+)  data  for  each 
solidity.  This  is  particularly  apparent  at  the  design  and 
reduced  solidity. 

The  design  solidity  phase  data  at  a  (u+/v+)  of  0.611 
show  good  trendwise  correlation  with  the  prediction  over 
the  aft  50%  of  the  vane  while  the  lower  (u+/v+)  data  are 
increased  relative  to  the  prediction,  as  seen  in  previous 
cases.  Over  the  front  50%  of  the  vane,  the  data  correlate 
trendwise  with  each  other  but  are  increased  compared  to 
the  prediction.  The  reduced  solidity  phase  data  are 
increased  relative  to  the  prediction  and  remain  relatively 
constant  over  the  entire  vane  chord,  with  the  (u+/v+)  phase 
data  of  0.634  consistently  increased  over  the  (u+/v+)  0.436 
data. 

A  somewhat  different  trend  is  evident  in  the  phase  data 
for  the  isolated  airfoil  than  previous  isolated  airfoil  cases 
and  the  other  solidity  values.  In  this  case,  the  data  are 
seen  to  correlate  trendwise  with  the  prediction  over  the 
front  of  the  vane,  then  decrease  slightly  lower  than  the 
prediction  and  remain  almost  constant  for  the  remainder  of 
the  vane.  In  addition,  the  phase  data  for  these  two 
configurations  correlate  quite  well  with  one  another  over 
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almoat  the  entire  vane.  Comparing  these  results  to  the 
phase  data  of  Figure  8  for  a  (d+/V+)  of  0.218  indicates  that 
loading  has  a  dramatic  effect  on  the  phase  as  well  as  the 
magnitude  data:  both  the  phase  and  the  magnitude  data 
•how  the  maximum  deviations  from  the  analysis  in  the  25% 
to  50%  chord  locations.  Aft  of  this  point  the  magnitude 
and  phase  increase  to  the  prediction. 

The  differences  apparent  in  the  dynamic  pressure 
difference  coefficient  phase  data  for  the  three  different 
solidity  values  are  a  result  of  the  details  of  the  steady  static 
pressure  distributions  and  the  spacing  between  the  airfoils. 

As  the  airfoil  spacing  increases  for  low  levels  of 
aerodynamic  loading,  the  correlation  of  the  phase  data  with 
the  predictions  gets  increasingly  better.  This  indicates  that 
the  influence  of  adjacent  airfoils  is  much  greater  than 
predicted  by  the  sero  incidence  flat  plate  analysis. 

Thus,  both  the  transverse  and  chordwise  gust 
components  affect  the  magnitude  data,  with  the  chordwise 
gust  having  a  larger  influence  on  the  phase,  particularly  at 
the  design  solidity.  In  addition,  the  magnitude  of  the 
chordwise  gust  is  not  small  as  compared  to  either  the 
absolute  velocity  or  the  transverse  gust. 

POTENTIAL  FLOW  INTERACTIONS 

Data  in  the  vane  trailing  edge  region  are  consistently 
increased  relative  to  the  prediction.  Part  of  this  increase  is 
attributable  to  the  chordwise  gust  which  is  not  modeled  by 
the  prediction.  However,  first  stage  magnitude  data  exhibit 
larger  deviations  in  the  trailing  edge  region  than  third  stage 
data  with  similar  steady  lift  coefficients.  To  investigate  this 
phenomenon,  unsteady  data  are  acquired  on  the  second  and 
the  third  stages  at  the  design  solidity  for  operating 
conditions  where  the  steady  loading  and  the  forcing 
function  are  nearly  identical,  Figure  12.  Thus  the  only 
difference  between  these  two  configurations  is  the  presence 
of  the  third  stage  downstream  of  the  second  stage  stator 
row. 

The  resulting  dynamic  pressure  difference  coefficient 
data  and  corresponding  prediction  are  presented  in  Figure 
13.  The  magnitude  data  are  decreased  relative  to  the 
prediction  over  the  leading  30%  of  the  vane  due  to  the 
steady  loading  level,  with  the  deviations  in  the  amplitude 
attributed  to  the  differences  in  the  steady  surface  pressure 
distributions  in  the  leading  edge  region.  Aft  of  30%  chord, 
the  data  increase  to  the  level  of  the  prediction,  with  the 
second  stage  data  higher  in  amplitude  than  the  third  stage 
data,  particularly  in  the  trailing  edge  region.  Since  the 
steady  pressure  distributions  and  the  forcing  function  are 
nearly  identical,  this  deviation  of  the  second  stage  data  is 
attributed  to  a  potential  interaction  effect  caused  by  the 
downstream  third  stage.  The  increase  of  the  third  stage 
data  above  the  prediction  in  this  region  is  a  result  of  the 
chordwise  gust  since  there  are  no  downstream  airfoil  rows, 
with  the  further  increase  in  the  second  stage  data  due  to 
the  potential  interaction. 

The  phase  data  also  show  different  trends  in  the  trailing 
edge  region  due  to  potential  interactions.  Over  the  front 
part  of  the  vane,  the  data  are  increased  with  respect  to  the 
prediction,  but  then  decrease  in  relation  to  the  prediction 
at  22%  chord.  The  data  then  increase  until  50%  chord, 
with  the  data  up  to  this  point  exhibiting  good  trendwise 


correlation.  Aft  of  50%  chord  the  second  stage  data  are 
nearly  constant  with  increasing  chordwise  position,  whereas 
the  third  stage  data  show  another  decrease  in  phase  and 
then  increase  with  increasing  chordwise  position. 

Thus,  potential  interaction  effects  influence  both  the 
magnitude  and  phase,  with  the  larger  effect  being  upon  the 
magnitude  of  the  dynamic  pressure  difference  coefficient. 
Hence,  the  downstream  airfoil  row  is  another  aerodynamic 
excitation  source  to  the  upstream  blade  or  vane  row  and 
would  act  on  the  trailing  edge  region. 

ISOLATED  AIRFOIL  SEPARATION 

The  effect  of  separated  flow  on  the  stator  vane  unsteady 
aerodynamics  for  a  solidity  of  0.10;  i.e.,  an  isolated  airfoil, 
is  now  investigated.  The  separated  flow  is  generated  by 
reataggering  the  stator  vanes  such  that  a  mean  flow 
incidence  angle  of  8.2  degrees  is  established.  At  this 
incidence  angle,  the  flow  separates  from  the  vane  suction 
surface  as  indicated  by  the  region  of  constant  static 
pressure  which  originates  at  38%  chord,  Figure  14.  The 
separated  flow  data  are  compared  with  data  for  a 
configuration  where  the  steady  lift  coefficient  and  both  the 
chordwise  and  transverse  gust  components  are  nearly 
identical,  but  the  flow  is  not  separated. 

The  resulting  dynamic  pressure  difference  coefficient 
data  and  the  attached  flow  flat  plate  prediction  are  shown 
in  Figure  15.  The  attached  and  separated  flow  data  show 
somewhat  different  trends  in  the  leading  and  trailing  edge 
regions.  The  separated  flow  magnitude  data  are  nearly 
constant  over  the  front  14%  of  the  vane,  whereas  the 
attached  flow  data  and  prediction  indicate  a  decrease  in 
amplitude  with  increasing  chordwise  position.  Aft  of  14% 
chord  the  data  show  analogous  trends,  with  both  separated 
and  attached  flow  data  decreasing  with  increasing 
chordwise  position  and  attaining  a  minimum  amplitude 
value  at  20%  chord,  similar  to  previous  isolated  airfoil 
results.  The  magnitude  data  for  both  cases  then  gradually 
increase  to  values  that  are  greater  than  the  prediction  at 
54%  chord,  with  the  attached  flow  data  being  lower  in 
magnitude  up  to  this  point.  Both  data  sets  then  decrease 
with  further  chordwise  position,  with  the  separated  data 
decreased  in  amplitude  relative  to  both  the  prediction  and 
the  attached  flow  data.  This  is  a  result  of  the  increased 
steady  loading  in  this  region  of  the  airfoil  due  to  the 
separation  zone. 

The  attached  and  separated  flow  phase  data  have 
different  trends  near  the  separation  point  and  in  the  trailing 
edge  region.  Over  the  front  22%  of  the  vane,  the  data  and 
the  prediction  show  analogous  trends,  being  nearly 
constant.  The  separated  data  are  increased  relative  to  the 
prediction,  with  the  attached  flow  data  exhibiting  excellent 
correlation  with  the  prediction.  Aft  of  22%  chord  the 
separated  data  increase  whereas  the  attached  flow  data 
decrease  relative  to  the  prediction.  In  the  separated  flow 
region,  both  the  separated  and  attached  flow  data  exhibit 
similar  trends.  However,  at  70%  chord  the  separated  data 
indicate  a  jump  to  values  larger  than  the  prediction  and 
increase  with  further  chordwise  position.  On  the  other 
hand,  the  attached  flow  phase  data  show  a  gradual 
increase.  Thus,  separation  affects  both  the  magnitude  and 
phase  of  the  dynamic  pressure  difference  coefficient. 
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SUMMARY  AND  CONCLUSIONS 

A  series  of  experiments  were  performed  to  investigate 
the  wake  generated  gust  aerodynamics  on  each  vane  row  of 
a  three  stage  axial  flow  research  compressor  at  high  reduced 
frequency  values,  including  multistage  interactions.  In  these 
experiments,  the  effect  on  vane  row  unsteady  aerodynamics 
of  the  following  were  investigated  and  quantified:  (1) 
steady  vane  aerodynamic  loading;  (2)  aerodynamic  forcing 
function  waveform,  including  both  the  chordwise  and 
transverse  gust  components;  (3)  solidity;  (4)  potential 
interactions;  and  (5)  isolated  airfoil  steady  flow  separation. 
The  analysis  of  these  unique  vane  row  unsteady 
aerodynamic  data  determined  the  following. 

*  The  steady  aerodynamic  loading  level,  not  the  incidence 
angle,  is  the  key  parameter  to  obtain  good  correlation  with 
flat  plate  cascade  gust  models. 

*  The  steady  loading  level  and  chordwise  loading 
distribution  have  a  significant  effect  on  vane  row  unsteady 
aerodynamics,  having  a  larger  influence  on  the  magnitude 
than  on  the  phase. 

*  The  aerodynamic  forcing  function  chordwise  gust  affects 
both  the  dynamic  pressure  coefficient  magnitude  and  phase, 
whereas  the  transverse  gust  primarily  affects  the 
magnitude.  These  effects  cannot  be  predicted  with 
harmonic  gust  models  because  these  data  have  been  Fourier 
decomposed,  with  the  predictions  thus  identical  for  all 
forcing  function  waveforms. 

*  The  chordwise  gust  is  not  small  compared  to  either  the 
absolute  velocity  or  the  transverse  gust.  Thus,  to  provide 
accurate  predictions,  unsteady  aerodynamic  models  must 
consider  this  gust  component. 

*  For  closely  spaced  stages  (the  compressor  rotor-stator 
axial  spacing  herein  is  0.432  chord),  downstream  airfoil  rows 
are  potential  aerodynamic  excitation  sources  which  affect 
the  unsteady  loading  in  the  trailing  edge  region  of  the 
upstream  airfoils.  Since  the  trailing  edge  is  thin,  it  would 
be  highly  susceptible  to  fatigue  failure. 

*  Flow  separation  of  the  low  solidity  vane  row  affects  the 
unsteady  surface  pressures  upstream  of  the  separation 
point,  with  the  phase  affected  in  the  trailing  edge  region. 
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Figure  1.  Single  stage  compressor  flow  field 


Figure  3. 
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Compressor  geometry  variations  to  alter 
forcing  function 
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Vane  static  pressure  distributions  for  steady 
loading  study 
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Figure  #.  Surface  static  pressure  distributions  for 

transverse  gust  study 


Figure  7. 


Aerodynamic  forcing  functions  for 
transverse  gust  study 


Figure  8. 


Effect  of  transverse  gust  on  the  complex 
unsteady  pressure  coefficient 
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Effect  of  chordwise  gust  on  the  complex 
unsteady  pressure  coefficient 
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Potential  flow  interaction  effect  on  the 
complex  unsteady  pressure  coefficient 


•  ♦♦♦  ♦ 

»  .  50 


50  75  00 

I-  SetxtMHd  %  CIKMO 


q  a  a  o  3 
O 


o  ° 

0 

o 

0 

Q 

j  7  PlNWl 
*  S  Surfac* 

MdkM 

«jrtoct 

»Vv  C’/v 

!♦/«• 

52*  0571  « 

O 

-  0031  QMI 

0218 

-IS*  0573  ♦ 

0 

-  0030  0139 

0218 

05  10  •  15  20  25 


|  “-°" 
I  I  °' 


A 

J 

\A 

10  |/ 

Figure  14. 


Steady  loading  and  forcing  functions  for 
isolated  airfoil  separated  flow  investigation 
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Steady  suction  surface  separation  effect  on 
the  complex  unsteady  pressure  coefficient 


Airfoil  Type  ('l  '  • 

Number  of  Airfoils  13  4 1 

Chord,  C  (tiim)  30  -30 

Solidity,  C/S  1H  100 

Camber,  8  27.95  27  70 

Stagger  Angle,  X  311  .0»  I 

Aspect  Ratio  2  0  2  0 

Thickncss/Chord  [%)  10 

Axial  Cap  (cm)  127 

Mow  Rate  (kg/s)  2  56 

Design  Axial  Velocity  (m/s)  32.0 

Rotational  Speed  (RPM)  3000 

Number  of  Stages  3 

Stage  Pressure  Ratio  1 .003 

Inlet  'Pip  Diameter  (mm)  120 

1 1  ub /Tip  Ratlins  Ratio  0  711 

Stage  IWiciency  {%) 

Table  I.  Overall  compressor  and  airfoil  characteristics 
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ABSTRACT 


A  series  of  experiments  are  performed  to  investigate  and  quantify  the  unsteady 
aerodynamic  response  of  an  airfoil  to  a  high  reduced  frequency  gust,  including  the 
effects  of  the  gust  forcing  function  waveform,  airfoil  loading,  and  steady  flow 
separation.  This  is  accomplished  by  utilizing  an  axial  flow  research  compressor  to 
experimentally  model  the  high  reduced  frequency  gust  forcing  function  and 
replacing  the  last  stage  stator  row  with  isolated  instrumented  airfoils.  Appropriate 
data  are  correlated  with  predictions  from  fiat  plate  and  cambered  airfoil  convected 
gust  models.  The  airfoil  surface  steady  loading  is  shown  to  have  a  large  effect  on 
the  unsteady  aerodynamic  response.  Also,  the  steady  flow  separation  has  a 
significant  influence  on  the  gust  response,  particularly  upstream  of  the  separation 
point  and  in  the  airfoil  trailing  edge  region. 


NOMENCLATURE 


C  airfoil  chord 

Cf  steady  lift  coefficient  jfc  (pp  —  pg)dx/^-  p  Ut2C 

Cp  first  harmonic  unsteady  pressure  coefficient  Ap/p  Vxv+ 

Cp  static  pressure  coefficient,  (p  —  pexit)/~  P  Ut2 

2 

f p  periodic  signal  component 

f  random  signal  component 

f*  steady  signal  component, 

X  gust  propagation  direction  vector 

ki  reduced  frequency,  u  C/2VX 

k2  transvese  gust  wave  number 

p  airfoil  surface  static  pressure 

Pexit  exit  static  pressure 

Ap  first  harmonic  unsteady  pressure  difference 

s  unsteady  transducer  signal 

u+  first  harmonic  chordwise  gust 

Ut  rotor  blade  tip  speed 

v+  first  harmonic  transverse  gust 

Vx  absolute  axial  velocity 

<*o  angle  of  attack 

p  inlet  air  density 


INTRODUCTION 


The  unsteady  flow  past  a  stationary  airfoil  is  of  primary  concern  in  many 
important  applications.  For  example,  the  unsteady  interaction  of  an  airfoil  with 
gusts  and  similar  vortical  disturbances  plays  a  significant  role  in  the  aerodynamics, 
dynamic  loading,  aeroelasticity,  and  acoustics  of  modern  aircraft,  missiles, 
helicopter  rotors,  advanced  turboprops  and  turbomachines.  As  a  result,  the 
interest  in  unsteady  flow  theory  initiated  by  Theodorsen  [1935],  Kussner  [1940],  and 
Sears  [1941]  has  continued  to  the  present. 

Theoretical  gust  models  have  typically  been  restricted  to  thin  airfoil  theory, 
with  the  unsteady  gust  disturbance  assumed  to  be  small  as  compared  to  the  mean 
steady  potential  flow  field.  However,  in  most  applications,  airfoils  with  arbitrary 
shape,  large  camber,  and  finite  angles  of  attack  are  required.  In  an  attempt  to 
meet  this  need,  Horlock  [1968]  extended  the  classical  approach  of  Sears  to  consider 
a  flat  plate  airfoil  at  small  angle  of  attack.  Naumann  and  Yeh  [1972]  then 
extended  Horlock’s  analysis  to  consider  a  thin  airfoil  with  constant  small  camber. 
These  analyses  showed  that  the  unsteady  aerodynamic  forces  acting  on  an  airfoil 
were  affected  by  both  the  small  incidence  angle  and  the  small  airfoil  camber. 
However,  these  models  neglect  second  order  terms,  following  Sears,  and  also  assume 
a  small  angle  of  attack.  Thus  these  results  are  only  approximate  and  cannot  be 
extended  to  finite  incidence  angles  or  large  airfoil  camber. 

It  is  apparent  that  the  thin  airfoil  approach  is  not  adequate  for  many 
applications  of  interest.  In  this  regard,  Goldstein  and  Atassi  [1976]  and  Atassi 
[1984]  developed  a  theory  for  the  inviscid  incompressible  flow  past  an  airfoil  subject 
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to  an  interacting  periodic  gust.  The  theory  assumes  that  the  fluctuating  flow 


velocity  is  small  compared  to  the  mean  velocity,  with  the  unsteady  flow  linearized 


about  the  full  potential  steady  flow  past  a  flat  plate  or  Joukowski  airfoil  and 


accounts  for  the  effects  of  both  airfoil  profile  and  angle  of  attack. 


Experimental  investigations  have  typically  been  restricted  to  low  reduced 


frequency  aerodynamic  gusts.  In  part,  this  is  due  to  the  difficulties  associated  with 


generating  a  periodic  unsteady  gust,  with  low  reduced  frequency  gust  tunnels 


having  been  developed  by  Holmes  (1973],  Satyanarayana,  Gostelow,  and  Henderson 


[1974]  and  Ostdiek  [1976],  for  example.  Also  contributing  is  the  difficulty  in 


obtaining  and  analyzing  the  fundamental  high  frequency  unsteady  data  that  define 


both  the  aerodynamic  forcing  function  and  the  resulting  airfoil  surface  pressure 


distributions.  The  acquisition  and  analysis  of  such  high  frequency  data  has  only 


recently  become  possible  with  the  development  and  availability  of  miniature  high- 


response  pressure  transducers,  digital  instrumentation,  and  computers  for  both 


control  of  instrumentation  and  digital  data  acquisition  and  analysis. 


The  above  noted  experiments  and  analyses  are  all  concerned  with  attached 


steady  flow.  Separated  flow  oscillating  airfoil  phenomena,  including  stall  flutter 


and  dynamic  stall,  have  also  been  addressed.  Thus,  oscillating  airfoil  models  and 


experiments  have  considered  the  effects  of  steady  loading  and  flow  separation,  for 


example,  Woods  (1957],  Yashima  and  Tanaka  [1977],  Sisto  and  Perumal  [1974], 


Ericsson  and  Reding  [1981],  Carstens  [1984],  Chi  [1985],  and  Lorber  and  Carta 


[1987].  In  this  regard  it  should  be  noted  that  only  minimal  attention  has  been 


directed  towards  the  effect  of  steady  loading  and  flow  separation  on  the  unsteady 


aerodynamic  response  of  an  airfoil  to  a  periodic  gust. 

In  this  paper,  the  effects  of  the  gust  waveform,  as  characterized  by  the 
chordwise  (parallel)  and  transverse  (normal)  gust  components,  u+  and  v+  depicted 
in  Figure  1,  airfoil  loading,  and  steady  flow  separation,  on  the  unsteady 
aerodynamic  response  of  an  airfoil  are  experimentally  investigated  at  high  reduced 
frequency  values  for  the  first  time.  This  is  accomplished  by:  (l)  utilizing  an  axial 
flow  research  compressor  to  experimentally  model  the  high  reduced  frequency 
aerodynamic  gust  forcing  function;  (2)  replacing  the  last  stage  stator  row  with 
instrumented  isolated  airfoils;  (3)  developing  and  utilizing  computer  based  time- 
variant  digital  data  acquisition  and  analysis  techniques,  including  ensemble 
averaging  and  Fast  Fourier  Transforms  (FFT),  for  the  analysis  of  the  periodic 
data.  In  particular,  high  reduced  frequency  aerodynamic  gusts  are  generated  by 
the  upstream  rotor  blade  wakes,  with  the  unsteady  aerodynamic  gust  response 
determined  by  replacing  the  downstream  stator  row  with  static  and  dynamically 
instrumented  isolated  airfoils.  Thus,  there  is  complete  experimental  modeling  of  the 
basic  unsteady  aerodynamic  phenomena  inherent  in  this  high  reduced  frequency 
unsteady  interaction  including  angle  of  attack  effects,  the  velocity  and  pressure 
variations,  and  the  waveform  of  the  aerodynamic  forcing  function. 

RESEARCH  COMPRESSOR 

The  Purdue  axial  flow  research  compressor  with  the  last  stage  stator  row 
replaced  by  an  isolated  airfoil,  is  utilized  for  these  experiments.  It  is  driven  by  a 
15  HP  DC  electric  motor  over  a  speed  range  of  300  to  3,000  RPM.  The  wakes  from 
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the  upstream  rotor  blades  are  the  source  of  the  unsteady  surface  pressures  on  the 
downstream  isolated  airfoil,  i.e.,  the  rotor  wakes  define  the  aerodynamic  forcing 
function  to  the  airfoil,  as  depicted  schematically  in  Figure  1.  The  43  rotor  blades 
and  the  isolated  airfoil  are  free  vortex  design  airfoils  with  a  British  C4  section 
profile,  a  chord  of  30  mm,  and  a  maximum  thickness- to-chord  ratio  of  0.10. 

The  variations  in  the  airfoil  steady  loading  are  accomplished  by  compressor 
throttling  and  adjusting  the  setting  angles  of  the  instrumented  airfoils,  thereby 
altering  the  airfoil  angle  of  attack.  The  detailed  steady  aerodynamic  loading  of 
the  instrumented  airfoils  is  specified  by  the  chordwise  distribution  of  the  airfoil 
surface  steady  static  pressure  coefficient,  with  the  overall  loading  level  given  by  the 
angle  of  attack  and  the  steady  lift  coefficient. 

The  waveform  of  the  aerodynamic  forcing  function  is  defined  by  the  first 
harmonic  chordwise  and  transverse  gust  components,  u+  and  v+,  respectively.  The 
forcing  function  waveform  variations  to  the  instrumented  last  stage  airfoils  are 
accomplished  by  independently  circumferentially  indexing  the  upstream  compressor 
vane  rows  relative  to  one  another  while  maintaining  a  constant  instrumented  airfoil 
steady  loading  distribution. 

INSTRUMENTATION 

Both  steady  and  unsteady  data  are  required.  The  steady  data  define  the 
detailed  airfoil  surface  aerodynamic  loading.  The  unsteady  data  quantify  the 
time-variant  aerodynamic  forcing  function  to  the  isolated  airfoil,  i.e.,  the  airfoil 
unsteady  inlet  flow  field  and  the  resulting  chordwise  distribution  of  the  time- 


variant  pressures  on  the  surfaces  of  the  downstream  airfoil.  Flow  visualization 
studies  showed  the  flow  to  be  two-dimensional  on  the  midspan  streamline.  Thus, 
midspan  chordwise  distributions  of  airfoil  surface  static  and  dynamic 
instrumentation  are  utilized. 

The  unsteady  aerodynamic  forcing  function  to  the  airfoil,  the  time-variant  inlet 
flow  field,  is  measured  with  a  cross  hot-wire  probe.  The  airfoil  mean  absolute  inlet 
flow  angle  is  determined  by  rotating  the  cross-wire  probe  until  a  zero  voltage 
difference  is  obtained  between  the  two  hot-wire  signals.  This  mean  angle  is 
subsequently  used  as  a  reference  to  calculate  the  airfoil  angle  of  attack  and  the 
instantaneous  absolute  and  relative  flow  angles. 

The  airfoil  surface  time-variant  pressure  measurements  are  accomplished  with 
flush  mounted  ultra-miniature  high  response  transducers.  To  minimize  potential 
flow  disturbances  due  to  the  transducer  mounting  or  the  inability  of  the  transducer 
diaphragm  to  exactly  maintain  the  surface  curvature  of  the  airfoil,  a  reverse 
mounting  technique  is  utilized.  The  pressure  surface  of  one  airfoil  and  the  suction 
surface  of  a  second  are  instrumented,  with  the  transducers  embedded  in  the  non¬ 
measurement  surface  and  connected  to  the  measurement  surface  by  a  static  tap. 

To  assure  the  accuracy  of  the  experiments  as  well  as  to  minimize  the  number  of 
stator  row  reconfigurations  needed  to  obtain  the  isolated  airfoil  steady  and 
unsteady  data  of  interest,  the  complete  last  stage  compressor  stator  row  was 
replaced  with  a  stator  row  comprised  of  only  two  airfoils,  these  being  either  the 
statically  instrumented  airfoils  or  the  dynamically  instrumented  airfoils.  This 
corresponds  to  a  vane  row  with  a  solidity  (chord /spacing)  of  less  than  0.10,  which 


results  in  a  spacing  between  the  instrumented  vanes  large  enough  so  that  the 
influence  of  the  neighboring  vanes  is  negligible,  i.e.,  each  vane  is  essentially  an 
isolated  airfoil.  Table  1  illustrates  this,  presenting  the  incompressible  flow, 
transverse  gust  lift  coefficient  for  a  cascade  with  a  solidity  of  0.1  and  an  isolated 
airfoil  as  predicted  by  Sears  at  the  typical  experimental  reduced  frequency  value  of 
5.0. 

DIGITAL  PERIODIC  DATA  ACQUISITION 

The  steady-state  pressure  data  are  acquired  with  a  48  channel  Scanivalve 
system.  Under  computer  control,  the  Scanivalve  is  calibrated  each  time  data  is 
acquired,  with  compensation  automatically  made  for  variations  in  the  zero  and 
span  output.  As  part  of  the  steady-state  data  acquisition  and  analysis  process,  a 
root-mean-square  error  analysis  is  performed.  The  steady  data  are  defined  as  the 
mean  of  30  samples,  with  the  95%  confidence  intervals  determined. 

The  time-variant  data  from  the  hot-wire  probe  and  the  dynamic  pressure 
transducers  are  obtained  under  computer  control  by  first  conditioning  their  signals 
and  then  digitizing  them  with  a  high  speed  A-D  system.  This  eight  channel  system 
is  able  to  digitize  signals  simultaneously  at  rates  to  5  MHz  per  channel,  storing 
2048  points  per  channel.  In  addition,  after  conditioning,  the  time-variant  hot-wire 
and  pressure  transducer  signals  are  monitored  by  a  dynamic  signal  processor  which 
can  digitize,  average,  and  Fourier  decompose  unsteady  analog  signals. 

The  time-variant  data  of  interest  are  periodic,  being  generated  at  rotor  blade 
passing  frequency,  with  a  digital  ensemble  averaging  technique  used  for  data 
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analysis.  As  will  be  discussed,  the  key  to  this  technique  is  the  ability  to  sample 
data  at  a  pre-set  time.  This  is  accomplished  by  means  of  an  optical  encoder 
mounted  on  the  rotor  shaft.  The  microsecond  range  square  wave  voltage  signal 
from  the  encoder  is  the  time  or  data  initiation  reference  which  triggers  the  high 
speed  A-D  system. 

In  general,  the  time-variant  signals  from  the  hot-wire  probe  and  the  dynamic 
pressure  transducers  are  comprised  of  three  components:  (1)  a  steady-state 
component,  f*;  (2)  the  periodic  component  of  interest,  f1*;  (3)  a  random  fluctuating 
component,  f. 


f  (t)  =  r  +  fp  (t)  +  r  (t) 


(i) 


The  steady-state  signal  component  is  measured  independently.  Thus,  the  time- 
variant  transducer  signal,  s(t),  is  considered  to  be  comprised  of  the  sum  of  the 
periodic  and  random  components. 


s(t)  -  p  (t)  +  r  (t) 


(2) 


The  periodic  signal  component  is  determined  by  a  digital  ensemble  averaging 
technique  based  on  the  signal  enhancement  concept  initially  considered  by 
Gostelow  [1973].  The  time-variant  signal  is  sampled  and  digitized  over  a  time 
frame  that  is  greater  than  the  periodic  signal  component  characteristic  time.  With 
the  same  data  initiation  reference,  i.e.,  the  signal  from  the  rotor  shaft  mounted 
optical  encoder,  a  series  of  corresponding  digitized  signals  is  generated  by  repeating 
this  signal  sampling  and  digitization  process.  The  time-variant  signal  ensemble 
average  is  then  determined  by  averaging  this  series  of  digital  data  samples. 
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<Sj>  -  (1/N)  £sjt 
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or 

<Sj>  -  (l/N)  S  ff  +  (1/N)  E  f/„  i— 1,2 . m  (3) 

n-1  n-1 

For  a  sufficiently  large  number  of  digital  signals  in  the  series,  N  »1,  the 
ensemble  average  of  the  random  signal  component  is  zero. 

(1/N)  £  f/n  -  0  N»l,  j=l,2,...,m  (4) 

n-1 

Thus,  the  periodic  component  of  the  time-variant  signal,  relative  to  the  data 
initiation  reference,  is  determined  by  this  ensemble  averaging  technique. 

<Sj>  =  (l/N)  Efjn  J-1,2 . m  (5) 

n— 1 

The  effect  of  averaging  the  time-variant  digitized  hot-wire  and  pressure  signals 
has  been  considered.  Figure  2  displays  a  time-variant  pressure  signal  for  1  rotor 
revolution  and  averaged  over  25,  50,  75,  100,  and  200  rotor  revolutions.  The 
ensemble  averaging  significantly  reduces  the  random  fluctuations  which  are 
superimposed  on  the  periodic  signal,  with  the  time-variant  pressure  and  hot-wire 
signals  essentially  unchanged  when  averaged  over  75  or  more  rotor  revolutions.  For 
the  experiments  described  herein,  200  rotor  revolutions  are  used  to  average  the 
hot-wire  and  the  airfoil  mounted  transducer  signals. 

DATA  ANALYSIS 

At  each  steady-state  operating  point,  an  averaged  time-variant  data  set  is 
obtained  which  consists  of  the  hot-wire  and  the  airfoil  mounted  transducer  signals 
digitised  at  a  rate  of  200  kHs  and  ensemble  averaged  over  200  rotor  revolutions. 
This  sample  rate  allows  approximately  91  points  between  each  rotor  blade  at  the 


design  compressor  rotational  speed.  These  rotor  revolutions  are  not  consecutive 
due  to  the  finite  time  required  for  the  A/D  multiplexer  system  to  sample  the  data 
and  the  computer  to  then  read  the  digitized  data. 

Each  of  these  digitized  signals  is  Fourier  decomposed  into  harmonics  by  means 
of  a  Fast  Fourier  Transform  algorithm.  Figure  3  shows  the  Fourier' decomposition 
of  a  typical  ensemble  averaged  time-variant  pressure  transducer  signal.  There  is  a 
dominant  fundamental  frequency  at  rotor  blade  passing,  with  much  smaller 
amplitude  higher  harmonics  and  minimal  nonharmonic  content.  Also  shown  is  the 
digitized  signal  together  with  the  first  three  harmonics  and  their  sum.  This 
summation  is  seen  to  yield  a  very  good  approximation  to  the  original  digitized 
signal,  further  demonstrating  that  the  time-variant  signal  is  primarily  composed  of 
the  first  three  harmonics  of  the  rotor  blade  passing  frequency. 

The  first  harmonic  magnitude  and  phase  angle  referenced  to  the  data  initiation 
pulse  are  determined  from  the  Fourier  analysis  of  the  data.  To  then  relate  the 
rotor  wake  generated  velocity  profiles  with  the  first  harmonic  surface  dynamic 
pressures  on  the  instrumented  downstream  airfoil,  the  rotor  exit  velocity  triangles 
are  examined.  The  change  in  the  rotor  relative  exit  velocity  which  occurs  as  a 
result  of  the  wake  from  a  rotor  blade  is  seen  in  Figure  1.  This  velocity  deficit 
creates  a  change  in  the  absolute  velocity  vector  which  is  measured  with  the  cross¬ 
wire  probe.  From  this  instantaneous  absolute  flow  angle  and  velocity,  the  rotor 
exit  relative  flow  angle  and  velocity,  as  well  as  the  amplitude  and  phase  of  the 
perturbation  quantities,  are  determined.  The  normal,  v+,  and  parallel,  u+, 
perturbation  velocities  are  determined  from  the  following  relationships. 


11  “  ^me*n  Vcos(o:  >  V  Vsin(o:  C*mean) 


(6) 


where  Vmaan  is  the  mean  flow  velocity,  V  is  the  wake  velocity,  ct  is  the  wake 
absolute  flow  angle,  and  ormein  is  the  mean  absolute  flow  angle. 

The  hot-wire  probe  is  positioned  upstream  of  the  leading  edge  of  the 
instrumented  airfoil.  To  relate  time  based  events  as  measured  by  this  hot-wire 
probe  to  the  unsteady  pressures  on  the  airfoil  surfaces,  the  following  assumptions 
are  made:  (1)  the  wakes  are  identical  at  the  hot-wire  and  the  instrumented  airfoil 
leading  edge  plane,  and  (2)  the  wakes  are  fixed  in  the  relative  frame.  At  a  steady 
operating  point,  the  hot-wire  data  are  analyzed  to  determine  the  absolute  flow 
angle  and  the  rotor  exit  relative  flow  angle.  Using  the  above  two  assumptions,  the 
wake  is  located  relative  to  the  hot-wire  and  the  leading  edges  of  the  instrumented 
airfoil  suction  and  pressure  surfaces.  From  this,  the  times  at  which  the  wakes  are 
present  at  various  locations  are  determined.  The  incremental  times  between 
occurrences  at  the  hot-wire  and  the  instrumented  airfoil  leading  edge  plane  are 
then  related  to  phase  differences  between  perturbation  velocities  and  the  airfoil 
surface. 

« 

The  final  form  of  the  unsteady  pressure  data  defines  the  chordwise  variation  of 
the  first  harmonic  pressure  difference  across  the  chordline  of  a  stator  vane,  and  is 
presented  as  a  nondimensional  complex  unsteady  pressure  difference  across  the 
airfoil  chord  in  the  format  of  the  magnitude  and  the  phase  lag  referenced  to  a 
transverse  gust  at  the  airfoil  leading  edge. 


PREDICTED  GUST  RESPONSE 


An  unsteady  aerodynamic  gust  response  model  which  considers  steady 
aerodynamic  loading  is  needed  to  provide  a  baseline  for  accurate  interpretation  of 
the  unsteady  data.  This  is  accomplished  utilizing  the  complete  first  order  model, 
i.e.,  the  thin  airfoil  approximation  is  not  used,  and  locally  analytical  solution 
developed  by  Chiang  and  Fleeter.  This  model  considers  the  flow  of  a  two- 
dimensional  unsteady  aerodynamic  gust  convected  with  the  mean  flow  past  a  thick, 
cambered,  airfoil  at  finite  angle  of  attack,  c?0,  as  schematically  depicted  in  Figure 
4.  The  periodic  gust  amplitude  and  harmonic  frequency  are  denoted  by  A  and  cj, 
respectively.  The  two-dimensional  gust  propagates  in  the  direction  3ST  =  k/i  +  kj, 
where  kj  is  the  reduced  frequency  and  k2  is  the  transverse  gust  wave  number,  i.e., 
the  transverse  component  of  the  gust  propagation  direction  vector. 

The  unsteady  flow  field  is  considered  to  be  rotational,  and  is  linearized  about 
the  full  steady  potential  flow  past  the  airfoil.  Thus,  the  effects  of  airfoil  thickness 
and  camber  as  well  as  mean  flow  angle  of  attack  are  completely  accounted  for 
through  the  mean  potential  flow  field.  The  steady  potential  flow  field  and  the 
unsteady  potential  flow  are  individually  described  by  Laplace  equations,  with  the 
unsteady  potential  decomposed  into  circulatory  and  noncirculatory  parts.  The 
steady  velocity  potential  is  independent  of  the  unsteady  flow  field.  However,  the 
strong  dependence  of  the  unsteady  aerodynamics  on  the  steady  effects  of  airfoil 
geometry  and  angle  of  attack  are  manifested  in  the  coupling  of  the  unsteady  and 
steady  flow  fields  through  the  unsteady  boundary  conditions. 


A  locally  analytical  solution  is  then  developed.  In  this  method,  the  discrete 
algebraic  equations  which  represent  the  flow  field  equations  are  obtained  from 
analytical  solutions  in  individual  grid  elements.  A  body  fitted  computational  grid  is 
utilized,  Figure  5,  which  also  shows  the  profile  of  the  airfoil.  General  analytical 
solutions  to  the  transformed  Laplace  equations  are  developed  by  applying  these 
solutions  to  individual  grid  elements,  i.e.,  the  integration  and  separation  constants 
are  determined  from  the  boundary  conditions  in  each  grid  element.  The  complete 
flow  field  is  then  obtained  by  assembling  these  locally  analytical  solutions. 

RESULTS 

A  series  of  experiments  were  performed  to  investigate  and  quantify  the  rotor 
wake  generated  high  reduced  frequency  gust  aerodynamic  response  of  an  airfoil, 
including  the  effects  of  airfoil  steady  loading,  the  gust  forcing  function  waveform, 
and  steady  flow  separation.  To  aid  in  the  interpretation  of  these  unique  unsteady 
aerodynamic  gust  data,  appropriate  predictions  from  the  classical  Sears  flat  plate 
model  and  the  thick,  cambered  airfoil  model  of  Chiang  and  Fleeter  are  also 
presented. 

NONSEPARATED  FLOW 

A  low  steady  aerodynamic  loading  condition  is  established  by  setting  the  airfoil 
at  an  angle  of  attack  of  0.06  degrees.  The  data  defining  the  airfoil  surface  static 
pressure  distributions  are  presented  in  Figure  6.  There  is  a  smooth  chordwise 
pressure  variation  on  each  airfoil  surface,  with  no  indication  of  flow  separation. 


Also,  there  is  generally  good  correlation  between  the  data  and  the  inviscid  Chiang- 
Fleeter  cambered  airfoil  steady  flow  prediction,  with  the  exception  of  the  airfoil 
leading  edge  region. 

The  aerodynamic  gust  waveform  is  characterized  by  the  ratio  of  the  first 
harmonic  chordwise  to  normal  gust  component  (u+/v+).  The  effect  of  the  gust 
waveform  on  the  unsteady  aerodynamic  response  of  the  airfoil  is  considered  by 
establishing  compressor  configurations  such  that  the  airfoil  angle  of  attack  and 
steady  surface  static  pressure  distributions  are  maintained  per  Figure  6,  but  with 
the  gust  component  ratio  taking  on  values  of  0.19,  0.35,  and  0.53,  Figure  7. 

The  effect  of  the  aerodynamic  gust  waveform  on  the  resulting  unsteady  pressure 
difference  data  is  shown  in  Figure  8.  The  profile  of  the  airfoil  and,  thus,  the 
surface  steady  loading  distribution,  has  a  significant  effect  on  the  unsteady 
aerodynamic  gust  response.  In  particular,  the  chordwise  variation  of  both  the 
magnitude  and  the  phase  of  the  unsteady  pressure  difference  generally  exhibit 
much  better  correlation  with  the  cambered  airfoil  predictions  than  with  those  from 
the  flat  plate  model.  The  magnitude  data  exhibit  good  trendwise  agreement  with 
the  cambered  airfoil  prediction,  with  this  model  typically  overpredicting  the 
magnitude  of  the  pressure  difference  on  the  front  30%  of  the  airfoil  chord.  This  is 
due  to  the  strong  coupling  of  the  unsteady  prediction  on  an  accurate 
representation  of  the  steady  flow  field.  As  previously  noted,  the  steady  flow 
prediction  did  not  exhibit  good  correlation  with  the  steady  airfoil  surface  static 
pressure  data  over  the  front  part  of  the  airfoil.  Hence  the  poor  unsteady  data- 
prediction  correlation  in  this  region.  Also,  the  ratio  of  the  first  harmonic  gust 


components,  (u+/v+),  has  an  effect  on  both  the  magnitude  and  phase  of  the 
unsteady  pressure  difference,  although  the  general  chordwise  variation  of  these 
data  is  not  affected. 


To  investigate  the  effect  of  steady  airfoil  loading  on  the  aerodynamic  gust 
response,  the  airfoil  angle  of  attack  was  increased  to  7.6  degrees.  The  static 
pressure  distributions  on  the  airfoil  suction  and  pressure  surfaces  together  with  the 
steady  Chiang-Fleeter  predictions  are  shown  in  Figure  9.  Relatively  good 
correlation  is  obtained,  although  not  quite  as  good  as  at  the  lower  angle  of  attack. 
Again,  the  correlation  between  the  data  and  the  predictions  is  not  very  good  in  the 
leading  edge  region  of  the  airfoil. 

The  resulting  unsteady  aerodynamic  gust  response  of  the  airfoil  together  with 
the  flat  plate  and  cambered  airfoil  predictions  for  a  gust  first  harmonic  component 
ratio  of  0.22  are  shown  in  Figure  10.  It  should  be  noted  that  the  reduced  frequency, 
kj,  for  these  intermediate  angle  of  attack  data  is  increased  as  compared  to  the 
previously  presented  low  angle  of  attack  data.  This  is  associated  with  the  use  of  a 
low  speed  research  compressor  to  generate  the  aerodynamic  gust  forcing  function 
Again,  the  correlation  of  these  complex  unsteady  pressure  data  with  the  camber*..: 
airfoil  predictions  is  much  better  than  with  the  flat  plate  model.  In  parti.  ',  ,i • 


chordwise  variations  of  both  the  magnitude  and  phase  of  th 
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surface  pressure  data  and  the  model  over  the  front  part  of  the  airfoil  and  the 
dependence  of  the  unsteady  predictions  on  the  steady  flow  field. 

SEPARATED  FLOW 

Steady  flow  separation  at  approximately  35%  of  the  airfoil  suction  surface  was 
established  by  increasing  the  angle  of  attack  to  14  degrees,  Figure  11.  The  effects 
of  this  flow  separation  on  the  unsteady  aerodynamic  gust  response  are  investigated 
by  comparing  the  resulting  separated  flow  gust  data  with  corresponding  data 
obtained  at  the  previous  intermediate  airfoil  angle  of  attack  of  7.6  degrees  where 
the  steady  lift  coefficient  is  nearly  the  same  but  the  steady  flow  is  not  separated. 
Also,  both  the  parallel  and  normal  gust  components  are  maintained  to  be  nearly 
identical  for  these  two  configurations,  Figure  12,  with  the  ratio  of  the  first 
harmonic  gust  components  being  0  218. 

The  resulting  first  harmonic  unsteady  pressure  difference  data  are  presented  in 
Figure  13.  Also  shown  is  the  nonseparated  flat  plate  prediction  of  Sears.  The 
cambered  airfoil  prediction  is  not  presented  because  of  the  strong  dependence  of 
the  cambered  airfoil  predictions  on  the  steady  flow  field  and  the  inappropriateness 
of  the  inviscid  steady  model  for  separated  flow.  The  magnitude  data  for  the 
separated  flow  case  show  somewhat  different  trends  than  that  for  the  nonseparated 
flow  in  the  leading  and  trailing  edge  regions  of  the  airfoil.  For  the  separated  flow 
configuration,  the  magnitude  data  are  nearly  constant  over  the  front  15%  of  the 
airfoil,  whereas  the  nonseparated  data  and  the  prediction  indicate  a  decreasing 
amplitude.  Aft  of  15%  chord,  the  magnitude  data  show  analogous  trends,  with 


s 


both  the  separated  and  nonseparated  data  decreasing  with  increasing  chordwise 
position  and  attaining  a  minimum  pressure  amplitude  value  at  30%  chord,  similar 
to  the  previous  results.  The  magnitude  data  for  both  cases  then  gradually  increase 
to  values  that  are  greater  than  the  prediction  near  midchord,  with  the 
nonseparated  data  being  lower  in  amplitude  up  to  this  point  due  to  the  larger 
steady  surface  pressure  differences  between  the  suction  and  pressure  surfaces.  Both 
data  sets  then  decrease  with  increasing  chordwise  position,  with  the  separated  data 
decreased  in  amplitude  relative  to  the  prediction  and  the  nonseparated  data.  This 
is  a  result  of  the  increased  steady  loading  due  to  the  separation  in  this  region. 

The  phase  data  for  the  separated  flow  configuration  have  different  trends  than 
the  nonseparated  data  and  the  flat  plate  prediction  near  the  separation  point  and 
in  the  airfoil  trailing  edge  region.  Over  the  front  20%  of  the  airfoil,  the  data  and 
the  prediction  show  analogous  trends  of  being  nearly  constant,  with  the  separated 
data  increased  relative  to  the  prediction  and  the  nonseparated  data.  Aft  of  20% 
chord,  the  separated  phase  data  increase  whereas  the  nonseparated  data  decrease 
relative  to  the  prediction.  In  the  separated  flow  region,  both  the  separated  and 
nonseparated  data  show  similar  trends.  However,  at  70%  chord  the  separated 
phase  data  jump  to  values  larger  than  the  prediction  and  increase  with  further 
chordwise  position.  On  the  other  hand,  the  phase  data  for  the  nonseparated  case 
show  a  gradual  increase.  Thus,  separation  affects  both  the  magnitude  and  phase  of 
the  dynamic  pressure  difference  data,  with  the  primary  effect  being  on  the  phase. 

To  further  investigate  these  separation  effects,  individual  suction  surface  time- 
variant  pressure  signals  and  their  Fourier  decompositions  are  considered.  Figure  14 


presents  a  typical  unsteady  pressure  signal  upstream  of  the  separation  point  and 
the  unsteady  pressure  signal  at  the  same  chordwise  location  for  a  configuration 
where  the  flow  is  not  separated.  It  is  clear  that  the  downstream  separation  point 
affects  both  the  amplitude  and  waveform  of  the  unsteady  pressure.  This  becomes 
more  apparent  in  the  spectrums  of  these  nonseparated  and  separated  unsteady 
pressures,  Figure  15.  The  separated  flow  unsteady  pressure  has  a  much  broader 
spectrum  than  the  nonseparated  one.  This  pressure  field  distortion  is  most 
probably  due  to  the  oscillation  of  the  separation  point  generated  by  the  periodic 

aerodynamic  gusts.  This  would  occur  at  the  same  frequency  as  the  forcing 

function,  but  would  be  out  of  phase  with  it. 

A  completely  different  trend  is  found  within  the  separated  flow  region.  Figures 
16  and  17  present  the  unsteady  pressure  signals  for  the  separated  and 

nonseparated  flow  cases  for  the  same  chordwise  position  and  their  resulting  Fourier 
decomposition.  There  is  little  difference  between  the  separated  and  nonseparated 
unsteady  pressures.  However,  the  nonseparated  unsteady  pressure  has  slightly 
more  distortion  which  results  in  the  higher  order  harmonics  of  the  Fourier 

spectrum.  This  distortion  is  due  to  the  steady  flow  turning  and  the  aerodynamic 
loading  of  the  airfoil.  Within  the  separation  zone,  where  there  is  a  constant  steady 
static  surface  pressure,  the  pressure  fluctuations  generated  by  the  separation  point 
oscillation  are  negligible,  in  contrast  to  the  effect  upstream  of  the  separation  point. 
Such  a  phenomenon  was  also  noted  by  Mabey  [1072].  The  effect  of  the  separation 
point  oscillation  is  probably  damped  out  by  the  mass  of  recirculating  fluid  within 
the  separated  flow  region.  Thus,  the  unsteady  pressure  within  the  separation  zone 
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is  primarily  responding  to  the  aerodynamic  forcing  function. 

The  influence  of  the  aerodynamic  gust  forcing  function  on  the  airfoil  unsteady 
aerodynamics  when  the  steady  flow  is  separated  is  considered  by  establishing  an 
additional  airfoil  configuration  where  the  steady  loading  is  nearly  the  same,  having 
an  angle  of  attack  on  the  order  of  14.0  degrees,  but  the  ratios  of  the  gust 
components  are  different.  The  airfoil  steady  surface  static  pressure  distributions 
for  these  two  configurations  are  shown  in  Figure  18.  The  airfoil  pressure  and 
suction  surfaces  have  nearly  identical  distributions,  with  a  fully  separated  flow 
starting  at  approximately  35%  of  the  chord.  Figure  19  shows  the  aerodynamic 
forcing  function  to  the  airfoil.  The  first  harmonic  ratios  of  the  gust  components, 

(u+  /  v+),  are  0.218  and  0.188,  with  both  the  normal,  v+,  and  the  parallel,  u+,  gust 
components  having  different  values. 

The  first  harmonic  unsteady  pressure  difference  data  for  these  two 
configurations,  with  the  nonseparated  flat  plate  prediction  as  a  reference,  are 
presented  in  Figure  20.  The  magnitude  data  indicate  analogous  trends  over  the 
entire  airfoil  chord,  with  the  0.186  (u+  /  v+)  data  being  decreased  in  value  relative 
to  both  the  prediction  and  the  0.218  (u+  /  v+)  data.  In  the  trailing  edge  region  the 
data  correlate  well  with  each  other  and  are  decreased  relative  to  the  prediction  due 
to  the  high  steady  loading  in  this  region.  The  phase  data  show  different  trends 
than  the  previous  high  loading  cases  and  with  each  other  near  the  separation  point 
and  the  trailing  edge.  Over  the  front  25%  of  the  chord,  the  phase  data  show  the 
same  trends,  with  the  0.186  (u+  /  v+)  data  being  in  closer  agreement  with  the 
prediction.  At  30%  chord,  the  0.218  (u+  /  $+)  data  increase  in  phase  whereas  the 


W 


n  agswgi  jtaaaa^aaaagamaaaaa.  aaaaaaaaasQa^aaa^aaaacgfflaaanaai 


0.186  (u+  /  v+)  data  continue  to  show  good  trendwise  correlation  with  the 
prediction.  From  40%  chord  to  60%  chord,  the  phase  data  correlate  with  each 
other  but  are  decreased  in  value  with  respect  to  the  prediction.  Aft  of  60%  chord 
the  0.218  (u+  /  v+)  phase  data  are  increased  relative  to  the  prediction  and  increase 
with  increasing  chord.  However,  the  phase  data  for  0.186  (u+  /  v+)  first  increase  in 
phase  and  then  indicate  a  slight  decrease  with  increasing  chordwise  position. 

SUMMARY  AND  CONCLUSIONS 

A  series  of  experiments  have  been  performed  to  investigate  and  quantify  the 
unsteady  aerodynamic  response  of  an  airfoil  to  a  high  reduced  frequency  gust, 
including  the  effects  of  the  gust  forcing  function  waveform,  airfoil  steady  loading, 
and  steady  flow  separation.  This  was  accomplished  by  utilizing  an  axial  flow 
research  compressor  to  experimentally  model  the  high  reduced  frequency  gust 
forcing  function,  with  the  last  stage  stator  vane  row  replaced  with  isolated 
instrumented  airfoils.  Appropriate  data  are  correlated  with  predictions  from  flat 
plate  and  cambered  airfoil  convected  gust  models. 

At  low  and  intermediate  airfoil  angles  of  attack  with  the  steady  flow  not 
separated,  the  profile  of  the  airfoil  and,  thus,  the  surface  steady  loading 
distribution,  was  shown  to  have  a  significant  effect  on  the  unsteady  aerodynamic 
gust  response  of  the  airfoil.  Also,  the  ratio  of  the  first  harmonic  gust  components 
affects  both  the  magnitude  and  phase  of  the  unsteady  pressure  difference,  although 
the  general  chordwise  variation  of  these  data  was  not  affected.  In  adition,  the 
chordwise  variation  of  both  the  magnitude  and  the  phase  of  the  unsteady  pressure 


difference  data  generally  exhibit  much  better  correlation  with  the  cambered  airfoil 
predictions  than  with  those  from  the  flat  plate  model.  However,  the  cambered 
airfoil  model  typically  overpredicts  the  pressure  difference  magnitude  on  the  front 
part  of  the  airfoil.  This  is  due  to  the  strong  coupling  of  the  unsteady  prediction  on 
an  accurate  representation  of  the  steady  flow  field,  with  the  steady  flow  prediction 
not  exhibiting  good  correlation  with  the  steady  airfoil  surface  static  pressure  data 
over  the  front  part  of  the  airfoil. 

The  steady  flow  separation  was  shown  to  have  a  significant  influence  on  the 
unsteady  aerodynamics  on  the  airfoil  surface  upstream  of  the  separation  point  and 
also  in  the  trailing  edge  region.  Also,  the  separation  affects  both  the  magnitude 
and  the  phase  of  the  unsteady  pressure  difference  data,  with  the  primary  effect 
being  on  the  phase  data.  Consideration  of  the  individual  suction  surface  unsteady 
pressure  signals  and  their  Fourier  decompositions  revealed  that:  (1)  the  separation 
affects  the  magnitude  and  the  waveform  of  the  unsteady  pressure  upstream  of  the 
separation  point  as  well  as  its  harmonic  content,  possibly  a  result  of  an  oscillation 
of  the  separation  point  due  to  the  harmonic  gust;  (2)  the  pressure  signals  in  the 
separated  flow  region  and  the  corresponding  signals  with  the  flow  not  separated, 
i.e.,  signals  at  the  same  chordwise  position,  exhibit  only  small  differences;  (3)  in  the 
separated  flow  region,  there  is  a  constant  steady  static  surface  pressure,  with  the 
pressure  fluctuations  generated  by  the  oscillation  of  the  separation  point  negligible. 
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Table  1.  Predicted  unsteady  gust  response  for  an  isolated 
airfoil  and  a  low  solidity  cascade  (k  =  5.0) 
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Figure  1.  Schematic  of  flow  field 


-103- 


,t4  *«i‘**t 


I  LI  I.I  «- *  I 


y 

o 

Ql 

CL 

ffi 

Of 

' — ' 

UJ 

iijjf 

oc 

id 

3 

(O 

CO 

UJ 

oc 

$ 

Cl 

0.05 


o  _ 
CL  0.1 


0 

-01 

-02, 


Summation  of  First  Three  Harmonics 

1st  Harmonic 

2nd  Harmonic 

3rd  Harmonic 


1.0  15  20 

TIME  (msec) 


FREQUENCY  (kHz) 


io 

* 

;• 

?: 


Figure  3.  Fourier  decomposition  of  averaged 
pressure  signal 
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Figure  8.  Effect  of  gust  waveform  on  unsteady 
airfoil  surface  pressure  difference 
at  low  steady  loading 


Figure  9. 


Steady  airfoil  surface  static  pressure 
distributions  at  intermediate  loading 


UNSTEADY  PRESSURE  DIFFERENCE,  C 


SURFACE  PRESSURE,  C, 


-in- 


♦  ♦♦♦  ♦  ♦  5  5  | 


j— ►  Separated  Steady  Flow  %  CHORD 

!  O 

□  □  □  □  8  □ 

o 


C,  Pressure  Suction 

1  Surface  Surface 


14.0°  0.571  ■  Q 

7.6°  0.573  ♦  O 


Figure  11.  Effect  of  suction  flow  separation  on  steady 
surface  static  pressure  distributions 
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Effect  of  suction  surface  flow  separation 
on  unsteady  surface  pressure  distributions 
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Unsteady  separated  and  attached  flow 
pressure  signals  upstream  of  separation 
point  location 
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Figure  15 


Fourier  decomposition  of  unsteady  separated  and 
attached  flow  pressure  signals  upstream  of 
se;  .ration  point  location 
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Figure  16 


Unsteady  separated  and  attached  flow  pressure 
signals  within  the  separation  region 
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ABSTRACT 


A  locally  analytic  numerical  method  is  developed  to  predict  the  two-dimensional 


internal  and  external  steady  laminar  flow  of  an  incompressible  viscous  fluid.  In  this 


method,  analytic  solutions  of  locally  linearized  partial  differential  equations  are 


incorporated  into  the  numerical  solution.  This  is  accomplished  by  dividing  the  flow 


field  into  computational  grid  elements.  In  each  individual  element,  the  nonlinear 


convective  terms  of  the  Navier  Stokes  equations  are  locally  linearized,  with  analytic 


solutions  then  determined.  The  solution  for  the  complete  flow  field  is  obtained  by 


the  assembly  of  these  locally  analytic  solutions.  The  nonlinear  character  of  the 


complete  flow  field  is  preserved  as  the  flow  is  only  locally  linearized,  i.e., 


independently  linearized  solutions  are  obtained  in  individual  grid  elements.  This 


locally  analytic  numerical  solution  method  is  used  to  analyze  the  viscous  flow  in 


several  internal  and  external  flow  configurations,  with  the  prediction  of  flow 


development,  reversal,  separation,  and  reattachment  demonstrated  over  a  range  of 


moderate  values  of  the  Reynolds  number.  In  particular,  three  internal  and  one 


exernal  flow  configurations  are  investigated,  with  predictions  obtained  for  entrance 


flow  development  in  a  straight  channel,  the  flow  through  a  sudden  expansion,  i.e., 


over  a  backward  step,  the  flow  in  a  diffuser,  and  the  flow  past  a  flat  plate  airfoil 


over  a  range  of  mean  flow  incidence  angle  values. 
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NOMENCLATURE 


a^bf  Cyd 

A 

B 

h 

H 

L 

P 

Re 

U 

V 
X 

Y 

AX 

AY 

(X0,Y0) 

e 


boundary  constants 
local  grid  velocity  constant 
local  grid  velocity  constant 
step  height 
channel  half-height 
reattachment  length 
dimensionless  pressure 
Reynolds  number 

nondimensional  velocity  in  X  direction 

nondimensional  velocity  in  Y  direction 

coordinate  in  mean  flow  direction 

coordinate  in  normal  flow  direction 

step  size  in  X  direction 

step  size  in  Y  direction 

center  of  grid  element 

stream  function 

vorticity 


Superscripts 

^  stream  function 

£  vorticity 

Subscripts 

(ij)  nodal  point 

p  particular  solution 


INTRODUCTION 


The  steady  laminar  flow  of  an  incompressible  viscous  fluid  is  described  by  the 
Navier-Stokes  equations.  Solutions  to  these  coupled  nonlinear  partial  differential 
equations  are  difficult  to  determine,  with  exact  solutions  existing  only  for  very 
idealized  flow  situations.  As  a  result,  numerical  solution  techniques  are  being 
developed.  However,  when  the  nonlinear  convective  terms  are  significant, 
difficulties  such  as  numerical  instability  and  slow  convergence  are  often 
encountered. 

The  various  numerical  methods  differ  in  the  means  used  to  derive  the 
corresponding  algebraic  representation  of  the  differential  equations.  In  finite 
difference  methods,  Taylor  series  expansion  and  control  volume  formulations  are 
typically  used,  with  numerical  instability  problems  overcome  by  utilizing  central 
differences  for  the  diffusion  terms  and  upwind,  or  backward,  differences  for  the 
convective  terms.  In  finite  element  methods,  variational  formulations  and  the 
method  of  weighted  residuals  are  employed,  with  analogous  upwind  schemes 
utilized.  In  the  locally  analytic  numerical  method,  analytic  solutions  to  locally 
linearized  differential  equations  are  incorporated  into  the  numerical  method. 

The  concept  of  locally  linearized  solutions  of  nonlinear  flow  problems  was 
developed  and  used  to  predict  the  steady  inviscid  transonic  flow  past  a  thin  airfoil 
by  Spreiter  et  ah,  references  1,  2,  and  3,  and  subsequently  extended  to  oscillating 
airfoils  in  transonic  flow  by  Stahara  and  Spreiter,  reference  4.  Also,  Dowell  [5] 
developed  a  rational  approximate  method  for  unsteady  transonic  flow  which  is 
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broadly  related  to  the  local  linearization  concept.  The  locally  analytic  numerical 
technique  which  is  based  on  the  locally  linearized  solution  approach,  was  initially 
developed  by  Chen  et  al.,  references  0  through  9,  for  steady  two-dimensional  fluid 
flow  and  heat  transfer  problems.  They  have  shown  that  this  method  has  several 
advantages  over  finite  difference  and  finite  element  methods.  It  is  less  dependent 
on  grid  size  and  the  system  of  algebraic  equations  are  relatively  stable.  Also,  since 
the  solution  is  analytic,  it  is  differentiable  and  is  a  continuous  function  in  the 
solution  domain.  The  disadvantage  of  the  locally  analytic  numerical  method  is 
that,  as  will  be  seen,  a  great  deal  of  mathematical  analysis  is  required. 

In  this  paper,  the  two-dimensional  steady  laminar  flow  of  an  incompressible 
viscous  fluid  in  both  internal  and  external  flow  configurations  are  predicted  by 
developing  a  locally  analytic  numerical  solution  method.  The  flow  field  is  first 
divided  into  computational  grid  elements.  In  each  individual  element,  the 
nonlinear  convective  terms  of  the  Navier-Stokes  equations  are  locally  linearized, 
with  analytic  solutions  then  determined.  The  solution  for  the  complete  flow  field  is 
obtained  by  assembly  of  these  locally  analytic  solutions.  The  nonlinear  character 
of  the  complete  flow  field  is  preserved  as  the  flow  is  only  locally  linearized,  i.e., 
independently  linearized  solutions  are  obtained  in  individual  grid  elements.  The 
ability  of  the  locally  analytic  numerical  method  to  predict  viscous  flow 
development,  reversal,  separation,  and  reattachment,  is  then  demonstrated  at 
moderate  values  of  the  Reynolds  number  by  considering  several  steady  internal  and 


external  flow  configurations. 
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MATHEMATICAL  MODEL 

The  two-dimensional  steady  laminar  flow  of  an  incompressible  viscous  fluid  is 
described  by  the  nondimensional  continuity  and  Navier-Stokes  equations. 
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where  X  and  Y  are  the  independent  variables  parallel  and  normal  to  the  mean  flow 
direction,  U  and  V  are  the  corresponding  dimensionless  velocity  components,  P  is 
the  dimensionless  pressure,  and  Re  denotes  the  Reynolds  number. 

The  boundary  conditions  specify  that  there  is  no  slip  between  the  fluid  and  the 
solid  surfaces  and  that  the  normal  velocity  of  the  fluid  is  zero  on  these  surfaces. 


U  =  0  ;  V=  0  on  surfaces 


(2) 


There  are  three  dependent  variables,  the  two  velocity  components  and  the 
pressure.  To  reduce  the  number  of  dependent  variables,  the  continuity  and 
Navier-Stokes  equations  are  rewritten  in  terms  of  the  vorticity,  £,  and  the  stream 
function,  ^  ,  Equations  3  and  4. 
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The  vorticity  equation  is  nonlinear,  with  the  stream  function  described  by  a 
Poisson  equation  which  is  linear  and  coupled  to  the  vorticity  equation  through  the 
vorticity  source  term. 


LOCALLY  ANALYTIC  NUMERICAL  METHOD 

In  the  locally  analytic  numerical  method,  analytic  solutions  of  locally  linearized 
partial  differential  equations  are  incorporated  into  the  numerical  solution.  This  is 
accomplished  by  dividing  the  flow  field  into  computational  grid  elements  and 
linearizing  the  nonlinear  convective  terms  of  the  vorticity  equation  in  each 
individual  grid  element.  Analytic  solutions  to  the  linear  equations  describing  the 
vorticity  and  the  stream  function  in  each  element  are  then  determined.  The 
solution  for  the  complete  flow  field  is  obtained  through  the  application  of  the  global 
boundary  conditions  and  the  assembly  of  the  locally  analytic  solutions  in  the 


-129- 


8 

§ 


i 

i 

1 


1 

2 
I 

1 


.% 

'A 

8 


I** 

w 


individual  grid  elements. 

Typical  Grid  Element 

The  vorticity  and  stream  function  equations  are  elliptic.  Thus,  to  obtain  unique 
analytic  solutions  in  the  typical  grid  element  schematically  depicted  in  Figure  1, 
continuous  boundary  conditions  are  required  on  all  four  boundaries.  However,  the 
element  boundary  conditions  specify  the  values  of  the  vorticity  and  the  stream 
function  only  at  the  eight  nodal  boundary  points.  The  requirement  for  continuous 
element  boundary  conditions  is  achieved  herein  by  expressing  the  nodal  boundary 
values  in  an  implicit  form  as  a  second  order  polynomial  in  terms  of  the  three 
known  nodal  values  on  each  element  boundary,  Equation  5. 


f(X,Y„  +  AY)  =  »,«  +  a|  X  +  a|  X2 

(5a) 

f(X,Y0  -  AY)  =  bf  +  b|  X  +  b|  X2 

(5b) 

«X0  +  AX,Y)  =  cf  +  c|  Y  +  c|  Y2 

(5c) 

«X„  -  AX,Y)  =  df  +  d|  Y  +  d|  Y2 

(5d) 

t/i(X,Y0  +  AY)  =  af  +  a^'  X  +  a/  X2 

(5e) 

t/<X,Y0  -  AY)  =  bf  +  b/  X  +  b/  X2 

(5f) 

MX,  +  AX,Y)  =  cf  +  c^Y  +  4  Y2 

(5g) 

t/<X0  -  AX,Y)  »  +  djf  Y  +  d $  Y2 


(5h) 


where  the  bj(  Cjt  and  dj  terms  are  constants  determined  from  the  three  nodal 


points  on  each  element  side. 


Vorticity  Solution 


The  vorticity  equation  is  nonlinear  because  of  the  inertia  terms 


ftp  ftp 

U““r  and  V  .  These  terms  are  locally  linearized  by  assuming  that  the 
OjL  o  Y 


velocity  component  coefficients  U  and  V  are  constant  in  each  individual  grid 


element,  i.e.,  locally  constant,  Equation  8. 


u  =  —  ;  Y  =  — 
Re  ’  Re 


where  A  and  B  are  constant  in  an  individual  grid  element,  taking  on  different 


values  in  each  element. 


The  resulting  locally  linearized  vorticity  equation  is  given  in  Equation  7. 


d!L+  j2!L=AiL  +  B!L 

ax2  <?y2  ax  ^  dY 


The  analytic  solution  for  the  vorticity  subject  to  the  appropriate  boundary 


conditions  is  obtained  utilizing  the  superposition  principle.  The  vorticity  is 


decomposed  into  two  components,  each  having  only  two  nonhomogeneous  boundary 


conditions. 
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? = c 1 + f 1 3 


£2.  .  i!fl  =  A  i£L  ,  B  if! 

5X2  5Y2  3X  <?Y 


where: 


e(X,Y0  4-  AY)  =  i<A  X  +  BAY)[af  4-  a|  X  +  a|  X2) 
e(X,Y0  -  AY)  =  x  "  BAY)[bf  +  b|X  +  b|  X2] 
e(X0  4-  AX,Y)  =  0 
e(XG  -  AX,Y)  =  0 


dX2  9Y2  <?X 


+  B 


d£b 

dY 


where: 

eb(X,Y0  4-  AY)  =  0 
£b(X,Y0  —  AY)  =  0 

eb(X0  4-  AX,Y)  =  i<AA  X+  B  Y)[cf  4-  c|  Y  +  c|  Y2] 
£b(X0  -  A  X,Y)  =  e<AA  x  ~B  Y)[df  +  d|  Y  4-  d|  Y2] 


(8) 

(9) 


(10) 


,  T 

A 

8 


The  general  analytic  solutions  for  £a  and  £b  are  found  by  the  separation  of 
variables  technique.  After  application  of  the  boundary  conditions  for  each 
component,  the  analytic  solution  for  the  vorticity,  Equation  11,  is  determined  by 
combining  the  two  component  solutions. 


I 


;mA 


1  f(X,Y)=e<AX+BY)  2  (  f Cinsinh(DlnX)+C2ncosh(DlnX)  lsin(Xf„(Y+AY)) 

n=llL  J 

Sr  i  1 

+  C3n  sinh  (D2nY)  +  C4n  cosh(D2nY)  sin(\|n(X+AX))  •  (li) 


The  final  algebraic  form  of  the  vorticity  solution  specifies  the  value  of  the 
vorticity  at  the  center  of  the  element  as  a  function  of  the  neighboring  eight  nodal 
values,  Equation  12. 

?(Xo,Y„)  =  zit(xo  +  AX,Y„  +  AY)  +  Z2f(X0  +  AX,Y„)  (12) 

+  Z3?(X0  +  AX,Y„  -  AY)  +  Z4£(Xd  Y0  -AY) 

+  Z5{(X0  —  AX,Y0  -AY)  +  Z6£(X„  -AX,Y„) 

+  Z7e(X„  —  AX,Y0  +  AY)  +  Z8f(X0  Y„  +  AY) 

where: 


v»iv v-vu’- '.v. >: 
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zl 

Z2 

Z3 

Z4 


2AY  +  AY  ^  El^n  +  2 AX  ^2  +  AX 
di  -  E/n 


2AY  ^  12  +  AY  ^E^n  +  2 AX  ^2  +  l3^n 

- ®  -  4^ 

2AY  ^  _I^  +  AY  +  2AX^~*2  +  "5x^n 

(if "  i)Eln 


1  /T  .  T 


z*  = 


Z«  =  (If  “  ^)Efn 

Zt  =  2AY^  +  AY  +  2AX^~*2  +  AX^n 


Zq  — 


(if  -  “)Efn 


8 

S 
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§ 
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8 


TO 


8 
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e-AAX  oo  sin(XlnAY) 
2AY  „5i  co8h(DlnAX) 
eAAX  oo  sin(XlnAY) 
1SY  cosh(DInAX) 

e— BAY  oo  sin(X2nAX) 
2AX  cosh(D2nAY) 

eBAY  oo  sin(X2nAX) 

2 AX  £  cosh(D2nAY) 


2AX 


2AY 


=  (A2+B2  +  Xfn)2 


If  = 

I|  = 

I|  = 

if- 

if- 

if  = 


=  (A2  +  B2  4-  X|n) 2 
AY 

-ay/  e_BYsin(X2„(Y+AY))dY 

AY 

-ay/  Ye-BYsin(X2„(Y+AY))dY 

AY 

-ay/  Y2e-BYsin(X2„(Y  +  AY))dY 
-ax/  c_Axsin(X2n(X  +  AX))dX 
-Ax/AXxc_AXs>‘'(>'2n(X  +  AX))dX 
-Ax/AXX2e"AXsin(X2„(X  +  AX))dX 


d 


$ 

V 


i 


,$ 
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Stream  F unction  Solution 


The  stream  function  is  described  by  a  Poisson  equation  which  is  linear  and 
coupled  to  the  vorticity  through  the  source  term,  Equation  4.  The  locally  analytic 
solution  for  the  stream  function  is  obtained  in  a  manner  analogous  to  that  used  to 
solve  for  the  vorticity.  In  particular,  the  superposition  principle  is  utilized  to 
decompose  the  stream  function  into  two  components,  Equation  13.  One  component 
is  described  by  a  homogeneous  Laplace  equation  with  nonhomogeneous  boundary 
conditions,  Equation  14.  The  second  component  consists  of  a  nonhomogeneous 
Poisson  equation  but  with  homogeneous  boundary  conditions,  Equation  15. 


4-  tyk 


V2'!'*  =  0 


where: 


*a(X,Y0  +  AY) 
*a(X,Y0  -  AY) 
*a(X0  +  AX,Y) 
vl/a(X0  -  AX,Y) 


a?  4-  X  4-  a3*X2 
bj*  4-  b2*  X  4-  b3*X2 
ci*  4-  c2*  Y  4-  c3*Y2 
d*  +  d2*  Y  4-  d^Y2 
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V2^b  =r  -  £ 


>I'b(X,Y0  +  AY) 
'tb(X,Y0  -  AY) 
fb(X0  +  AX,Y) 
'I'b(X0  — AX,Y) 


The  mathematical  problem  for  'I,a  specified  in  Equation  14  corresponds  directly 


to  that  for  the  vorticity.  Thus,  the  separated  variables  solution  for  'J/3,  is  obtained 


in  an  analogous  manner  to  that  previously  described  for  £  . 


The  solution  for  is  somewhat  more  complex  in  that  it  is  described  by  a 
nonhomogeneous  Poisson  equation.  The  homogeneous  solution  for  is  defined  by 


a  Laplace  equation,  and  is  thus  also  determined  by  separation  of  variables. 


However,  the  nonhomogeneous  source  term  for  the  particular  solution  is  the 


vorticity,  £  ,  -  which  itself  satisfies  a  Laplace  equation.  Thus,  the  particular 


solution,  tyb  ,  is  determined  by  assuming  a  separated  variables  Fourier  series 


solution  form,  Equation  18. 


.  co  . 

*b(X,Y)  =  £  F„(Y>in[X,*(X+AX)] 


where  are  the  eigenvalues  of  the  homogeneous  solutions  and  the  function 


Fn(Y)  is  unknown. 


The  particular  solution  is  determined  by  finding  the  unknown  function  Fn(Y). 


This  is  accomplished  by  first  expanding  the  previously  determined  nonhomogeneous 


i 


R 
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|P  vorticity  term,  specified  in  Equation  11,  in  an  analogous  Fourier  series. 


I 

fi 


!  % 


M 


!  t» 

•  C“V 


3 


co 


f(X,Y)=  2  Gn(Y)sin[X*(X+AX)l 


(17) 


n=l 


These  Fourier  series  for  'Pp  and  £  are  then  substituted  into  Equation  15  which 
defines  This  leads  to  the  following  nonhomogeneous  second  order  ordinary 

differential  equation  for  the  unknown  function  Fn(Y). 


d2F 


dY2 


fL  \  ♦  t?  _ ri 

»  —  Aln 


(18) 


This  equation  is  easily  solved  for  Fn(Y),  thereby  determining  the  particular 


solution,  'J'p  . 


The  complete  solution  for  the  stream  function,  'I/(X,Y),  given  in  Equation  19,  is 
obtained  by  the  superposition  of  the  two  component  solutions,  vI,a  and  'I'*5  after 
application  of  the  appropriate  boundary  conditions. 
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oo 


*(X,Y)  =  £ 


n=l 


(Hln  sinh  (X*X)  +  H2n  cosh(X^X)]  sin[X*(Y  +  AY)] 


+  H3n  sinh  (X*Y)  +  Hun  cosh(X2*Y)l  sin[X*(X  +  AX)] 


+  [H5„(X*Y)  +  H6ncosh(X*  Y)  +  H7n  +  HSnY 


(19) 


+  H,nY2]  sin[X*(X  +  AX)] 


The  final  algebraic  form  of  the  stream  function  specifies  the  value  of  the  stream 
function  at  the  center  of  the  element  as  a  function  of  the  neighboring  eight  nodal 
values,  Equation  20. 


'f'tXo.YJ  =  P,4-(X0  +  AX,Y„  +  AY)  +  P24-(X„  +  AX,Y„)  (20) 

+  Pj^X,,  +  AX,Y„— AY)  +  P4'1'(X0  Y„-AY) 

+  P5*(X0-AX,Y(,-AY)  +  P,4>(X0-AX,Y„) 

+  Pj'KX.-AX.Y,,  +  AY)  +  Pj'l'fXo  Y0  +  AY) 

+  Q,«X0  +  AX,Y0  +  AY)  +  Q2?(Xd  +  AX,Y0) 

+  Q3£(X„  +  AX,Y0— AY)  +  Q4«X0,Y0-AY) 

+  QsffX,,— AX,Y0— AY)  +  Q6e(X„-AX,Y0) 

+  Q7«(X0-AX,Y„  +  AY)  +  Q8f(X„,Y0  +  AY) 

+  Q8f(X„,Y„) 


where: 


'4n 


q7  = 


■H?  + 


4AXAY2 

^4n 


AX 


T* 

*3 


Q8  =  -  T^tJEi* 


2  AY2 


AX2 


E/„ 


Q»  =  (e3*„  - 


i,* 


2  AX2 


)Ei* 


=  8in(XlnAY) 

ln  2AYcoshXlnAX 

=  sin(X2nAX) 

2n  2AXcoshX2nAY 

-1  +  cosh(XlnAY) 

3n  Xln2AXcosh(XlnAY) 

E*  _  -2-X2nAY2  +  2cosh(XlnAY) 

4n  AXX14ncosh(XlnAY) 

Computational  Procedure 

The  above  technique  ia  applied  to  adjacent  grid  elements  with  the  boundary 
nodal  point  considered  as  the  interior  point.  For  a  general  grid  element  with 
center  at  (i,j),  the  resulting  algebraic  equations  which  relate  the  values  of  the 
vorticity  and  the  stream  function  at  the  center  with  their  corresponding  known 
values  at  the  eight  surrounding  nodes  are  given  in  Equations  21  and  22. 


•  i  J/  ,4*  «» 


/  "^v  vv  ’'Ji  v  /  v  J«  v  v 


V'P.j)  —  Pi+lj+iV’Ci+lJ+l)  4  P  i+ijV’O+l.j)  (21) 

+  Pi-flj-l#+U-l)  +  Pi,j-l#J-l) 

+  Pi-ij-i^(i-lJ-l)  +  Pi-ij^i-lj) 

+  Pj-ij+l^i— l.j+1)  +  Pi,j+i^(i,j+l) 

+  Qi+ij+ifO+iJ+i)  +  Qi+ij^O+iJ) 

+  Qi+u-i«i+lJ-l)  +  Qij_lf«iJ~l) 

+  Qi-ij-i^(i-i-)  4-  Qi_ij£(i— l,j) 

+  Qi-1J+1«i-ij+l)  4-  QiJ+1£(i,j41)  4  QyfliJ) 

^O.j)  =  zi+ij+i^(l4-l,j+l)  4  Zi+1j^(i4l,j)  (22) 

4-  Zi+ij_i£(i+lj— 1)  4  Zifj_i^(i,j— 1) 

4  Zt.u.^O-l J-l)  4  Zi_lfj^(i-lJ) 

4-  Zi_xj+i^(i— l,j4l)  4  Zi(j+1^(i,j41) 

These  algebraic  solutions  for  the  vorticity  and  stream  function  are  coupled  and, 


thus,  must  be  solved  iteratively.  With  global  boundary  conditions  applied,  the 
above  interior  point  solution  leads  to  a  system  of  algebraic  equations.  These  are 
given  in  Equations  23  and  24  for  a  fixed  value  of  j. 


(23) 


"  Pi-ijV-(i-lJ)  4-  #,j)  -  Pftijp+lj) 

=  pi+lj+l,/’(i+1>i+1)  +  Pi+i,j_i#+l,j-l)  4- 

+  Pi-1, +  Pi-ij+i^i— l,j+l) 

+  Py+lV'OJ+l)  +  Qi+ij+ifli+l.j+1)  +  Qi+i,jf(i+l,j) 

+  Qi+l,j-i£(i+lJ— 1)  +  Qij— 1) 

+  Qi-ij-ifli-U-l)  +  Qi-u«i-l  J) 

+  Qi-u+i£0-i>j+i)  +  Qij+i^iJ+i)  +  QijC(iJ) 

-  Z,_u«i-l,j)  +  «ij)  -  Zl+1J«i+l  j)  (24) 

=  Zi+ij+i^(i+l,j+l)  4-  Zi+1j_1^(i+l,j— 1) 

+  ZiJ-itOJ-l)  +  Z,_ij_i«i-lJ-l) 

+  Z|-ij+1«i-U+l)  +  ZIJ+1«iJ+l) 

The  right  hand  sides  of  these  two  equations  are  known,  i.e.,  the  (j-1)  terms  are 
known  from  the  boundary  conditions  or  the  last  sweep,  with  the  (j4l)  terms 
determined  from  the  boundary  conditions  or  the  previous  iteration.  They  can  be 
written  as  tridiagonal  matrices  and  then  solved  by  Thomas  algorithm  for  all  j 
values. 

To  begin  the  solution  process,  the  stream  function  solution  is  first  determined 
from  Equation  23.  The  constants  in  this  equation,  Pjj  and  Q;j,  are  calculated  for 
each  nodal  point.  These  need  only  be  calculated  once  as  they  are  the  same  for  all 
grid  elements  and  all  iterations.  This  equation  is  then  solved  line  by  line  by 
sweeping  in  the  j  direction  and  using  the  tridiagonal  matrix  solver  with  each  j  held 


constant. 
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The  vorticity  is  then  determined  from  Equation  24  using  the  tridiagonal  matrix 
solver.  After  internal  convergence  is  achieved,  successive  over  relaxation  is  used  for 
the  stream  function  and  the  vorticity  to  expedite  the  external  iterative  process. 
This  whole  procedure  is  repeated  until  overall  convergence  is  achieved. 


RESULTS 
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This  locally  analytic  numerical  solution  method  is  used  to  analyze  the  internal 
and  external  two-dimensional  laminar  flow  of  an  incompressible  viscous  fluid,  with 
the  prediction  of  flow  development,  reversal,  separation,  and  reattachment 
demonstrated  for  moderate  values  of  the  Reynolds  number.  In  particular,  three 
internal  and  one  external  flow  configurations  are  investigated,  with  predictions 
obtained  for  entrance  flow  development  in  a  straight  channel,  the  flow  through  a 
sudden  expansion,  i.e.,  over  a  backward  step,  the  flow  in  a  diffuser,  and  the  flow 
past  a  flat  plate  airfoil  over  a  range  of  mean  flow  incidence  angle  values. 


Entrance  Region  Flow  Development 


The  predicted  development  of  a  uniform  inlet  flow  as  it  progresses  downstream 
in  a  channel  comprised  of  two  parallel  plates  is  presented  in  Figure  2  for  a 
Reynolds  number  of  10.  These  predictions  were  obtained  on  a  31  x  11 
computational  grid  with  AX  =  AY  =0.1  and  internal  and  external  tolerances 
for  the  stream  function  and  vorticity  of  10-8  and  10  4,  respectively.  On  a  Cyber 
205  vector  processing  computer,  79  overall  iterations  were  required,  taking  41.5 
CPU  seconds.  The  velocity  profiles  show  the  boundary  layer  development  along  the 
length  of  the  plate,  with  the  boundary  layer  thickness  increasing  with  distance 
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from  the  entrance.  Also,  presented  are  the  classical  fully  developed  results  from 
reference  10.  As  seen,  excellent  agreement  is  obtained. 


Sudden  Expansion  (Backward  Step) 


This  example  considers  the  viscous  flow  in  a  channel  of  height  2H  which 
undergoes  a  sudden  expansion  to  a  channel  of  height  2(H+h).  As  the  flow 
configuration  is  symmetric  about  the  centerline,  the  solution  is  obtained  by 
considering  one  half  of  the  channel,  i.e.,  the  flow  over  a  backward  step.  The 
abrupt  geometry  of  the  step  results  in  the  flow  separating  from  the  step  and 
reattaching  on  the  bottom  of  the  flow  channel.  These  separation  and  reattachment 


locations  are  predicted  as  follows.  The  vorticity  is  defined  as  £  = 


au  _  dv 
ax  ay' 


Flow  separation  from  a  boundary  occurs  when  _  =  0.  As  the  normal  velocity  is 

a  Y 
d\J 

always  zero  on  the  boundaries,  =  0.  Thus  separation  from  a  boundary  is 

ax 

predicted  when  £  =  0. 

Figures  3  and  4  present  the  predicted  stream  function  contours  for  the  flow 
through  channels  with  inlet  to  exit  flow  area  ratios  of  3:1  and  2:1,  h/H  =  2  and  1, 
respectively,  at  Reynolds  numbers  between  10  and  80.  These  predictions  were 
obtained  on  a  71  x  18  grid  with  AX  =  AY  =  0.05.  The  internal  and  external 
convergence  criteria  were  10— ^  for  the  stream  function  while  the  internal  and 
external  tolerances  for  the  vorticity  were  10-2  and  5xl0-2,  respectively. 
Computational  time  averaged  about  310  CPU  seconds  on  the  Cyber  205  for  all 
cases,  with  an  average  of  70  overall  iterations. 
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The  stream  function  contour  plots  show  the  flow  separation  from  the  side  of  the 
step,  Point  A,  and  the  reattachment  on  the  bottom  of  the  flow  channel,  Point  B. 
Also,  the  recirculation  zone  at  the  base  of  the  step  is  clearly  defined,  with  a  vortex 
formed  due  to  the  reverse  flow.  Note  that  as  the  Reynolds  number  is  increased,  the 
separation  point  moves  upward  on  the  step  and  also  reattaches  at  a  point  further 
downstream.  With  the  predicted  locations  of  the  separation  and  reattachment 
points  known,  the  relationship  between  these  two  locations  can  be  determined.  In 
particular,  a  linear  relation  between  the  nondimensional  reattachment  length  from 
the  step,  L/H,  and  the  Reynolds  number  for  these  two  step  geometries  is  predicted, 
Figure  5.  This  is  in  agreement  with  the  experimental  results  of  Goldstein  et.  al. 
[11]  and  also  the  Navier  Stokes  numerical  solutions  of  Morihara  [12]. 


Diffuser 


The  predicted  stream  function  contours  for  the  flow  througn  a  diffusing  channel 
with  a  45°  angle  of  divirgence  at  Reynolds  numbers  of  10  and  15  are  presented  in 
Figure  6.  The  tolerances  for  the  stream  function  and  vorticity  were  10~4  and 
10-2,  respectively,  requiring  52  overall  iterations  and  64.8  CPU  seconds.  This 
internal  flow  configuration  demonstrates  flow  separation  and  reattachment 
resulting  from  the  strong  adverse  pressure  gradient  in  this  highly  divergent 
channel.  The  separation  and  recirculation  regions  are  predicted,  with  the 
separation  location  moving  downstream  as  the  Reynolds  number  is  decreased. 


» 


■AWi'AV::. 


Flat  Plate  Airfoil 


Predictions  of  the  flow  past  a  flat  plate  airfoil  at  mean  flow  incidence  angles  of 
0°,  12°,  and  18°,  and  Reynolds  numbers  between  100  and  1,000  are  presented 

in  Figures  7  through  13.  In  these  figures,  the  overall  features  of  the  flow  field  are 
shown  in  the  form  of  stream  function  contours,  with  vorticity  distributions  on  the 
airfoil  surfaces  used  to  quantify  the  regions  of  flow  separation.  In  particular,  the 
stream  function  contours  qualitatively  show  the  separation  region  with  the  vorticity 
distributions  on  the  upper  and  lower  surfaces  of  the  airfoil  showing  the  exact 
locations  of  the  flow  separation  and  reattachment.  When  the  vorticity  is  zero,  the 
flow  separates  from  the  airfoil  surface,  with  reattachment  predicted  when  the 
vorticity  again  takes  on  a  zero  value. 

For  these  predictions,  a  45  x  35  grid  with  AX  =  AY  =  0.025  was  utilized. 
The  convergence  criteria  for  the  stream  function  was  10-4  while  the  internal 
tolerance  for  the  vorticity  was  10— 2  and  the  external  convergence  criteria  was 
5xl0~2.  Computational  time  on  the  Cyber  205  ranged  from  565.6  CPU  seconds 
for  a  Reynolds  number  of  100  at  0°  of  incidence,  requiring  163  stream  function  - 
vorticity  iterations,  to  1105.6  CPU  seconds  requiring  321  iterations  for  a  Reynolds 
number  of  1000  at  an  incidence  angle  of  12°. 

At  each  incidence  angle,  the  thickness  of  the  boundary  layer  decreases  as  the 
Reynolds  number  increases,  as  expected.  Also,  at  0°  of  incidence,  the  flow  does 
not  separate  from  the  airfoil,  as  seen  in  Figures  7  and  8  for  Reynolds  numbers  of 
100  and  1,000,  respectively.  However,  as  the  incidence  angle  is  increased,  regions  of 
separated  flow  are  predicted,  with  the  characteristics  of  the  separation  at  each 
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incidence  angle  a  function  of  the  Reynolds  number. 


At  12°  of  incidence,  no  flow  separation  is  found  at  a  Reynolds  number  of  100, 


Figure  9.  However,  increasing  the  value  of  the  Reynolds  number  is  seen  to  result  in 


separation.  At  a  Reynolds  number  of  500,  Figure  10  shows  that  the  flow  separates 


from  the  airfoil  at  approximately  40%  of  the  chord  and  reattaches  near  the  trailing 


edge.  Increasing  the  Reynolds  number  to  1,000  results  in  the  flow  separation 


position  moving  forward  to  approximately  25%  of  the  airfoil  chord  and  the 


reattachment  point  moving  just  slightly  forward,  Figure  11. 


The  effect  of  Reynolds  number  on  flow  separation  and  reattachment  on  the 


airfoil  is  further  demonstrated  at  an  incidence  angle  of  18°.  At  a  Reynolds  number 


of  100,  Figure  12  shows  that  the  flow  separates  from  the  airfoil  near  midchord,  with 


reattachment  indicated  at  approximately  80%  of  the  chord.  Increasing  the 


Reynolds  number  to  500,  results  in  moving  the  separation  point  forward  to  10%  of 


the  chord,  with  reattachment  moving  rearward  to  approximately  95%  of  the  chord, 


Figure  13. 


SUMMARY  AND  CONCLUSIONS 


A  locally  analytic  numerical  method  has  been  developed  to  predict  the  two¬ 


dimensional  internal  and  external  steady  laminar  flow  of  an  incompressible  viscous 


fluid.  In  this  numerical  method,  analytic  solutions  of  locally  linearized  partial 


differential  equations  are  incorporated  into  the  solution.  This  is  accomplished  by 


dividing  the  flow  field  into  computational  grid  elements.  In  each  individual 


element,  the  nonlinear  convective  terms  of  the  Navier-Stokes  equations  are  locally 


linearized,  with  analytic  solutions  then  determined.  The  solution  for  the  complete 
flow  field  solution  is  obtained  by  the  assembly  of  these  locally  analytic  solutions. 

The  ability  of  this  locally  analytic  numerical  solution  to  predict  flow 
development,  reversal,  separation,  and  reattachment  at  moderate  values  of  the 
Reynolds  number  for  both  internal  and  external  flow  configurations  was  then 
demonstrated.  This  was  accomplished  by  utilizing  this  numerical  solution 
technique  to  predict  the  developing  flow  in  a  straight  channel,  the  flow  through  a 
sudden  expansion,  i.e.,  over  a  backward  step,  the  flow  in  a  diffuser,  and  the  flow 
past  a  flat  plate  airfoil  over  a  range  of  mean  flow  incidence  angle  values. 
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Figure  3.  Stream  function  contours  for  the  flow  in  a 
channel  with  a  sudden  expansion  of  area 
ratio  3  ;  1 
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Figure  7.  Stream  function  and  airfoil  surface  vorticity 
distributions  for  flow  past  an  airfoil  at 


0°  of  incidence  and  a  Reynolds  number  of  100 
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Figure  8.  Stream  function  and  airfoil  surface  vorticity 

distributions  for  flow  past  an  airfoil  at  0° 
of  incidence  and  a  Reynolds  number  of  1000 
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Figure  9 


Stream  function  and  airfoil  surface  vorticity 
distributions  for  flow  past  an  airfoil  at  12° 
of  incidence  and  a  Reynolds  number  of  100 
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Figure. 10 . 


Stream  function  and  airfoil  surface  vorticitv 
distributions  for  flow  past  an  airfoil  at  12° 
of  incidence  and  a  Reynolds  number  of  500 
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Figure  13.  Stream  function  and  airfoil  surface  vorticity 
distributions  for  flow  past  an  airfoil  at  18° 
of  incidence  and  a  Reynolds  number  of  500 
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ABSTRACT 


A  complete  first  order  model  is  formulated  to  analyze  the  effects  of  steady  loading  on 
the  incompressible  unsteady  aerodynamics  generated  by  a  two-dimensional  gust 
convected  with  the  steady  mean  flow  past  an  arbitrary  airfoil  at  finite  nonzero  angle  of 
attack.  A  locally  analytical  solution  is  then  developed  in  which  the  discrete  algebraic 
equations  which  represent  the  flow  field  equations  are  obtained  from  analytical  solutions 
in  individual  grid  elements.  The  unsteady  flow  field  is  rotational,  and  is  linearized 
about  the  full  potential  steady  flow  past  the  airfoil.  Thus,  the  effects  of  airfoil  geometry 
and  angle  of  attack  are  completely  accounted  for  through  the  mean  potential  flow  field. 
The  steady  flow  is  independent  of  the  unsteady  flow.  However,  the  strong  dependence 
of  the  unsteady  flow  on  the  steady  effects  of  airfoil  geometry  and  finite  angle  of  attack 
are  manifested  in  the  unsteady  boundary  conditions  which  are  coupled  to  the  steady 
flow.  A  body  fitted  computational  grid  is  utilized.  Analytical  solutions  to  the 
transformed  flow  equations  in  individual  grid  elements  are  then  developed,  with  the 
complete  solution  obtained  by  assembling  these  locally  analytical  solutions.  This  model 
and  locally  analytical  solution  are  then  applied  to  a  series  of  airfoil  and  flow 
configurations.  The  results  demonstrate  that  accurate  predictions  for  the  unsteady 
aerodynamic  gust  response  are  obtained  only  by  including  the  coupled  steady  flow 
effects  on  the  unsteady  aerodynamics.  Thus  for  cambered,  or  cambered  and  thick 
airfoils  ..t  zero  or  finite  angle  of  attack,  or  a  thin  flat  plate  airfoil  at  a  nonzero  angle  of 
attack,  the  model  and  solution  developed  herein  accurately  predict  the  gust  response. 
It  was  also  demonstrated  that  the  classical  small  perturbation  combined  transverse  and 
chordwise  gust  models  yield  accurate  predictions  only  for  the  special  case  of  a  thin  flat 
plate  airfoil  at  zero  angle  of  attack,  i.e.,  only  when  the  chordwise  gust  is  zero. 
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uosteady  harmonic  gust  potential 
circulatory  gust  velocity  potential 
non-circulatory  gust  velocity  potential 
unsteady  circulation 
airfoil  upwash 

function  describes  airfoil  profile 

unsteady  pressure  associated  with  potential  How 

total  unsteady  pressure 

transformed  chordwise  coordinate 

transformed  normal  coordinate 

transformed  coordinate  functions 

source  term  contains  the  cross  derivative  term, 

shorthand  representation  for  velocity  potential 
^o^NC.^C- 

transformed  velocity  potential 


SUPERSCRIPTS 

+  upper  surface 

-  lower  surface 


INTRODUCTION 


The  aerodynamic  response  of  an  airfoil  to  a  gust  is  of  significance  to  unsteady 
aerodynamics,  aeroelasticity,  and  acoustics.  However,  unsteady  aerodynamic  gust 
models  have  typically  been  restricted  to  thin  airfoil  theory,  with  the  unsteady  gust 
disturbance  assumed  to  be  small  as  compared  to  the  mean  steady  potential  flow  field. 
In  addition,  the  airfoil  is  considered  to  be  a  flat  plate  at  zero  incidence.  Thus,  the 
unsteady  aerodynamics  become  uncoupled  from  the  steady  flow,  leading  to  a  model 
wherein  the  flow  is  linearized  about  a  uniform  parallel  flow.  Such  models  have 
considered  convected  gusts  transported  with  the  mean  velocity  of  the  flow,  including 
both  transverse  gusts,  Sears  [1],  and  linearly  combined  transverse  and  chordwise  gusts, 
Horlock  [2],  with  the  application  of  isolated  airfoil  theories  to  turbomachines  discussed 
by  Horlock  and  Naumann  and  Yeh  [3].  Unfortunately,  these  linearized  models  are  only 
approximate,  having  neglected  second  order  terms.  Thus,  they  cannot  be  extended  to 
finite  angles  of  attack  or  realistic  cambered  profiles,  i.e.,  loaded  airfoil  designs. 

In  many  applications,  for  example  aircraft  wings  and  turbomachines,  airfoils  with 
arbitrary  shape,  large  camber,  and  finite"  angles  of  attack  are  required.  It  is  quite 
apparent  that  the  thin  airfoil  approach  is  not  adequate  for  such  applications.  In  this 
regard,  Goldstein  and  Atassi  [4]  developed  a  theory  for  the  inviscid  incompressible  flow 
past  an  oscillating  airfoil  or  an  airfoil  subject  to  an  interacting  periodic  gust.  The 
theory  assumes  that  the  fluctuating  flow  velocity  is  small  compared  to  the  mean 
velocity,  with  the  unsteady  flow  linearized  about  the  full  potential  steady  flow  past  the 
airfoil  which  accounts  for  the  effects  of  airfoil  geometry  and  angle  of  attack. 

All  of  the  above  noted  unsteady  aerodynamic  models  utilize  classical  airfoil 
techniques,  resulting  in  analytical  solutions.  Thus,  solutions  in  the  form  of  integral 
equations  are  obtained  for  the  unsteady  lift,  not  the  unsteady  pressure  distribution  on 
the  airfoil  surfaces  which  is  the  fundamental  dependent  variable.  Although  such 


classical  models  and  integral  solution  techniques  are  certainly  important,  the 
development  and  use  of  computers  and  numerical  methods  enables  the  mathematical 
modeling  to  be  extended  and  enhanced.  For  example,  the  results  presented  by  Goldstein 
and  Atassi  are  limited  to  zero  thickness  airfoils  which  have  analytical  solutions  for  the 
steady  flow  field.  However,  numerical  methods  require  that  the  flow  field  equations  be 
approximated  by  a  set  of  finite  difference  equations  determined  from  expansions  of 
appropriate  variables.  Thus,  truncation  errors  are  introduced  into  the  numerical 
solutions. 

In  this  paper,  a  complete  first  order  model  is  formulated,  i.e.,  the  thin  airfoil 
approximation  is  not  used,  to  analyze  the  effects  of  steady  loading  on  the  incompressible 
unsteady  aerodynamics  generated  by  a  two-dimensional  gust  convected  with  the  steady 
mean  flow  past  an  arbitrary  thick,  cambered,  airfoil  at  non-zero  angle  of  attack.  The 
unsteady  flow  field  is  considered  to  be  rotational,  and  is  linearized  about  the  full  steady 
potential  flow  past  the  airfoil.  Thus,  the  effects  of  airfoil  thickness  and  camber  as  well 
as  mean  flow  angle  of  attack  are  completely  accounted  for  through  the  mean  potential 
flow  field.  The  steady  potential  flow  field  and  the  unsteady  potential  flow  component 
are  individually  described  by  Laplace  equations,  with  the  unsteady  potential 
decomposed  into  circulatory  and  noncirculatory  parts.  The  steady  velocity  potential  is 
independent  of  the  unsteady  flow  field.  However,  the  strong  dependence  of  the 
unsteady  aerodynamics  on  the  steady  effects  of  airfoil  geometry  and  angle  of  attack  are 
manifested  in  the  coupling  of  the  unsteady  and  steady  flow  fields  through  the  unsteady 
boundary  conditions. 

A  locally  analytical  solution  is  developed.  In  this  method,  the  discrete  algebraic 
equations  which  represent  the  flow  field  equations  are  obtained  from  analytical  solutions 
in  individual  grid  elements.  Thus,  this  locally  analytical  method  relates  classical  fluid 
mechanics  and  modern  computational  techniques.  A  body  fitted  computational  grid  is 
utilized.  General  analytical  solutions  to  the  transformed  Laplace  equations  are 
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developed  by  applying  these  solutions  to  individual  grid  elements,  i.e.,  the  integration 
and  separation  constants  are  determined  from  the  boundary  conditions  in  each  grid 
elements.  The  complete  flow  field  is  then  obtained  by  assembling  these  locally 
analytical  solutions. 

The  concept  of  locally  linearized  solutions  was  applied  to  the  problem  of  the  steady 
inviscid  transonic  flow  past  thin  airfoils  by  Spreiter  et  al,  references  5,  6,  and  7,  and 
subsequently  extended  to  oscillating  airfoils  in  transonic  flow  by  Stahara  and  Spreiter, 
reference  8.  Also,  Dowell  developed  a  rational  approximate  method  for  unsteady 
transonic  flow  which  is  broadly  related  to  the  local  linearization  concept,  reference  9. 
The  locally  analytic  numerical  method  for  steady  two-dimensional  fluid  flow  and  heat 
transfer  problems  was  initially  developed  by  Chen  et.  al.,  reference  10  through  12.  They 
have  shown  that  this  method  has  several  advantages  over  the  finite  difference  and  finite 
element  methods.  In  particular,  it  is  more  accurate  as  no  truncation  errors  are 
introduced,  less  dependent  on  grid  size  and  the  system  of  algebraic  equations  are 
relatively  stable.  Also,  since  the  solution  is  analytical,  it  is  differentiable  and  is  a 
continuous  function  in  the  solution  domain.  The  disadvantage  is  that  a  great  deal  of 
mathematical  analysis  is  required  before  programming. 

MATHEMATICAL  MODEL 

The  flow  of  a  two-dimensional  unsteady  aerodynamic  gust  past  a  thick,  cambered, 
airfoil  at  finite  angle  of  attack  a0  with  respect  to  the  far  field  uniform  mean  flow, 
U^i,  is  depicted  schematically  in  Figure  1  together  with  the  dimensionless 
cartesian  coordinate  system.  The  periodic  gust  amplitude  and  harmonic  frequency  are 
denoted  by  A  and  respectively.  The  two-dimensional  gust  propagates  in  the  direction 
X  kti  +  k^j,  where  kt  is  the  reduced  frequency  and  k2  is  the  transverse  gust  wave 
number,  i.e.,  the  transverse  component  of  the  gust  propagation  direction  vector. 

The  complete  flow  field,  2L  {x,  y,  t),  is  assumed  to  be  comprised  of  a  steady  mean 
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flow  and  an  harmonic  gust  generated  unsteady  flow  field. 
St  (x,  y,  t)  -  2.  0(x,  y)  +  SL  G(x,  y)  exp  [ikxtl 


STEADY  FLOW  FIELD 

The  model  for  the  steady  flow  field  analyzes  the  incompressible  flow  past  a  thick, 
cambered,  airfoil  at  finite  angle  of  attack.  As  the  steady  flow  is  assumed  to  be  a 
potential  flow,  it  is  described  by  the  following  Laplace  equation. 

V24>c(x,  y)  -  0  (2) 

The  boundary  conditions  require  that  the  far  field  steady  flow  is  uniform  and  that 
the  normal  velocity  is  zero  on  the  airfoil  surfaces. 


'firfield  “  ^oo  x  "b 


where  U^,  is  the  magnitude  of  the  far  field  uniform  flow,  T  is  the  steady  flow  circulation, 
B  is  the  standard  polar  coordinate,  and  n  denotes  the  surface  unit  normal. 

The  Kutta  condition  is  also  applied.  It  is  satisfied  by  requiring  the  velocities  on  the 
upper  and  lower  airfoil  surfaces  to  be  equal  in  magnitude  at  the  trialing  edge. 


where  TE,  +  and  -  denote  the  airfoil  trailing  edge  and  the  upper  and  lower  airfoil 
surfaces,  respectively. 

The  steady  circulation,  T,  is  determined  from  the  velocity  potential  discontinuity 
along  the  airfoil  wake  dividing  streamline. 

-  <t>0+  -  +-  -  r  -  a  (s) 


vjv 

v 
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UNSTEADY  FLOW  FIELD 

The  harmonic  unsteady  flow  field  is  determined  by  decomposing  the  gust  generated 
unsteady  flow  field  into  harmonic  rotational,  2  R,  and  potential,  2  P,  components. 

(6) 

The  two-dimensional  gust  is  defined  by  the  rotational  component.  Thus,  the 
unsteady  rotational  flow  is  independent  of  the  unsteady  potential  flow  component. 
However,  the  unsteady  potential  component  is  coupled  to  the  rotational  component.  As 
a  result,  the  unsteady  rotational  flow  field  defined  by  the  gust  must  be  determined  first. 

Unsteady  Rotational  Flow  Field 

Rotational  flows  are  described  by  the  Euler  equations.  In  this  case,  the  unsteady 
rotational  flow  field  is  determined  from  the  following  set  of  linearized  unsteady  Euler 
equations,  determined  by  linearizing  the  unsteady  flow  about  the  steady  flow  field. 

V-a  R  -  0  (7a) 

rV(V+.) - -  jv pR  (7b) 

D0  d 

where  — —  (  )  =  — (  )  +  2  Q-V(  )  and  PR  is  the  unsteady  pressure  associated  with  the 
Dt  C7t 

rotational  gust  flow  field. 

The  gust  is  assumed  to  be  convected  with  the  steady  mean  flow  past  the  airfoil  and, 
therefore,  does  not  interact  with  the  airfoil.  The  following  solution  for  the  rotational 
gust  is  thus  determined  by  solving  the  linearized  Euler  equations  in  the  far  upstream 
where  the  steady  flow  field  is  uniform. 

2  R  —  u+  \  +  v+  j  (8) 

where  u+  —  —A  k2  exp  [ik1(t — x)— ik2y]  and  vf  =Ak,  exp  [ikj(t—  x)— ik2y). 
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It  should  be  noted  that  in  this  gust  solution,  the  components  u+  and  v+  are  coupled, 
with  the  ratio  of  their  amplitudes  being  u+/v+  =  — k2/ki.  Also,  this  solution 
corresponds  exactly  to  the  Sears  transverse  gust  when  k2  =  0,  i.e.,  u+  =  0  and 
v+  =  A  k,  (exp  ikj(t—  x)|.  However,  this  gust  solution  differs  from  that  used  in  the 
Horlock  and  Naumann  and  Yeh  models  in  which:  (1)  the  two  gust  components  are 
uncoupled,  u+  =  u+  exp  (ik^t—  x)j  and  v+  =  v+  exp  [ik1(t — x)]  where  u+  and  v+  denote 
the  individual  amplitudes  of  the  two  gust  components;  (2)  the  gust  and  resulting 
unsteady  aerodynamics  are  independent  of  the  transverse  component  of  the  gust 
propagation  direction  vector  X  =  kti  4-  kjj. 

With  the  unsteady  rotational  flow  field  determined,  Equation  8,  the  resulting 
unsteady  pressure  due  to  the  rotational  gust  flow  field  is  determined  in  terms  of  the 
steady  flow  field  from  the  following  form  of  Equation  7b,  the  linearized  unsteady 
momentum  equation. 


VPR  =  -p  V(<2  c-<2  R)  + 


-2,x(Vx2r) 


Potential  Unsteady  Flow  Field 


The  unsteady  harmonic  gust  potential  flow  component,  $£,  is  described  by  a 
Laplace  equation.  The  solution  is  determined  by  decomposing  this  potential  function 
into  circulatory  and  noncirculatory  components,  $c(x>y)  and  $iMc(x>y).  each  of  which  is 
individually  described  by  a  Laplace  equation. 


a-t-o  ,  .  , 

Mp~  dx  1+  dj  1 

•t-i  -  *c  +  ?  *NC 

V'*c-0  ;  V»^c=0 

where  f*  is  the  unsteady  circulation. 


(10a) 

(10b) 

(10c) 


tVJTVTfl  vr.qvjtv  riyjvjrj  ■r.'v.a*  T".T-V. 1 W’.* -".v-*  r-»  ~J  x<  ^nyxr*^  vyyvvv\.v-Tr.vvvwr  »  -  y 
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Boundary  conditions  must  be  specified  in  the  far  field,  on  the  airfoil  surfaces,  and  on 
the  wake  dividing  streamline  for  the  circulatory  and  noncirculatory  components. 

In  the  far  field,  the  potential  part  of  the  unsteady  flow  vanishes. 

^JfMfieId=0  (11a) 


fNcJ 


firfield 


=  0 


(lib) 


The  airfoil  surface  boundary  conditions  specify  that  the  normal  velocity  of  the  flow 
field  is  equal  to  that  of  the  airfoil. 


dn 


*  airfoil 


da 


airfoil  =  w'(x.y)  -  Upwash 


(12a) 


(12b) 


The  gust  generated  unsteady  rotational  and  potential  flow  fields  are  coupled  through 
the  boundary  conditions  on  the  noncirculatory  unsteady  potential.  In  particular,  the 
airfoil  is  stationary,  with  the  rotational  gust  defined  in  Equation  8  convected  with  the 
mean  steady  flow  field.  Thus  the  upwash  on  the  airfoil,  W(x,y),  is  determined  by 
requiring  the  normal  component  of  the  unsteady  flow  field  to  be  zero  on  the  airfoil. 


d<t> 


NCI 


da 


■  airfoil 


W(x,y)  =  n  •  2t 


or 


W'(x,y)  =  A(^  k2  +  ki)  exp[-i(k,x  +  k2y)j 


(13) 


where  f(x)  specifies  the  airfoil  profile. 

The  boundary  conditions  along  the  airfoil  wake  dividing  streamline  are  specified  in 
Equation  14.  The  noncirculatory  velocity  potential  is  continuous.  The  circulatory 
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component  is  discontinuous,  with  this  discontinuity  specified  by  requiring  the  pressure 
to  be  continuous  across  the  wake  and  then  utilizing  the  unsteady  Bernoulli  equation  to 
relate  the  velocity  potential  and  the  pressure. 


Lake  =  exp[-iki(x— 1)]  (14a) 

A^NC  Lake  =  0  (14b) 

The  Kutta  condition  is  also  imposed  on  the  unsteady  potential  flow  field  by  requiring 
no  unsteady  pressure  difference  across  the  airfoil  chordline  at  the  trailing  edge.  The 
corresponding  relation  for  the  trailing  edge  unsteady  velocity  potential  difference  is  then 
determined  from  the  unsteady  Bernoulli  equation. 

ApJte  ~  Pp^TE  ~  PpLe  =  0  (15a) 

[V$0*V$g  +  iki^cl^TE  =  [V$0*V<I>G  +  ik^Qp  |TE  (15b) 

where  Pp  is  the  unsteady  pressure  associated  with  the  unsteady  potential  flow  field. 

The  unsteady  dependent  variable  of  primary  interest  is  the  unsteady  pressure  Pg, 
from  which  the  unsteady  aerodynamic  lift  on  the  airfoil  is  calculated.  It  is  determined 
from  the  solution  for  the  steady  and  unsteady  velocity  potentials,  the  unsteady 
Bernoulli  equation,  and  the  unsteady  rotational  gust  pressure  PR,  specified  in  Equation 

9. 


Pg  -  -  V^o-V^G  -  ‘ki^G  +  Pr  (16) 

COMPUTATIONAL  DOMAIN 

Computational  Grid 

The  boundary  fitted  computational  grid  developed  by  Thompson,  Thames,  and 
Mastin,  reference  13,  is  utilized  for  the  numerical  solution  because  of  its  general 
availability.  This  method  permits  grid  points  to  be  specified  along  the  entire  boundary 


of  the  computational  plane.  As  depicted  in  Figure  2,  the  boundary  in  the  physical  plane 
is  denoted  by  the  curve  a-b-c-d-e-f-g-h-i-a  and  encompasses  the  airfoil,  its  wake,  and 
the  far  field.  The  application  of  this  grid  generation  technique  results  in  a  smoothly 
spaced,  nonoverlapping  grid  at  the  interior  points  in  the  transformed  (£,77)  plane.  A 
typical  boundary  fitted  grid  for  a  Joukowski  airfoil  is  shown  in  Figure  3. 

The  complete  flow  field  is  described  by  the  steady  velocity  potential,  $0(x,y),  and  the 
gust  generated  unsteady  velocity  potential  which  has  two  components,  ^Ncfay)  and 
$c(*.y)-  These  three  velocity  potentials  are  each  individually  described  by  Laplace 
equations,  as  specified  in  Equations  2  and  10.  In  the  transformed  (£,77)  coordinate 
system,  these  Laplace  equations  have  the  following  nonhomogeneous  form. 


fl*  +  al$  " 2  0,0  %  ~ 2  ■>  %  ~  F(<=-’’)  <17> 

where  ^  is  a  shorthand  method  of  writing  these  three  velocity  potentials  in  the 
transformed  plane,  i.e.,  $  denotes  $<,(£, r?),  ^nc(^^)  or  $c(£»*?)  ;  F(£,t7)  contains  the  cross 
derivative  term  d*<j>/d£dTj,  and  the  coefficients  a,  /?,  and  7  are  functions  of  the 
transformed  coordinates  £  and  77  and  are  treated  as  constants  in  each  individual  grid 
element. 


Analytical  Solution 

To  obtain  the  analytical  solution  to  the  transformed  Laplace  equation,  it  is  first 
rewritten  as  a  homogeneous  equation  by  defining  a  new  dependent  variable  #>(£ ,77 ). 

—f-  +  Qr  -jf •  -  fr*  +  O01)  =  0  (18) 

dC  dr 


where  *■  exp  4-  0*1  j  — 


2(t*  +  Q0 2) 


The  general  solution  for  #>  is  determined  by  separation  of  variables. 
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#(£,»?)  “  [A!  cos(X£)  +  A2sin(X£)]  x  (Bt  cosh(/i7?)  +  B2  sinh(jU7/)] 


where  n  =  [(7*  +  a/?2  +  Xs) /a]1/*  and  X,  Alf  A2,  Blf  and  B2  are  constants  to  be 


determined  from  the  boundary  conditions. 


LOCALLY  ANALYTICAL  SOLUTION 


Analytical  solutions  in  individual  computational  grid  elements  are  determined  by 


applying  proper  boundary  conditions  on  each  element  to  evaluate  the  unknown 


constants  in  the  general  velocity  potential  solution,  Equation  19.  The  solution  of  the 


global  problem  is  then  determined  through  the  application  of  the  global  boundary 
conditions  and  the  assembly  of  the  locally  analytical  solutions. 


Grid  Element  Boundary  Conditions 


A  typical  computational  grid  element  is  schematically  depicted  in  Figure  4.  The 
local  element  boundary  conditions  specify  the  values  of  the  various  velocity  potentials 
at  the  eight  boundary  nodal  points.  However,  to  obtain  unique  analytical  solutions  to 


the  Laplace  equation  in  this  element,  i.e.,  determine  the  values  of  the  integration 


constants  in  the  general  solution  for  each  element,  continuous  boundary  conditions  are 


required  on  all  four  boundaries.  For  numerical  purposes,  these  boundary  conditions  are 


expressed  in  an  implicit  formulation  in  terms  of  the  three  known  nodal  values  on  each 


element  boundary.  In  particular,  a  combination  of  a  linear  and  exponential  function 


are  utilized  on  each  boundary  as  they  satisfy  the  Laplace  equation. 


#(£,1)  -  aj1*  ef  +  ajlj  £  +  ajl) 
m,rj)  -  a|2)  e*  +  a +  aj2) 
*(£,-1)  -  *i3)  +  aj3)  £  +  aj3> 

H—hn)  -  *f4)  e7  +  a]4)  Tf  4-  aj4) 


(20a) 


(20b) 


(20c) 

(20d) 
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where  the  constants  a{‘),  a|‘)  and  aj'^  are  determined  from  the  known  values  at  the 
three  nodal  points  on  each  boundary. 


Grid  Element  Analytical  Solutions 

The  general  analytical  solution  to  the  Laplace  equation  given  in  Equation  19  is  valid 
in  individual  grid  elements  as  well  as  over  the  complete  flow  region.  To  determine  the 
relationship  between  the  velocity  potential  at  the  center  of  the  typical  grid  element, 
Figure  4,  and  its  surrounding  values,  the  superposition  principle  is  used  to  decompose 
the  solution  for  *  into  four  components,  each  having  only  one  nonhomogeneous 

boundary  condition. 

' 

$(Z,V)  -  £  An,  sinh  +  !))  sin  (\i(£  +  1))  (21) 

n-1 

+  sinh  {nn(v  -  1))  sin  (XJf  +  1)) 

+  A,,,  sinh  (n'n  (£  +  1))  sin  {\{t}  +  1)) 

+  A^  sinh  {n'n  (£  -1))  sin  (X,,  (rj  +  1)) 

where  X.  -  ;  ft,  -  ((V  +  0>a  +  W'1  ;  *  -  (t»  +  /3*er  +  X*<*)>/* 

The  application  of  the  local  boundary  conditions,  Equation  20,  together  with  the 
orthogonality  of  the  Fourier  series  leads  to  the  following  values  for  An.. 

ABl  -  Clni  #1,1)  +  C,ai  *(1,0)  4-  C3ni  *(1,-1)  (22) 

+  Cini  *(0,-1)  +  CSni  *(-1,-1)  +  C8ni  *(-1,0) 

+  C7ni  *  (-1,1)  +  C8ni  *(0,1) 

where  the  constants  Ci„i . ,  C8nj  are  functions  of  the  a('^,  a^  and  a^  boundary 

constants. 


With  the  analytical  solution  in  an  individual  grid  element  thus  specified,  Equations 
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21  and  22,  the  value  of  0  at  the  center  of  the  element  can  be  written  as  follows. 


^°»°)  -  z  jKA.,  -  AJ  sinh(^n)  (23) 

+  {Ka  -  K)  S'nh  (Mn)l  sin(\,)  ■ 

Substituting  for  the  An.  terms  from  Equation  22  leads  to  the  following. 

w< o,o )  =  c;  ^(i,i)  +  c;  ^(i,o)  +  c;  20,-1)  +  c;  ^0,-1)  (24) 

+  Cl  H-1  -1)  +  c;  ft-1,0)  +  c'7  2(- 1,1)  +  cl  0(0,1) 

where  the  constants  C[,  C2,  .....  C'9  are  functions  of  the  &P,  a^,  and  a|!)  boundary 
constants  as  well  as  the  transformed  coordinate  functions  o,  /?,  and  -7. 

This  solution  for  0  at  the  center  point  is  rewritten  in  terms  of  the  original  dependent 
variable  0  ,  in  Equation  25. 

2(0,0)  -  Cx  2(1,1)  +  C2  2(1,0)  +  C3  2(1, -1)  (25) 

+  c4  2(0, -1)  +  cs  2(— 1,-1)  +  c6  2(-i,o) 

+  c7  2( — 1,1)  +  c8  2(0,1) 

where  the  constants  C2,....,  C#  are  again  functions  of  the  a|'),  a^,  and  a|'^  boundary 
constants  as  well  as  the  transformed  coordinate  function  cr,  /?,  and  7. 

Thus,  the  local  analytical  algebraic  equation  relating  the  value  of  the  velocity 
potential  at  the  center  of  the  computational  element  to  its  neighboring  eight  known 
nodal  values  has  been  completely  determined. 

Computational  Procedure 

The  above  technique  is  applied  to  adjacent  grid  elements,  with  the  boundary  nodal 
point  considered  as  the  interior  point.  For  a  general  grid  element  with  center  at  (i,  j), 


f 


i 


the  resulting  algebraic  relation  between  the  center  value  of  the  velocity  potential  and 
its  eight  surrounding  nodal  values  is  given  in  Equation  26. 


90d)  -  C,+1J+1*(i+lf  j+1)  +  Ci+1J  90+1, j)  (26) 

+  Ci+1  j_!  90+1,  j— 1)  +  Cj j_!  9{i»j— 1) 

+  ci_1J_1  9(1-1,  j-1)  +  Cj.u  9(i-i J) 

+  Cj.y+i  9(i-l»  j+1)  +  cij+1  90, j+1) 

where  2  <  i  <  imM  —1,  2  <  j  <  jmax  —1  and  Cjj  are  functions  of  the  a}'),  a|‘),  and  a|'^ 
boundary  constants  as  well  as  the  transformed  coordinate  functions  a,  /?,  and  -y. 

The  global  boundary  conditions  are  specified  in  Equation  27. 


9(U)  I  airfoil  .urface  =  Upwash  1  <  i<  imM  (27a) 

90Jma*)  I  Infield  =  Free  Stream  1  <  i  <  im„  (27b) 

90ma*j)  Lake  ”  UPPer  Wake  1  <  j  <  Ja>»  (27c) 

9(1  J)  I  wake  *  Lower  Wake  1  <  j  <  jmax  (27d) 


These  global  boundary  conditions  together  with  the  interior  point  solution  specified 
in  Equation  26  for  9  (ij)»  where  2  <  i  <  imM  —  1  ,  and  2  <  j  <  jmax  —  1,  lead  to  a 
system  of  algebraic  equations.  For  a  fixed  j  value: 

-Cj-ij  90-lj)  +  9(iJ)  -  ci+IJ  90+1  j)  -  (28) 

ci+ij+i9(>+i»j+i)  +  Cj_i  j+l9(i— i,j+i)  +  cu+19(ij+i) 

+  ci+u-i9(i+l.j-l)  +  Ci_,  j_,9(» — i,j — i)  +  Cjj_,9(iJ-i) 

The  right  hand  side  of  this  equation  is  comprised  of  known  quantities,  i.e.,  the  (j-1) 
terms  are  known  from  the  boundary  conditions  (j=2)  or  the  last  sweep,  with  the  (j+l) 
terms  determined  from  the  boundary  condition  (j=jmax  —  1)  or  the  previous  iteration. 


aweeiPiwwvM)1,  m  -i»n  in  w  yr  ivgvvrv  *>  *y  w »»  f^v^.v.'Vj'v.'w  vs  v.  y.7v.wmyuv  ww  w  ^  vg’VA-’r.vjM  jv  w  w  ww 
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Equation  28  can  be  written  as  a  tridiagonal  matrix,  with  the  matrix  solved  by 
Thomas  algorithm  for  all  j  values  (2  <  j<jmix  —  1).  This  procedure  is  then  iterated  by 
successive  over  relaxation  until  the  entire  solution  converges. 

MODEL  &  SOLUTION  TECHNIQUE  VERIFICATION 

To  verify  this  development  of  the  mathematical  model  as  well  as  the  locally 
analytical  solution  technique,  predictions  from  this  model  are  correlated  with  classical 
zero  angle  of  attack  gust  analyses.  As  these  classical  solutions  are  integral  solutions, 
the  unsteady  aerodynamic  lift  is  considered. 

The  transverse  gust  solution  of  Sears  [1}  is  obtained  by  setting  k2  =  0,  per  Figure  1. 
As  seen  in  Figure  5  which  presents  the  real  and  imaginary  parts  of  the  unsteady  lift 
with  the  reduced  frequency  as  parameter,  excellent  correlation  is  obtained. 

The  Horlock  [2]  and  Naumann  and  Yeh  [3]  analyses  consider  noninteracting  linearly 
combined  transverse  and  chordwise  gusts  convected  past  flat  plate  and  constant  slightly 
cambered  airfoils,  respectively.  However,  the  model  developed  herein  considers  two- 
dimensional  interacting  gust  components,  Equation  8.  Thus,  for  the  purpose  of  this 
model  and  solution  technique  verification,  the  interacting  gust  components  specified  in 
Equation  8  are  modified  as  follows  to  correspond  to  the  noninteracting  chordwise  gust. 
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u+  exp 


iki(t-x) 


where  u+  denotes  the  amplitude  of  the  chordwise  gust  components. 


Naumann  and  Yeh  [3 j  constant  slightly  cambered  airfoils  solutions  is  demonstrated  in 
Figures  8  and  7,  respectively. 


(29a) 

jj 

(29b) 

£ 

rodynamic 

lift 

A 

L 

V 

X 

Dns  and  locally 

V- 

plate  and 

the 

V 

y 

w 


H 


-182- 


RESULTS 


R 

Si 


1 

§ 


H 


S 


This  complete  first  order  flow  model  for  the  unsteady  aerodynamic  response  of  an 
arbitrary  airfoil  due  to  a  two-dimensionai  gust  and  locally  analytical  solution  are 
utilized  to  demonstrate  the  important  effect  of  the  coupling  between  the  steady  and  the 
unsteady  flow  fields.  Also,  the  limited  application  range  of  the  flat  plate  Horlock  [2] 
and  small  cambered  airfoil  Naumann  and  Yeh  [3]  combined  transverse  and  chordwise 
gust  models  is  also  shown.  This  is  accomplished  by:  (1)  utilizing  the  model  and  solution 
developed  herein  to  predict  the  unsteady  lift  due  to  the  two-dimensional  gust  on  a  series 
of  flat  plate  and  cambered  airfoils  for  both  zero  and  non-zero  angles  of  attack  over  a 
large  range  of  reduced  frequency  values;  (2)  correlating  these  predictions  with  ones 
obtained  from  the  corresponding  appropriate  Horlock  and  Naumann  and  Yeh  models. 
These  results  are  presented  in  Figures  8  through  12  in  the  format  of  the  real  versus  the 
imaginary  components  of  the  unsteady  lift  with  the  reduced  frequency  as  parameter. 

The  effects  of  thickness  and  finite  angle  of  attack  on  the  unsteady  response  of  a  flat 
plate  airfoil  to  a  45°  gust  are  shown  in  Figures  8  and  9,  respectively.  Airfoil  thickness  is 
seen  to  be  significant  with  regard  to  the  unsteady  lift  only  at  relatively  small  values  of 
the  reduced  frequency,  i.e.,  thickness  affects  only  the  quasi-steady  and  steady 
aerodynamics.  Also,  at  zero  angle  of  attack  the  Horlock,  which  reduces  to  the  Sears 
transverse  gust  model,  yields  accurate  predictions  of  the  unsteady  lift.  However, 
increasing  the  angle  of  attack  to  a  finite  nonzero  value  has  an  effect  on  the  predicted 
unsteady  lift,  seen  by  comparing  the  0°  and  10°  angle  of  attack  results.  Also,  the 
correlation  of  the  predictions  from  the  model  developed  herein  with  the  corresponding 
chordwise  gust  Horlock  model  is  not  very  good.  This  is  due  to  the  coupling  of  the 
steady  and  unsteady  flow  fields  at  non-zero  angle  of  attack  and  of  the  coupled  two- 
dimensional  gust  included  in  the  flow  model  developed  herein  but  not  in  the  Horlock 
model. 
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Figure  10  shows  that  both  airfoil  camber  and  non-zero  finite  angle  of  attack  have  a 
significant  effect  on  the  unsteady  gust  response  of  a  zero  thickness  airfoil  over  a  wide 
range  of  reduced  frequency  values.  Also,  the  correlations  of  the  predictions  from  the 
model  developed  herein  with  the  corresponding  ones  from  the  chordwise  gust  Naumann 
and  Yeh  model  are  poor.  Again,  this  is  due  to  the  coupling  between  the  steady  and 
unsteady  flow  fields  for  cambered  airfoils  and  non-zero  finite  angle  of  attack  and  of  the 
gust  included  in  the  flow  model  developed  herein  but  neglected  in  the  Naumann  and 
Yeh  model. 

The  combined  effects  of  airfoil  camber  and  thickness  and  non-zero  finite  angle  of 
attack  are  demonstrated  in  Figure  11.  As  expected  based  on  the  previous  results,  these 
combined  effects  are  important,  with  the  small  camber  predictions  of  Naumann  and  Yeh 
resulting  in  relatively  large  errors  in  the  predicted  unsteady  lift.  These  are  due  to  the 
coupling  between  the  steady  and  unsteady  flow  fields  for  cambered  airfoils  and  non-zero 
finite  angle  of  attack  and  of  the  gust  included  in  the  flow  model  developed  herein. 

Figure  12  demonstrates  that  the  two-dimensionality  of  the  gust  has  a  significant 
effect  on  the  resulting  unsteady  lift  on  the  airfoil.  In  particular,  over  the  range  of 
reduced  frequency  values  considered,  altering  the  gust  direction  from  15°  to  90°  results 
in  relatively  large  differences  in  the  unsteady  aerodynamic  response  of  the  airfoil. 

SUMMARY  AND  CONCLUSIONS 

A  complete  first  order  model  was  formulated  to  analyze  the  effects  of  steady  loading 
on  the  incompressible  unsteady  aerodynamics  generated  by  a  two-dimensional  gust 
converted  with  the  steady  mean  flow  past  an  arbitrary  thick,  cambered,  airfoil  at  finite 
nonzero  angle  of  attack.  A  locally  analytical  solution  was  then  developed  in  which  the 
discrete  algebraic  equations  which  represent  the  flow  field  equations  were  obtained  from 
analytical  solutions  in  individual  grid  elements. 
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The  steady  flow  field  was  found  to  be  independent  of  the  unsteady  flow  field. 


However,  the  dependence  of  the  unsteady  aerodynamics  on  the  steady  effects  of  airfoil 


geometry  and  finite  non-zero  angle  of  attack  were  manifested  in  the  coupling  of  the 


unsteady  and  steady  flow  fields  through  the  unsteady  boundary  conditions.  A  body 


fitted  computational  grid  was  utilized.  General  analytical  solutions  to  the  transformed 


flow  field  equations  were  then  developed  by  applying  these  solutions  to  individual  grid 


elements,  with  the  complete  flow  field  solution  obtained  by  assembling  these  locally 


analytical  solutions. 


This  model  and  locally  analytical  solution  were  then  applied  to  a  series  of  airfoil  and 


flow  configurations.  The  results  demonstrated  that  accurate  predictions  for  the 


unsteady  aerodynamic  gust  response  are  obtained  only  by  including  the  coupled  steady 


flow  effects  on  the  unsteady  aerodynamics.  Thus  for  cambered,  or  cambered  and  thick 


airfoils  at  zero  or  finite  angle  of  attack,  or  a  thin  flat  plate  airfoil  at  a  non-zero  angle  of 


attack,  the  model  and  solution  developed  herein  accurately  predict  the  gust  response. 


It  was  also  demonstrated  that  the  classical  small  perturbation  combined  transverse  and 


chordwise  gust  models  yield  accurate  predictions  only  for  the  special  case  of  a  thin  flat 


plate  airfoil  at  zero  angle  of  attack,  i.e.,  only  when  the  chordwise  gust  is  zero. 
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Figure  6.  Correlation  of  Predicted  Unsteady  Lift  with  Horlock’s 
Flat  Plate  Chordwise  Gust  Model 
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Figure  10.  Effect  of  Camber  and  Angle  of  Attack  on  the  Unsteady  Lift  of 
a  Zero  Thickness  Airfoil  due  to  a  45°  Gust 


I.o, 


1 

£ 

i 

l 


‘>0=0° 

- 20%  CAMBER,  20%  THICK 

a0  =  ‘0° 

- 0%  CAMBER,  0%  THICK 

. 20%  CAMBER,  20%  THICK 


J _ I _ I _ I _ L_ 

0  10  20 

REAL  (UNSTEADY  LIFT) 


Figure  11.  Effect  of  Thickness  and  Camber  on  the  Unsteady  Lift  of  an 
Airfoil  at  10°  Angle  of  Attack  due  to  a  45°  Gust 
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V1SCOUS  AERODYNAMIC  ANALYSIS  OF  AN  OSCILLATING  FLAT  PLATE 
AIRFOIL  WITH  A  LOCALLY  ANALYTICAL  SOLUTION 
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Abstract 

A  mathematical  model  is  developed  to  predict  the 
unsteady  aerodynamics  of  a  Sat  plate  airfoil  executing 
harmonic  torsional  motion  in  an  incompressible 
laminar  flow  at  moderate  values  of  the  Reynolds 
numbers.  The  unsteady  viscous  flow  is  assumed  to  be 
a  small  perturbation  to  the  steady  viscous  flow 
described  by  the  Navier-Stokes  equations.  Solutions 
for  both  the  steady  and  the  unsteady  viscous  flow 
fields  are  obtained  by  developing  a  locally  analytical 
solution.  This  model  is  then  utilised  to  demonstrate 
the  effects  of  Reynolds  number,  mean  flow  incidence 
angle,  and  reduced  frequency  on  the  complex  unsteady 
airfoil  surface  pressure  distributions  as  well  as  airfoil 
stability. 


Nomenclature 

imaginary  component  of  lift  coefficient 
real  component  of  lift  component 
imaginary  component  of  moment  coefficient 
real  component  of  moment  coefficient 
reduced  frequency 
dimensionless  unsteady  pressure 
dimensionless  steady  pressure 
Reynolds  number 

nondimensional  unsteady  velocity  in  x  direction 
nondimensional  steady  velocity  in  x  direction 
magnitude  of  free-stream  velocity 
nondimensional  unsteady  velocity  in  y  direction 
elastic  axis  location 
coordinate  in  mean  flow  direction 
coordinate  in  normal  flow  direction 
step  sise  in  x  direction 
step  sixe  in  y  direction 
amplitude  of  airfoil  oscillation 
nondimensional  unsteady  stream  function 
nondimensional  steady  stream  function 
nondimensional  unsteady  vorticity 
nondimensional  steady  vorticity 
frequency  of  oscillation 
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Introduction 


Considerable  progress  has  been  made  in  the 
prediction  of  the  unsteady  aerodynamics  of  oscillating 
airfoils.  These  analyses  are  typically  limited  to  inviscid 
potential  flows,  with  the  unsteady  flow  assumed  to  be 
a  small  perturbation  tc  a  uniform  mean  flow  and  the 
Kutta  condition  imposed  on  the  unsteady  flow  field. 
By  considering  the  airfoils  to  be  sero  thickness  flat 
plates  at  sero  mean  incidence,  the  steady  and 
unsteady  flow  fields  are  uncoupled,  with  the  steady 
flow  being  uniform  and  parallel. 

Unsteady  aerodynamic  analyses  have  been 
developed  which  include  the  effects  of  viscosity, 
thereby  removing  the  need  for  the  Kutta  condition. 
Yates  [l]  formulated  an  incompressible  viscous  flat 
plate  airfoil  theory  with  a  sero  thickness  boundary 
layer.  Also,  the  low  Reynolds  number  incompressible 
Oseen  flow  model  has  been  used  to  calculate  zero 
incidence  oscillating  flat  plate  aerodynamics  |2,3|. 
These  analyses  utilize  classical  aerodynamic  solution 
techniques,  resulting  in  integral  equation  solutions. 
Although  such  classical  models  and  solution  techniques 
are  of  value,  advanced  numerical  techniques  permit 
the  flow  physics  modeling  to  be  extended.  In  this 
regard,  unsteady  viscous  flow  models  are  being 
developed  which  march  in  time,  with  one  primary 
interest  being  the  patterns  of  the  unsteady  flow,  for 
example,  Mehta  and  Lavan  [4|,  Thompson  et.  al.  [5j, 
and  Wu  and  Sampath  |S|. 

In  this  paper,  an  analysis  is  developed  which 
models  the  unsteady  aerodynamics  of  an  harmonically 
oscillating  flat  plate  airfoil,  including  the  effects  of 
mean  flow  incidence  angle,  in  an  incompressible 
laminar  flow  at  moderate  values  of  the  Reynolds 
number.  The  unsteady  viscous  flow  is  assumed  to  be  a 
small  perturbation  to  the  steady  viscous  flow  field. 
Hence,  the  Kutta  condition  is  not  appropriate  for 
either  the  steady  or  the  unsteady  flow  fields.  The 
steady  flow  field  is  described  by  the  Navier-Stokes 
equations.  It  is  thus  oonuniform  and  nonlinear.  Also, 
the  steady  flow  field  is  independent  of  the  unsteady 
flow  field.  The  small  perturbation  unsteady  viscous 
flow  is  described  by  a  system  of  linear  partial 
differential  equations  that  are  coupled  to  the  steady 
flow  field,  thereby  modeling  the  strong  dependence  of 
the  unsteady  aerodynamics  on  the  steady  flow. 


Kr 


Solutions  for  both  the  steady  and  the  unsteady  viscous 
flow  fields  are  obtained  by  developing  a  locally 
analytical  method  in  which  the  discrete  algebraic 
equations  which  represent  the  Sow  field  equations  are 
obtained  from  analytical  solutions  in  individual  local 
grid  elements. 


Mathematical  Model 

The  two-dimensional  flow  past  an  isolated  airfoil  is 
schematically  depicted  in  Figure  1,  which  also  defines 
the  cartesian  x-y  coordinate  system.  For  harmonic 
time  dependence  at  a  frequency  ui,  the  nondimensional 
forms  of  the  continuity  and  Navier-Stokes  equations 
are  given  in  Equation  1. 

5,  +  vy  -  0  (la) 

ku,  +  uu,  +  vuy  -  -  p,  +  (ua  +  u^J/Re  (lb) 

kr,  +  urx  +  vvy  -  -  py  +  (v»  +  y„)/Re  (lc) 

where  Re  —  UMC/i/  denotes  the  Reynolds  number,  and 
k  «•  w  C/Ujo  is  the  reduced  frequency. 


There  are  three  dependent  variables,  the  two 
velocity  components  and  the  pressure.  To  reduce  the 
number  of  dependent  variables,  a  vorticity,  stream 
function,  if,  formulation  is  utilised. 

V*f  -  Re(k?t  +  u  7,  +  v  ?y)  (2a) 

V*if  -  -  7  (2b) 

where  7  “  v ,  -  u y  and  u  ■  if,  ;  v  «•  -  ^ 


Unsteady  Small  Perturbation  Model 

For  a  flat  plate  airfoil  executing  small  amplitude 
harmonic  oscillations,  the  flow  field  is  decomposed  into 
steady  and  harmonic  unsteady  components,  with  the 
steady  component  assumed  to  be  a  small  perturbation 


to  the  steady  component. 

fU.y.t)  -  rt*.y)  +  ?(*.y)  (3‘) 

?<x,y,t)  -  'fr(x.y)  +  e1*  ^x.y)  (3b) 

u(x,y,t)  -  U(x.y)  +  e“  u(x,y)  (3c) 

v(x,y,t)  -  V(x,y)  +  e“  v(x,y)  (3d) 

p(x,y,t)  -  P(x,y)  +  e“  p(x,y)  (3e) 

where 


7  «  f ,  0  «  *,  u  «  u,  v«  V,  p  «  P 

The  equations  describing  the  steady  and  unsteady 
viscous  flow  fields  are  determined  by  substituting 
Equation  3  into  Equation  2,  and  grouping  together  the 
time  independent  and  the  time  dependent  terms.  For 
the  unsteady  flow,  the  second  order  terms  ere 
neglected  as  small  compared  to  the  first  order  terms. 
Also,  as  the  linearised  unsteady  flow  is  assumed  to  be 
harmonic,  the  exp(it)  is  dropped,  for  convenience. 

The  resulting  coupled  nonlinear  partial  differential 
equations  describing  the  steady  flow  field,  Equation  4, 
are  Independent  of  the  unsteady  flow.  The  vorticity 


equation  is  nonlinear,  with  the  stream  function 
described  by  a  linear  Poisson  equation  which  is 
coupled  to  the  vorticity  equation  through  the  vorticity 
source  term.  The  pressure  is  also  described  by  a  linear 
Poisson  equation,  with  the  source  terms  dependent  on 


the  steady  flow  field. 

-  Re(Ufl  +  Vfy) 

M») 

1 

1 

1 

(4b) 

V*P  -  -2(U,Vy  -  VyUt) 

(4C) 

The  resulting  coupled  linear  partial  differential 
equations  describing  the  unsteady  harmonic  flow  field 
are  given  in  Equation  S.  The  unsteady  flow  is  coupled 
to  the  steady  flow  field.  In  particular,  in  both  the 
unsteady  vorticity  transport  and  pressure  equations, 
the  variable  coefficients  are  dependent  on  the  steady 
flow  field  with  the  unsteady  stream  function  coupled 
to  the  solution  for  the  unsteady  vorticity. 

V*7  -  Re(ki  f  +  U7,  +  V£y  +  uf,  +  vfy)  (5s) 

V*0-~7  (5b) 

V*p  -  — 2((u1Vy+vyUl)  -  (v,Uy+uyVm)|  (5c) 


Steady  Flow  Boundary  Conditions 

The  steady  flow  boundary  conditions  specify  no  slip 
between  the  fluid  and  the  surface  and  that  the 
velocity  normal  to  the  surface  is  sero.  In  terms  of  the 
stream  function  and  vorticity,  these  boundary 
conditions  are  specified  in  Equation  6. 

'fr  —  constant  on  solid  surfaces  (Sa) 


f  ■  —  Uy  —  'l/yj  on  soiid  surfaces  (8b) 

Unsteady  Flow  Boundary  Conditions 

The  unsteady  boundary  conditions  require  that  the 
velocity  of  the  fluid  is  equal  to  that  of  the  surfaces. 
For  a  flat  plate  airfoil  executing  small  amplitude 
harmonic  torsion  mode  oscillations  about  an  elastic 
axis  located  at  x„  measured  from  the  leading  edge, 
the  linearised  normal  velocity  boundary  condition  is 
applied  on  the  mean  position  of  the  oscillating  airfoil, 
and  is  given  in  Equation  7. 

v(x,0)  -  of\\k(x  ~  x,»)]e“  (7) 

where  ol  is  the  amplitude  of  oscillation. 

The  fluid  is  viscous.  Thus  the  unsteady  chordwise 
velocity  component  must  satisfy  the  no-slip  boundary 
condition. 

u(x,0)  -  0  (8) 

The  corresponding  unsteady  stream  function  and 
vorticity  boundary  conditions  are  specified  from  their 
definitions  and  the  above  unsteady  boundary 
conditions. 

if  (x,0)  -  -  >k  o*(  y  -  x.J  xe“  (8a) 


7  (x,0)  -  [a'ik  -  uy(x,0)|e'1 


(«b) 
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Loenlly  Analytical  Solution* 

The  locally  analytical  solutions  for  the  unsteady 
end  steady  viscous  flow  fields  are  now  developed.  In 
this  method,  the  discrete  algebraic  equations  which 
represent  the  aerodynamic  equations  are  obtained 
from  analytical  solutions  in  individual  local  grid 
elements.  This  is  accomplished  by  dividing  the  flow 
field  into  computational  grid  elements.  In  each 
individual  element  the  nonlinear  convective  terms  of 
the  Navier-Stoke*  equations  which  describe  the  steady 
flow  are  locally  linearised.  The  nonlinear  character  of 
the  steady  flow  field  is  preserved  as  the  flow  is  only 
locally  linearised,  that  is,  independently  linearised  in 
individual  grid  elements.  Analytical  solutions  to  the 
linear  equations  describing  both  the  steady  and  the 
unsteady  flow  fields  in  each  element  are  then 
determined.  The  solution  for  the  complete  flow  field  is 
obtained  through  the  application  of  the  global 
boundary  conditions  and  the  assembly  of  the  locally 
analytic  solutions  in  the  individual  grid  elements. 

Steady  Vortlclty 

The  steady  vorticity  transport  is  described  by 
Equation  4a  which  is  nonlinear  because  of  the 
convective  terms  Ufa  -I-  Vfr  These  terms  are  locally 
linearised  by  assuming  that  the  velocity  components  U 
and  V,  which  are  the  coefficients  of  the  vorticity,  are 
constant  in  each  individual  grid  element,  that  is, 
locally  linearised. 

u-^  v-U  (10) 

where  A  and  B  are  constants  in  an  individual  grid 
element,  taking  on  different  values  in  each  grid 

element.  The  resulting  locally  linearised  vorticity 

equation  is  given  in  Equation  11. 

2Af„  +  2Bfj  ■  fn  +  fjj  (11) 

This  locally  linearised  equation  can  be  solved 
analytically  to  determine  the  vorticity,  f,  in  a  grid 
element,  thereby  providing  the  functional  relationships 
between  the  vorticity,  f,  in  an  individual  grid  element 
and  the  boundary  values  specified  on  that  grid 

element.  This  vorticity  transport  equation  is  elliptic. 
Therefore,  to  obtain  a  unique  solution  for  the  typical 

uniform  grid  element  with  center  (x^.y,,),  Figure  2, 
boundary  conditions  must  be  specified  on  all  four 
boundaries.  These  boundary  conditions  are  expressed 
in  an  implicit  formulation  in  terms  of  the  nodal  values 
of  the  vorticity  along  the  boundaries  of  the  element. 
A  second-order  polynomial  is  used  to  approximate  the 
vorticity  on  each  of  the  boundaries. 

((x,y0+Ay)  -  a,<  +  af  *  +  a/  x*  (12) 


rfXo+Ax.y)  -  b,f  +  b^  y  +  b/  y* 
rtx,y„-Ay)  -  cf  +  cf  x  +  cj  x‘ 


rix,-Ax,y)  -  d,<  +  d/  y  +  df  y* 


where  a/,  b*,  c/,  d/  are  constants  determined  from 
the  three  nodal  points  on  each  boundary  side  and  the 
x  and  y  distances  are  all  measured  from  the  center  of 
the  element  (x^yj. 

The  analytical  solution  to  Equation  11  subject  to 
the  boundary  conditions  specified  in  Equation  12  is 
determined  by  separation  of  variables. 

rf*,y)  “  e^**  +  (Bl<.sinh(E„x)  (13) 

1-i 

+  B|,  cosh(E,.x)|sin(X,*,{y  +  Ay)) 

+  (B|,sinh(Euy)  +  B<fa  eosh(E,ay)|sin(X/a(x  +  Ax)) 


Steady  Stream  Function 

The  locally  analytical  solution  for  the  stream 
function  is  obtained  by  a  procedure  analogous  to  that 
used  for  the  vorticity.  First,  the  flow  region  is 
subdivided  into  computational  grid  elements. 

The  stream  function  is  described  by  a  linear 
Poisson  equation  which  is  coupled  to  the  vorticity, 
Equation  4b.  This  stream  function  Poisson  equation 
also  is  elliptic.  Therefore,  to  obtain  a  unique 
analytical  solution  for  the  typical  grid  element, 
continuous  conditions  must  be  specified  on  all  four 
boundaries.  As  for  the  vorticity  transport  equation, 
continuous  boundary  conditions  are  represented  in  an 
implicit  formulation  in  terms  of  the  nodal  values  of 
the  stream  function  by  second-order  polynomials  in  x 
or  y  as  measured  from  the  element  center  (x^yj. 

♦(x.yo+Ay)  -  a,*  +  a/  x  +  a,*  x*  (14) 

+(xo+Ax,y)  -  b,*  +  b,*  y  +  b,*  y’ 

♦(x.yo-Ay)  -  cf  +  cf  x  +  cf  x* 

♦(xo-Ax.y)  -  d*  +  d,*  y  +  df  y* 

where  a,*,  b**,  c,*,d,*  are  constants  determined  from 
the  three  nodal  points  on  each  boundary  side. 

The  stream  function  equation  is  linear  and 
possesses  a  nonhomogeneous  term,  —  {(x.y),  which 
couples  the  stream  function  to  the  vorticity.  To  solve 
Equation  4b  subject  to  the  boundary  conditions 
specified  in  Equation  14,  it  is  divided  into  two 
component  problems.  One  problem  has  a 
homogeneous  equation  with  nonhomogeneous  boundary 
conditions,  whereas  the  second  problem  has  a 
nonhomogeneous  equation  with  homogeneous  boundary 
conditions. 

*  -  +*  +  *b  (15) 

Problem  1: 

(111) 

**(x,yo+Ay)  -  a,*  +  a,*  x  +  a,*  x* 

♦*(xo+Ax,y)  -  b,*  -I-  b,*  y  +  b,*  y* 


IV 


I  (.I  i.tM't.l  f4  » < 


■  L|  *i‘4_ilCll4_«Hit  «•»>  w#4  >»*«>>*■*  ■>*  . 


^(x.yo-Ay) 


c,"'  +  c ix  +  c,w  xl 


«J»*(x-Ax,yo)  -  d,*  +  df  y  +  d/  y* 

Problem  2: 

W  -  -f(x,y)  (17) 

^(Xo+Ax.y)  -  0 
'^(Xo-Ax.y)  -  0 

*k(x,y0+Ay)  -  0 
+k(x,y„-Ay)  -  0 

The  solutions  for  4**  end  <*k  ere  then  determined 
by  eeperation  of  verieble*.  Steedy  Velocity  end 

P  reaeu  re 

^*.y)  - 

*E  ||B,*sinh(X,*x)  +  B£coeh(X,*x)|ain(X,* (y+Ay)) 

+  |B£sinh(X£y)  +  B£coeh(X,*y)|sin(Xj*  (x+Ax)) 

+  lG£»inh(X,*y)  +  G/,coeh(X^y)  +  C,*  +  G,*y 

+  Gty*leln(X*(x  +  Ax))  j  (18) 

The  atreem  function  is  continuously  differentiable 
ecraee  the  grid  element.  Hence  the  U  end  V  velocity 
components  can  be  obtained  analytically  by 
differentiating  the  stream  function  solution.  The 
solutions  for  ♦,  f,  U  end  V  ere  then  used  to  determine 
the  pressure  in  the  flow  field  end  on  the  boundaries. 
Thus,  the  locally  analytical  solutions  for  the  velocity 
components  and  the  pressure  are  performed  as  poet 
processes. 

Unsteady  Flow  Field 
Unsteady  Vorticity 

The  unsteady  vorticity  is  described  by  a  linear 
partial  differential  equation  with  nonconstant 
coefficients.  Equation  Sa.  In  particular,  the  unsteady 
perturbation  velocity  coefficients  u  and  v  vary  across 
the  typical  computational  grid  element.  However,  the 
steady  velocity  coefficients  U  and  V  are  known  from 
the  previously  determined  steady  state  solution  and 

are  constant  In  the  typical  grid  element,  as  specified  in 
Equation  10. 

To  determine  the  locally  analytical  solution  to  the 
unsteady  perturbation  vorticity  equation,  it  is 
approximated  as  a  constant  coefficient  partial 
differentia]  equation  in  individual  grid  elements.  This 
is  accomplished  by  assuming  that  the  perturbation 
velocities  u  and  v  are  constant  in  each  element. 

c.) 


where  A'  and  B'  are  constant  in  each  individual  grid 
element,  taking  on  different  values  in  different  grid 
elements. 

Thus,  the  following  linear  constant  coefficient 
partial  differential  equation  defines  the  unsteady 
perturbation  vorticity  in  an  individual  computational 
grid  element. 

k  i  Re  £  +  2A  +  2B  +  (2A'f,  +  2B'fy)  (20) 

“  ■*"  ^77 

To  determine  the  analytical  solution  in  the  typical 
grid  element,  Equation  20  is  rewritten  as  follows. 

-  (2A  +  2B  S(x,y)  (21) 


S(x,y)  -  (2A'  f,  +  2B'  fy  +  k  Re  i  0 


It  is  then  transformed  to  an  homogeneous  equation 
by  the  following  change  in  the  dependent  variable. 


flx.y)  -  £(x,y)  + 


S(Ax  +  fy) 

2(A*  +  T> 


The  resulting  homogeneous  equation  is  given  in 
Equation  22. 

-  2A  ?.  +  2B  ?y  (22) 

This  equation  is  of  the  same  form  aa  that  for  the 
steady  linearised  vorticity,  Equation  11.  Thus,  the 
solution  for  f  is  obtained  in  a  manner  exactly 
analogous  to  that  for  the  steady  vorticity,  f,  and  is 
given  in  Equation  23. 

Sl*o.y0)  -  »i(x0+Ax,y0+Ay)3x0+Ax,y(>+Ay)  (23) 

+  s^Xo+Ax.yJ^+Ax.yJ 

+  M^+^yo-^yfflxo+^.yo-^y) 

+  *«(*o.y»-^y)^*».yo-^y) 

+  *J(x0-Ax,y0-Ay)?(x,-Ax,y0-Ay) 

+  *e(x0-Ax,y0){(x0-Ax,y0) 

+  s1(xo-Ax,yo+Ay)5(xo-Ax,y0+Ay) 

+  *s(*o.y«+^y)?(0.^y) 

where  the  coefficients  s,  are  dependent  on  the  steady 
state  velocity  components,  U  and  V. 

Unsteady  Stream  Function 

The  unsteady  stream  function  is  described  by 
Equation  5b.  This  equation  is  identical  to  that  for  the 
steady  stream  function,  Equation  4b.  Hence,  the 
solution  procedure  is  identical  to  that  for  the  steady 
stream  function.  As  the  coefficients  for  the  stream 
function  are  only  a  function  of  their  position  in  the 


grid  clement,  that  is,  Ax  end  Ay,  the  unsteady 
coefficients  remain  the  same  as  those  found  previously 
for  the  steady  stream  function  ^(Xo.yo)-  Thus,  the 
solution  for  the  unsteady-  stream  function  is 
determined  from  the  steady  stream  function  solution, 
Equation  18,  by  replacing  ♦  by  0  and  the  steady 
vorticity  f  by  the  unsteady  vorticity  (.  The  algebraic 
equation  for  the  value  of  the  unsteady  stream  function 
at  the  center  of  the  typical  element  in  terms  of  the 
values  of  the  unsteady  stream  function  and  vorticity 
at  its  eight  neighboring  values  is  given  in  Equation  24. 

'Kk.To)  -  P,*>/K+Ax,y0+Ay)  +  p/’tl<xo+Ax,y0)  {24} 

+  pM*o+Ax,y«-Ay)  +  Pe^Wo-Ay) 

+  Pt'H**-&x,r0-&y)  +  p,*ti<x0-Ax,y0) 

+  pM*o-A*.y0+Ay)  +  Ps’^Wo+^y) 

+  qft(x,+Ax,y0+Ay)  +  qftfo+Ax.y,,) 

+  q/f(x»+Ax,y0-Ay)  +  qjf’?(x0,y0-Ay) 

+  qftfo-Ax.y.-Ay)  +  <u*^(*o-^*.yo) 

+  q/f(Xo-Ax,y0+Ay)  +  qs^K.y.+Ay) 

+  qs*£(*o.r<>) 

Unsteady  Velocity  and  Pressure 

The  unsteady  velocity  components  u  and  v  are 
determined  by  differentiating  the  unsteady  stream 
function,  with  the  locally  analytical  solution  for  the 
unsteady  pressure  determined  by  a  post  process. 

Results 

The  small  perturbation  unsteady  viscous  flow 
model  and  locally  analytical  solution  are  utilised  to 
investigate  the  effects  of  Reynolds  number,  mean  flow 
incidence  angle,  and  reduced  frequency  on  the 
unsteady  aerodynamics  of  a  harmonically  oscillating 
airfoil.  These  results  are  presented  in  the  form  of  the 
unsteady  pressure  distributions  on  the  surfaces  of  the 
oscillating  airfoil  and  the  complex  unsteady 
aerodynamic  lift  and  moment  coefficients,  defined  in 
Equation  25. 

C—l 

/  (Plow  —  PupjxfJd* 

q  .  L  _  id? _ 

— pcUV*  -j^pcU,k,ff 

2  2  (25) 

e— I 

/  (Plo»w  -  P«ppJ(*  -  *«)<!* 

Q  m  M  _  C-0 _ 

— pcHj’k**  -j-pc’uVir 

Predictions  are  obtained  on  a  50  x  35  rectangular 
grid  with  Ax  “  0.025  and  Ay  ”  0.025.  Twenty-one 
points  are  located  on  the  flat  plate  airfoil.  The 
convergence  criteria  for  the  internal  and  external 
iterations  for  the  stream  function  are  both  i0~4,  with 


the  vorticity  tolerance  being  5-10-*.  The  tolerances 
for  the  pressure  iterations  are  10~®  and  10_s  for  the 
internal  and  external  iterations,  respectively.  The 
computational  time  averaged  440  CPU  on  the  Cyber 
205,  with  an  average  of  ISO  iterations  for  the  solutions 
of  the  stream  function  and  vorticity  and  an  additional 
160  iterations  for  the  pressure  solution. 

The  chordwise  distributions  of  the  complex 
unsteady  pressure  on  the  individual  surfaces  of  an 
oscillating  airfoil  at  tero,  four,  and  eight  degrees  of 
incidence  and  Reynolds  numbers  of  500  and  1,000  are 
presented  in  Figures  3  through  7.  The  corresponding 
classical  inviscid  Theodorsen  predictions  (7j  are  also 
shown. 

Viscosity  has  a  large  effect  on  the  complex 
unsteady  surface  pressures,  particularly  the  real  part, 
over  the  front  part  of  the  airfoil.  One  difference 
between  the  two  solutions  is  that  the  viscous  solution 
is  finite  at  the  leading  edge  whereas  the  inviscid 
solution  is  singular.  Also,  the  real  part  of  the  inviscid 
unsteady  pressure  is  greatly  increased  in  magnitude  as 
compared  to  the  viscous  predictions  over  the  front  half 
of  the  airfoil,  with  the  imaginary  part  of  the  viscous 
and  inviscid  solutions  of  approximately  the  same 
magnitude  aft  of  the  airfoil  inviscid  leading  edge 
singularity.  This  is  due  to  the  differences  in  the 
viscous  and  inviscid  normal  velocity  boundary 
conditions.  Namely,  the  real  part  of  this  boundary 
condition  is  dependent  on  the  steady  flow  axial 
velocity  component,  U,  evaluated  on  the  airfoil 
surface.  In  the  inviscid  model,  this  velocity  is  the 
nonsero  axial  freestream  velocity.  However,  in  the 
viscous  flow  model,  this  velocity  is  zero  because  of  the 
no-slip  airfoil  surface  boundary  condition. 

Increasing  the  Reynolds  number  from  500  to  1,000 
results  in  a  small  increase  in  the  absolute  magnitude 
of  the  complex  unsteady  pressures  on  the  airfoil 
surfaces.  It  also  increases  the  leading  and  trailing 
edge  unsteady  surface  pressure  differences,  with  a 
somewhat  larger  effect  on  the  imaginary  component. 

For  nonsero  incidence  angle  values,  neither  the  real 
nor  the  imaginary  components  of  the  chordwise 
unsteady  pressure  distributions  are  symmetric,  with 
this  nonsymmetry  increasing  with  increasing  incidence 
angle,  as  expected.  Also,  as  the  incidence  angle  is 
increased,  the  trailing  edge  unsteady  surface  pressure 
difference  is  increased,  particularly  the  imaginary  part. 

The  torsion  mode  flutter  stability  of  an  airfoil  is 
determined  by  the  imaginary  part  of  the  unsteady 
aerodynamic  moment  if  there  is  no  mechanical 
damping.  Thus,  the  effects  of  incidence  angle, 
Reynolds  number,  and  reduced  frequency  on  the 
imaginary  part  of  the  moment  coefficients  are 
considered  in  Figures  8  through  11  together  with 
Theodorsen’s  inviscid  lero  incidence  results.  In 
particular,  these  figures  present  the  imaginary  part  of 
the  unsteady  aerodynamic  moment  coefficient  as  a 
function  of  the  elastic  axis  location,  with  the  reduced 
frequency  as  parameter  at  Reynolds  numbers  of  500 
and  1,000  for  incidence  angles  of  0  and  4  degrees. 
Also,  the  effects  of  Reynolds  number  and  incidence 
angle  on  the  complex  unsteady  aerodynamic  lift  and 


moment  on  an  airfoil  with  a  quarter-chord  elastic  axis 
location  are  given  in  Table  1. 

In  an  inviscid  flow  Seld,  the  minimum  relative 
stability  is  found  when  the  elastic  axis  is  located  in 
the  midchord  region  of  the  airfoil.  As  the  reduced 
frequency  is  increased  from  1.0  to  2.4,  the  relative 
stability  of  the  airfoil  is  decreased,  with  the  location  of 
the  elastic  axis  for  minimum  relative  stability  moving 
aft  with  increasing  values  of  the  reduced  frequency. 

Viscous  effects  are  seen  to  generally  decrease  the 
relative  stability  of  the  airfoil  at  all  elastic  axis 
locations  at  both  sero  and  four  degrees  of  incidence. 
The  largest  relative  decrease  in  airfoil  stability  is 
associated  with  the  lower  reduced  frequency  value. 
Also,  increasing  the  Reynolds  number  from  500  to 
1,000  results  in  a  decrease  in  the  relative  airfoil 
stability.  In  fact,  at  sero  incidence,  the  airfoil 
becomes  unstable  for  all  reduced  frequency  values  with 
an  elastic  axis  located  at  75%  chord  at  a  Reynolds 
number  of  1,000.  Increasing  the  value  of  the  incidence 
angle  results  in  an  increase  in  the  relative  stability  of 
the  airfoiL  However,  at  a  Reynolds  number  of  1,000 
with  an  elastic  axis  at  75%  chord,  the  airfoil  is  still 
unstable  at  a  reduced  frequency  value  of  1.0,  the 
lowest  value  considered. 

Summary  and  Conclusions 

A  mathematical  model  has  been  developed  to 
predict  the  unsteady  aerodynamics  of  a  flat  plate 
airfoil  executing  harmonic  torsional  motions  in  an 
incompressible  laminar  flow  at  moderate  values  of  the 
Reynolds  numbers.  The  unsteady  viscous  flow  is 
assumed  to  be  a  small  perturbation  to  the  steady 
viscous  flow  which  is  described  by  the  Navier-Stokea 
equations.  Thus,  the  steady  flow  is  nonuniform  and 
nonlinear  and  is  also  independent  of  the  unsteady  flow 
field.  The  small  perturbation  unsteady  viscous  flow 
field  is  described  by  a  system  of  linear  partial 
differential  equations  that  are  coupled  to  the  steady 
flow  field,  thereby  modeling  the  strong  dependence  of 
the  unsteady  aerodynamics  on  the  steady  flow. 

Solutions  for  both  the  steady  and  the  unsteady 
viscous  flow  fields  are  obtained  by  developing  a  locally 
analytical  solution.  In  this  approach,  the  discrete 
algebraic  equations  which  represent  the  flow  field 
equations  are  obtained  from  analytical  solutions  in 
individual  local  grid  elements.  The  complete  flow  field 
solutions  are  then  obtained  through  the  application  of 
the  global  boundary  conditions  and  the  assembly  of 
the  local  grid  element  solutions.  This  model  and 
locally  analytical  solution  were  then  utilised  to 
demonstrate  the  effects  of  Reynolds  number,  mean 
flow  incidence  angle,  reduced  frequency  value,  and 
elastic  suds  location  on  the  complex  unsteady  airfoil 
surface  pressure  distributions  and  also  on  the  torsional 
stability  of  the  airfoil. 


imaginary  part  of  the  viscous  and  inviscid  solutions  of 
approximately  the  same  magnitude  aft  of  the  airfoil 
leading  edge  inviscid  signularity.  In  terms  of  airfoil 
stability,  viscous  effects  were  shown  to  generally 
decrease  the  relative  stability  of  the  airfoil,  with  the 
largest  decrease  associated  with  the  lower  reduced 
frequency  value.  Increasing  the  Reynolds  number 
caused  a  decrease  in  the  relative  stability  of  the  airfoil 
stability  whereas  increasing  the  incidence  angle 
resulted  in  increased  airfoil  stability. 
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complex  unsteady  surface  pressures,  particularly  the 
real  part,  over  the  front  part  of  the  airfoil.  Also,  the 
real  part  of  the  inviscid  unsteady  pressure  is  greatly 
increased  in  magnitude  as  compared  to  the  viscous 
predictions  over  the  front  half  of  the  airfoil,  with  the 
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Prediction  of  Aerodynamically 
Induced  Vibrations  in 
Turbomachinery  Blading 

To  predict  the  aerodynamically  forced  response  of  an  airfoil,  an  energy  balance 
between  the  unsteady  aerodynamic  work  and  the  energy  dissipated  through  the 
airfoil  structural  and  aerodynamic  damping  is  performed.  Theoretical  zero  in¬ 
cidence  unsteady  aerodynamic  coefficients  are  then  utilized  in  conjunction  with  this 
energy  balance  technique  to  predict  the  effects  of  reduced  frequency,  inlet  Mach 
number,  cascade  geometry  and  interblade  phase  angle  on  the  torsion  mode 
aerodynamically  forced  response  of  the  cascade.  In  addition,  experimental  unsteady 
aerodynamic  gust  data  for  flat  plate  and  cambered  cascaded  airfoils  ore  used 
together  with  these  theoretical  cascade  unsteady  self-induced  aerodynamic  coef¬ 
ficients  to  indicate  the  effects  of  incidence  angle  and  airfoil  camber  on  the  forced 
response  of  the  airfoil  cascade. 


Introduction 

The  structural  dynamic  response  of  turbomachinery 
components  to  aerodynamic  excitations  is  an  item  of  con¬ 
tinuing  concern  to  designers  and  manufacturers  of  gas  turbine 
engines.  The  accurate  first  principles  prediction  of  the 
aerodynamically  forced  response  of  a  turbine  engine  blade  or 
vane  involves  the  following  items. 

Spatially  periodic  variations  in  pressure,  velocity,  and  flow 
direction  of  the  exit  flow  field  of  an  upstream  airfoil  element 
appear  as  temporally  varying  in  a  coordinate  system  fixed  to 
the  downstream  row.  As  a  result,  individual  airfoils  are 
subject  to  a  lime-variant  periodic  aerodynamic  forcing 
function.  When  the  forcing  function  frequency  is  equal  to  an 
airfoil  natural  frequency,  vibrations  of  Ihe  airfoil  result.  At 
times  these  vibrations  have  relatively  large  amplitudes  which 
induce  high  vibratory  stress  levels.  Unfortunately,  at  present 
these  resonant  stress  levels  are  unknown  until  the  first  testing 
of  the  blade  or  vane  row.  If  stresses  in  excess  of  a  predeter¬ 
mined  allowable  level  result,  then  airfoil  life  considerations 
require  that  these  stresses  be  reduced. 

The  prediction  of  the  aerodynamically  forced  response 
vibratory  behavior  of  a  blade  or  vane  row  requires  a 
definition  of  the  unsteady  forcing  function  in  terms  of  its 
harmonics.  The  time-variant  aerodynamic  response  of  (he  air¬ 
foil  to  each  harmonic  component  of  this  forcing  function  is 
then  assumed  to  be  comprised  of  two  distinct  but  related 
unsteady  aerodynamic  parts.  One  is  due  to  the  harmonic 
forcing  function  being  swept  past  the  non-responding  fixed 
airfoils  -  termed  the  gust  response.  The  second  is  created  by 
the  resulting  harmonic  response  of  the  airfoil  -  termed  the 
self-induced  aerodynamic  response  and,  under  certain  con¬ 
ditions,  also  referred  to  as  the  aerodynamic  damping. 

Unsteady  aerodynamic  gust  and  self-induced  aerodynamic 
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response  analyses  are  both  items  of  fundamental  research 
interest.  Linearized  unsteady  compressible  and  in¬ 
compressible  small  perturbation  analyses  for  isolated  and 
cascaded  airfoils  are  appearing  in  the  open  literature  with 
regularity.  Of  direct  application  to  turbomachinery  design  are 
the  unsteady  aerodynamic  analyses  for  cascaded  airfoils.  In 
particular,  Whitehead  [II  analyzed  both  the  transverse  gust 
response  and  the  torsion  and  translation  mode  self-induced 
aerodynamic  response  of  a  cascade  of  flat  plate  airfoils  in  an 
incompressible  flow.  This  analysis  was  extended  to  include  the 
effects  of  compressibility  by  Fleeter  [2[  and  Smith  [3].  The 
effect  of  airfoil  profile  on  the  self-induced  aerodynamic 
response  of  a  cascade  in  an  incompressible  uniform  flow  field 
has  been  analytically  predicted  by  Atassi  and  Akai  [4|. 

There  are  many  mathematical  and  physical  assumptions 
inherent  in  these  models.  Hence,  a  limited  number  of  ap¬ 
propriate  fundamental  experiments  were  undertaken  to  assess 
the  range  of  validity  of  the  analyses.  Included  among  these  are 
the  experiments  of  Ostdiek  [5),  Henderson  and  Frank  [6).  and 
Fleeter,  Bennett  and  Jay  [7,  8,  9[.  A  complete  review  of 
research  related  to  unsteady  flows  in  turbomachincry,  in¬ 
cluding  both  experimental  and  analytical  gust  response  and 
self-induced  aerodynamic  response  effects,  is  presented  by 
Platzer  in  reference  10. 

Generally,  the  aerodynamically  forced  response  of  an 
airfoil  is  predicted  utilizing  a  classical  Newton's  second  law 
forced  response  approach.  The  unsteady  aerodynamic 
analyses  are  used  to  describe  the  forcing  function  in  con¬ 
junction  with  a  lumped  parameter  description  of  the  airfoil 
structural  dynamic  properties  (II).  This  paper  presents  an 
alternative  calculation  procedure  utilizing  an  energy  balance 
technique.  In  particular,  an  energy  balance  similar  to  that 
performed  by  Carla  [12)  is  conducted  between  the  unsteady 
aerodynamic  work  and  the  energy  dissipated  by  the  airfoil 
structural  and  aerodynamic  damping.  This  technique  is  then 
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applied  to  an  airfoil  cascade  utilizing  theoretical  unsteady 
aerodynamic  coefficients  which  enable  the  effects  of  reduced 
frequency,  inlet  Mach  number,  cascade  geometry,  and  in¬ 
terblade  phase  angle  on  the  aerodynamically  forced  response 
of  the  airfoil  to  be  investigated.  In  addition,  experimental 
unsteady  aerodynamic  gust  data  for  a  flat  plate  and  a  cam¬ 
bered  airfoil  cascade  are  used  in  conjunction  with  the 
theoretical  zero  incidence  flat  plate  cascade  unsteady  self- 
induced  aerodynamic  coefficients  to  consider  the  effects  of 
incidence  angle  and  airfoil  camber  on  the  forced  response  of 
the  airfoil  cascade. 

General  Unsteady  Aerodynamic  Coefficients 

Figure  I  presents  a  schematic  representation  of  a  two- 
dimensional  airfoil  section  displaced  in  both  torsion  and 
translation  in  a  uniform  flow  with  a  superimposed  convected 
transverse  sinusoidal  gust.  The  complex,  time-dependent 
unsteady  lift  and  moment  per  unit  span  are  written  in  in¬ 
fluence  coefficient  form  for  the  gust  and  the  self-induced 
aerodynamic  response  cases  in  equations  I  and  2  respectively. 

L<;  =  To"  +  iZ.(; '  =  rpb' ur  [ac.  (  ^  )] 

•U) 

Mr.  =  «  +  iM0 '  =  rph‘ <i’  [z?,;  (  ^  )  ] 

f- si  =  Z-s i R  +  fZ.«;, 1  —  rplt'ui1  \A  f,  h  +  Arr  a]  1 

>  (2) 

B  +  iATsi  1  —  h  +  Z?„  or]  J 

where:  h  =  he1"1; a  =  dr  e*"' ;  WG  =  fVQe'^  describes  the 
gust;  (A  *.2?*),  (A,,  !>.,), Mo,  Sc.)  denote  the  generalized 
unsteady  lift  and  moment  coefficients  due  to  airfoil 
translation,  airfoil  torsion,  and  the  convected  sinusoidal  gust. 


respectively;  u  is  the  airfoil  natural  frequency,  and  ii  is  the 
gust  forcing  function  frequency. 

The  total  unsteady  lift  and  moment  on  the  airfoil  are  ob¬ 
tained  by  super-imposing  the  gust  response  and  the  self- 
induced  unsteady  aerodynamic  forces  and  moments. 

Z.(r)=Z.(i(/)+Z.sl(r)  =  *pZ>,<i2  [/!<;(  ^  ) 


+  Ah  h  +  d 


M(l)=MClU)  +Msl(M  =  irpZ>V  S,,( 


+  Bhf  +  B„  oje'-'  (3) 

It  should  be  noted  that  the  airfoil  response  occurs  at  the 
frequency  of  the  forcing  function,  hence  the  gust  frequency, 
Ur.  has  been  utilized  in  the  specification  of  the  unsteady 
aerodynamic  forces  and  moments,  equation  (3). 


Energy  Balance 

The  uncoupled  equations  of  motion  for  the  single-degree- 
of-freedom  lumped  airfoil  model  undergoing  translation  or 
torsion  mode  oscillations  as  depicted  in  Fig.  I  are  given  in 
equation  (4). 

mZt  +  (l  +  ig)sh  =  L{i) 

(4) 

Zdr  +  ( I  +  lg)Sa  =  M(r) 

where:  m  denotes  the  airfoil  mass,  s  is  the  stiffness  coefficient, 
g  is  the  structural  damping,  and  Z  is  the  mass  moment  of 
inertia  about  the  elastic  axis.  The  uncoupled  equations  of 
motion,  equation  (4).  represent  an  airfoil  whose  elastic  axis  is 
coincident  with  its  center  of  gravity. 

The  response  of  the  uncoupled  single-degree-of-freedom 
system  is  determined  by  considering  the  balance  between  the 
energy  input  to  the  system  and  the  energy  dissipated  by  the 
system  over  one  cycle  of  oscillation  of  the  airfoil.  The  input 
energy  to  the  system  is  obtained  from  a  calculation  of  the 
work  done  by  the  unsteady  gust  forces  and  moments  acting  on 
the  airfoil.  The  energy  dissipated  is  obtained  by  calculating 
the  work  done  by  the  structural  damping  and  by  the  self- 
induced  aerodynamic  response  (aerodynamic  damping)  forces 
and  moments.  For  convenience,  only  the  case  of  torsion  mode 
oscillations  will  be  considered  in  the  following  derivations.  It 
should  be  noted,  however,  that  the  translation  mode  results 
can  be  obtained  directly  from  those  for  the  torsion  mode  by 


Nomenclature 


dimensionless  distance  of  elastic 
axis  aft  of  mid-chord 
1/2  airfoil  chord  (C/2) 
structural  damping  coefficient 
complex  translation  motion 
reduced  frequency  (A:  =  CibtU) 
mass  of  airfoil 
stiffness  coefficient 
unsteady  lift 
unsteady  moment 
airfoil  chord 

mass  moment  of  inertia  about 
(he  elastic  axis 
unsteady  lift 
unsteady  moment 


airfoil  spacing 
free-stream  velocity 
complex  transverse  gust  func¬ 
tion 

amplitude  of  transverse  gust 
complex  torsion  motion 
amplitude  of  oscillation  in 
torsion 

phase  angle  between  the  gust 
and  the  airfoil  motion 
phase  angle  between  the  gust 
and  the  resulting  moment 
phase  angle  between  the  un¬ 
steady  moment  due  to  the  gust 
and  the  airfoil  response 
fluid  density 


a  -  interblade  phase  angle 

u>  =  airfoil  natural  frequency 

<i  =  frequency  of  the  transverse  gust 

Subscripts 

G  =  gust 

SI  =  self-induced  (aerodynamic 
damping) 
h  =  translation 
a  =  torsion 

Superscripts 

R  =  real  part 
I  =  imaginary  part 
•  =  derivative  with  respect  to  time 
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replacing  /,  a,  and  M  by  m,  h,  and  L,  respectively,  per 
equation  (4).  c 

The  unsteady  work  done  per  cycle  of  oscillation  by  the 
unsteady  gust  aerodynamic  moment  is  given  by  the  integral  of 
the  product  of  the  real  part  of  the  unsteady  moment  and  the 
resulting  displacement  over  one  cycle  of  motion. 


Work0  =  $Re(A/0(/)  du\ 
where:  Ma  (r)  =  rue“*'’*' 

r.  =  »A*V(^)[(Be*)2+(fl0')2] 


(5) 


I  2 


and  <b  =  tan  '1  IBC1/BC*\  and  defines  the  phase  angle 
between  the  gust  and  the  aerodynamic  moment  due  to  this 
gust. 

Carrying  out  the  integration  specified  in  equation  (S)  results 
in  the  following  expression  for  the  unsteady  work  due  to  the 
gust. 

Workt,  =  -  »T0d  sin(A-<$)  (6) 

where  X  denotes  the  phase  angle  between  the  gust  and  the 
airfoil  motion.  It  should  be  noted  that  the  quantity  (X  —  <j>)  is, 
in  fact,  the  phase  angle  between  the  unsteady  moment  due  to 
the  gust  and  the  airfoil  response.  It  can  be  determined  in  terms 
of  the  system  structural  characteristics  by  a  variety  of  means. 
For  convenience  herein,  it  is  determined  from  the  equation  of 
motion,  equation  (4),  per  reference  (1 1|. 


WorkG  =  -rfj4  sin(X-0)=  ~  tT0  a  sin(^) 


(7) 


where: 


*  =  TAN 


[gs-Tpb4d.2fl„') 

7ia2  +s-  xpb* u* B^, R 


I 


The  energy  dissipated  per  cycle  of  oscillation  is  obtained  by 
integrating  the  real  part  of  the  product  of  the  self  induced 
unsteady  aerodynamic  response  (the  aerodynamic  damping) 
moment  and  the  airfoil  displacement  over  one  cycle  of 
oscillation.  It  should  be  noted  that  although  this  term  is 
written  as  a  dissipation  term,  under  certain  conditions  it  can 
represent  an  energy  input  term. 


Works,  =$Re|Msl(r)da) 


(8) 


This  integration  leads  to  the  following  expression  for  the 
energy  dissipated  per  cycle  of  oscillation. 


WorkS|  =  r(gs~  rpb*  ui2  fl„')a2 


WorkG  =  Works, 


T0  sinW 

gS  —  T pb*  U)2  Ba 


sin(^)  = 


tei-TpftVfl,.1! 


[(  -  /ii2  +  s  -  B  , H );  t-  ( gj  -  jpb*  u>:  £#,*)-) 


(13) 


Unsteady  Aerodynamic  Forces  and  Moments 

Lh,  Mh,  L„,  and  A/.,  denote  the  standard  lorm  lor  the 
unsteady  aerodynamic  forces  and  moments  and  represent  the 
unsteady  lift  and  moment  in  translation  and  torsion, 
respectively,  calculated  about  the  airfoil  I  4  chord.  These 
standard  form  1/4  chord  coefficients  are  related  to  the 
general  unsteady  aerodynamic  influence  coelftciettis  through 
the  following  relationships. 

A„=Lh 


A„  =L„  -(1/2 +  «)/-„ 
A  f ,, 

Bh  =  Mh  (1/2  t  a)L,t 


(14) 


(9) 


The  balance  of  energy  requires  that  the  energy  input  to  the 
system  must  be  equal  to  that  dissipated  by  the  airfoil,  i . e. , 


(10) 


Substitution  of  equations  (7)  and  (9)  into  this  energy  balance 
equation  results  in  the  following  expression  for  the  response 
amplitude  of  the  oscillation,  6. 


(ID 


The  term  sin  (f)  can  be  determined  via  application  of  the 
Pythagorean  Theorem  to  the  definition  of  ^  specified  in 
equation  (7)  with  the  following  result. 


1(  -  /<i2  +  s—  xpi4ui2fl„ *)2  +  (gs-  jpb*  ’  J,,1)2!1'2 

(12) 

The  substitution  of  this  expression  for  sin(^)  into  equation 
(II)  results  in  the  following  expression  for  the  torsion  mode 
amplitude  of  response  of  the  airfoil  to  an  aerodynamic  ex¬ 
citation. 
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Bx,  =M.a  -11/2  +  u)  +  .\/,,)  Hi  '2  t  uyL„ 

where  a  is  the  dimensionless  distance  of  the  torsion  axis  alt  of 
the  airfoil  mid-chord,  as  depicted  in  Fig.  I 

The  unsteady  aerodynamic  coefficients  to  be  utilized  in  this 
investigation  are  obtained  from:  (I)  the  isolated  flat  plate 
airfoil  at  zero  incidence  in  an  incompressible  (low  field 
analyses  of  Theodorsen  and  Sears  1 1 3 ,  14);  (2)  the  analysis  for 
a  cascade  of  flat  plate  airfoils  at  zero  incidence  in  a  com¬ 
pressible  flow  field,  presented  in  reference  (2);  (3)  the  ex¬ 
perimental  cascade  gust  response  data  described  in  references 
[7,  8,  and  9)  in  conjunction  with  the  cascade  self-induced 
response  analysis  of  reference  |2], 

The  isolated  flat  plate  unsteady  aerodynamic  analyses.  Case 
1,  will  be  utilized  to  verify  the  energy  balance  technique 
derived  in  the  previous  section.  This  verification  will  be  ac¬ 
complished  through  a  comparison  ot  the  torsional  response- 
calculated  by  this  energy  balance  technique  and  that 
calculated  by  a  classical  Newton’s  second  law  procedure  1 1 1 1 
The  flat  plate  cascade  compressible  How  unsteady- 
aerodynamic  coefficients.  Case  2,  will  be  utilized  to  perform  a 
parametric  study  on  the  forced  response  of  a  representative 
flat  plate  airfoil  with  structural  characteristics  based  on  an 
airfoil  with  a  3.18  cm  chord,  a  thickness-to-chord  taiio  of  4 
percent,  and  an  aspect  ratio  of  2.  Parameters  to  be  varied  will 
include  the  inlet  Mach  number,  the  interblade  phase  angle,  the 
elastic  axis  location,  and  the  cascade  geometry. 

The  combination  of  the  cascade  analysis  and  the  ex¬ 
perimental  gust  response  data,  Case  3,  will  enable  the  effects 
of  the  assumptions  inherent  in  the  analyses  on  the  response 
amplitude  to  be  ascertained  as  well  as  the  ellects  of  incidence 
angle  and  airfoil  camber,  Expci  nuenlal  unsteady 
aerodynamic  gust  coefficients  for  Hat  plate  and  cambered 
airfoil  cascades  will  be  calculated  from  the  atrloil  sutlace 
unsteady  pressure  data  presented  in  references  |7,  H,  and  9| 
These  experimental  gust  coefficients  will  then  be  utilized  m 
conjunction  with  theoretical  flat  plate  self  induced  response 
coefficients  to  obtain  a  semi-empirical  prediction  of  the 
forced  response  of  the  representative  airfoil.  These  semi- 
empirical  results  will  then  be  compared  with  corresponding 
forced  response  predictions  utilizing  only  theoretical  unsteady 
aerodynamics. 

Kesults 

To  verify  the  energy  balance  approach  for  the  prediction  ol 
aerodynamically  induced  vibrations,  the  uncoupled  torsion 

DECEMBER  1983,  Vol  105  I  377 


viTW-ag 


SI 


PtUM  Angle  (Ovgrovil  Angular  Diipiovemeat .  I  IKK)' 


-212- 


_  —  FoicM  Vibration  Anolytit  (II) 

?  •  Energy  Balance  Reeulte 


Fig.  2  Comparison  ol  classical  lorcad  vibration  results  with  those  ol 
the  energy  balance  technique 
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Fig.  4  Effect  of  cascade  solidity  on  aerodynamic  forced  response 
amplitude 
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Fig.  3  Effect  of  damping  on  aerodynamic  forced  response  amplitude 

mode  response  of  the  reprsentalive  airfoil  was  calculated  by 
means  of  boih  the  energy  balance  technique  of  this  paper  and 
a  classical  Ncwion's  second  la>s  approach  (I  l|.  The  analytical 
zero  incidence,  incompressible  flow,  isolated  airfoil  unsteady 
aerodynamic  transverse  gust  and  self-induced  coefficients  of 


Fig.  S  Effect  of  Cascade  stagger  angle  on  aerodynamic  lorcad 
response  amplitude 


references  [13  and  14)  were  utilized  in  these  calculations. 
Figure  2  presents  the  comparison  of  these  calculation 
techniques  in  the  form  of  the  torsion  mode  response  as  a 
function  of  the  ratio  of  the  forcing  function  frequency  to  the 
airfoil  natural  frequency.  As  seen,  the  two  methods  yield 
identical  results,  both  in  terms  of  the  amplitude  and  the  phase 
of  the  response. 

Figures  3  through  10  describe  a  parametric  study  of  the 
aerodynamically  induced  uncoupled  torsion  mode  response  of 
the  representative  airfoil  utilizing  the  theoretical  flat  plate 
cascade,  compressible  flow  unsteady  aerodynamic  transverse 
gust  and  damping  coefficients  of  reference  [2|.  Parameters 
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Fig.  6  Effect  of  Inferbfed*  phaso  angle  on  aerodynamic  forced 
responae  amplitude 
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Fig.  7  Effect  of  Inlet  Mach  number  on  aerodynamic  forced  response 
amplitude 


varied  include  the  structural  damping,  the  cascade  solidity 
and  stagger  angle,  the  interblade  phase  angle,  and  the  inlet 
Mach  number. 

Figure  3  demonstrates  the  effect  of  structural  damping  on 
the  torsional  amplitude  of  response.  Decreasing  the  structural 
damping  value  from  0.01  to  0.005,  a  factor  of  2,  results  in 
approximately  a  25  percent  increase  in  the  maximum  response 
amplitude.  It  should  be  noted  that  the  peak  response  am¬ 
plitude  does  not  occur  when  the  forcing  function  frequency  is 
equal  to  the  airfoil  natural  frequency,  even  for  the  case  of 
yero  structural  damping.  This  is  because  aerodynamic 


Fig.  9  Effect  of  ofaitlc  axl*  location  on  aarodynamlc  lore  ad  raaponas 
amplitude 


damping  as  well  as  structural  damping  has  been  considered. 
Thus,  even  when  the  structural  damping  is  zero,  aerodynamic 
damping  is  present  in  the  system. 

The  effects  of  the  cascade  solidity  and  stagger  angle  on  the 
amplitude  of  the  torsional  response  are  presented  in  Figs.  4 
and  5,  respectively.  As  seen,  the  amplitude  of  the  response 
decreases  as  both  the  cascade  solidity  and  stagger  angle 
decrease,  with  the  stagger  angle  having  a  much  more 
pronounced  effect. 

Figure  6  demonstrates  the  effect  of  the  interblade  phase 
angle  on  the  torsional  response  amplitude.  The  maximum 
response  is  seen  to  occur  at  an  interblade  phase  angle  of  0  deg. 
A  change  in  the  interblade  phase  angle  from  0  deg  to  90  deg 
results  in  a  significant  decrease  in  the  maximum  response 
amplitude.  Further  changes  of  the  interblade  phase  angle 
value,  to  180  and  -  90  deg,  result  in  a  continued  decrease  in 
the  maximum  response  amplitude,  although  not  nearly  of  the 
magnitude  of  change  observed  in  going  from  0  to  90  deg.  It 
should  be  noted  that  in  terms  of  a  rotor-stator  interaction 
forced  response  problem,  the  interblade  phase  angle 
represents  the  ratio  of  the  number  of  upstream  rotor  blades  to 
the  number  of  downstream  stator  vanes  as  it  describes  the 
disturbance  phase  difference  existing  between  adjacent 
downstream  airfoils.  Hence,  Fig.  6  shows  that  minimum 
amplitude  response  is  predicted  when  there  are  more  rotor 
blades  than  stator  vanes,  with  the  gust  representing  a  back¬ 
ward  traveling  wave  to  the  stators. 
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Fig.  10  Imaginary  momant  coalllclanl  as  a  function  ol  frequency  with 
elastic  asla  location  aa  parameter 
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Figure  7  shows  the  effect  of  inlet  Mach  number  on  the 
uncoupled  torsion  mode  response.  Increasing  the  Mach 
number  results  in  an  apparent  decrease  in  the  amplitude  of 
response  and  a  decrease  in  the  value  of  the  ratio  of  the  gust 
forcing  frequency  to  the  airfoil  natural  frequency  at  which  the 
maximum  response  amplitude  occurs.  It  should  be  noted  that 
the  airfoil  natural  frequency  is  constant.  Hence,  at  a  constant 
value  of  <i/oi,  varying  the  inlet  Mach  number  also  corresponds 
to  a  variation  in  the  reduced  frequency  of  the  airfoil  ( k  = 
wb/U).  To  aid  in  interpreting  the  response  amplitude 
variations  with  Mach  number,  consider  Fig.  11  which  presents 
the  magnitude  of  the  unsteady  aerodynamic  gust  and  damping 
as  a  function  of  Mach  number.  As  seen,  increasing  the  Mach 
number  results  in  an  increase  in  the  magnitudes  of  both  the 
aerodynamic  gust  and  the  aerodynamic  damping,  with  the 
aerodynamic  damping  increasing  at  a  much  greater  rate. 
Hence,  for  the  case  considered,  increasing  the  Mach  number 
results  in  a  slightly  increased  gust  forcing  function  magnitude 
but  a  greatly  increased  level  of  aerodynamic  damping,  thereby 
leading  to  the  results  of  Fig.  7. 

Figure  9  indicates  the  effect  that  the  elastic  axis  location  has 
on  the  airfoil  torsional  response.  In  particular,  this  figure 
shows  that  as  the  elastic  axis  is  varied  from  a  location  forward 
of  the  center  of  gravity  to  one  aft,  the  airfoil  response  in¬ 
creases.  For  the  example  case  being  considered,  when  the 
elastic  axis  parameter,  a,  has  a  value  of  +0,24,  the  airfoil 
motion  becomes  unstable.  This  torsional  instability  is  also 
demonstrated  in  Fig.  10  which  presents  the  imaginary  part  of 
the  unsteady  torsional  moment  coefficient,  BJ  as  a  function 
of  forcing  frequency  with  the  elastic  axis  location  as 
parameter.  At  an  elastic  axis  location  specified  by  a  -  +0.24, 
B„'  becomes  positive,  thereby  indicating  a  flutter  condition. 
It  should  be  noted  that  varying  the  elastic  axis  location  can 
result  in  a  coupling  of  the  bending  and  torsional  modes, 
although  only  the  uncoupled  torsional  mode  of  vibration  has 
been  considered  herein. 

To  indicate  the  effects  of  incidence  angle  on  the  gust 
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Fig.  If  Comparison  of  predicted  aerodynamic  forced  response 
amplitude  ol  a  list  plate  airfoil  using  soml-experlmental  and  theoretlcai 
aerodynamic  coefficients 

response  and  also  the  validity  and  usefulness  of  the  flat  plate 
cascade  analyses,  consider  Figs.  II  and  12.  These  figures 
present  the  predicted  forced  torsion  mode  amplitude  of 
response  utilizing:  (I)  experimentally  determined  flat  plate 
and  cambered  airfoil  aerodynamic  gust  coefficients  based  on 
the  data  reported  in  references  17,  8,  and  9)  in  conjunction 
with  the  theoretical  flat  plate  aerodynamic  damping  coef¬ 
ficients  of  reference  [2);  (2)  theoretical  flat  plate  aerodynamic 
gust  and  self-induced  coefficients  of  reference  (2). 

For  the  flat  plate  cascade,  Fig.  1 1 ,  at  zero  incidence  there  is 
excellent  agreement  between  the  semiexperimental  and  the 
theoretical  results.  Decreasing  the  incidence  angle  from  0 
results  in  increased  response  amplitudes  as  compared  to  the 
zero  incidence  theoretical  results  with  the  difference  varying 
in  a  smooth  manner.  It  should  be  noted  that  the  reduced 
frequency  and,  hence,  the  unsteady  aerodynamics,  vary  with 
incidence  angle.  Thus,  these  results  cannot  be  absolutely 
compared  to  one  another  as  a  function  of  the  incidence  angle, 
but  rather  must  be  compared  individually  to  the  theoretical 
predictions. 

Figure  12  compares  the  semiexperimental  cambered  airfoil 
cascade  predictions  with  the  corresponding  flat  plate 
theoretical  predictions.  As  seen,  the  combination  of  a  cam¬ 
bered  airfoil  at  incidence  angle  results  in  a  nonlinear  variation 
of  the  comparison  results  for  the  response  amplitude. 

Summary  and  Conclusions 

The  aerodynamically  forced  response  of  an  airfoil  has  been 
predicted  based  on  an  energy  balance  technique.  In  particular, 
an  energy  balance  has  been  performed  between  the  unsteady 
aerodynamic  work  and  the  energy  dissipated  through  the 
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Fig.  12  Comparluin  of  predicted  aerodynamic  forced  reaponee 
amplitude  using  semlenpertinenlsl  and  theoretical  aerodynamic 
coefficients 


airfoil  structural  and  aerodynamic  damping.  A  parametric 
study  was  then  undertaken  to  investigate  the  effects  of 
reduced  frequency,  cascade  geometry,  inlet  Mach  number, 
and  interblade  phase  angle  on  the  uncoupled  torsion  mode 
response  of  a  representative  airfoil.  This  study  demonstrated 
that  the  torsional  response  amplitude  decreased  with: 


increased  structural  damping 
decreased  cascade  solidity 
decreased  stagger  angle 
increased  inlet  Mach  number 

an  interblade  phase  angle  corresponding  to  a  backward 
traveling  wave 

a  forward  elastic  axis  location. 


In  addition,  investigation  of  the  torsional  forced  response  of 


an  airfoil  based  on  experimental  flat  plate  and  cambered 
airfoil  aerodynamic  gust  data  revealed  the  following. 

*  The  theoretical  flat  plate  cascade  aerodynamic  coef¬ 
ficients  accurately  represent  the  physics  of  the  problem  at 
zero  incidence  angle. 

*  As  the  incidence  angle  is  changed  from  a  value  of  zero, 
the  flat  plate  semiexperimenial  results  diverge  from  the 
theoretical  results,  albeit  in  a  somewhat  regular  manner. 

*  The  cambered  airfoil  semiexperimenial  results  differ 
significantly  from  the  theoretical  flat  plate  results,  even 
at  zero  incidence. 

This  variation  appears  to  be  non-regular  with  incidence  angle, 
thereby  clearly  demonstrating  the  need  for  a  cambered  airfoil 
cascade  unsteady  aerodynamic  analysis. 
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The  Coupled  Response  of  Turbomachinery  Blading 
to  Aerodynamic  Excitations 


Daniel  Hoyniak*  and  Sanford  Fleet ert 
Purdue  University,  H  est  Lafayette,  Indiana 


An  energy  balance  technique  is  developed  which  predict*  the  coupled  bending-torsion  mode  aerodynamic 
forced  response  of  an  airfoil,  the  effects  of  the  various  aerodynamic  parameters  are  then  considered  utilising  a 
subsonic  compressible  flow/ flat  plate  cascade  gust  analysis.  The  increased  coupling  between  the  torsion  and 
translation  modes  as  the  natural  frequencies  approach  one  another  is  shown.  It  is  also  demonstrated  that  the 
coupled-response  amplitudes  increase  with:  l|  decreased  structural  damping.  2>  increased  solidity,  stagger  angle, 
and  Mach  numbers .  3)  interhiade  phase  angles  corresponding  to  forward  traveling  waves,  and  41  shifting  of  the 
elastic  axis  location  aft. 


Nomenclature 

u 

=  freestream  velocity 

a 

=  distance  of  elastic  axis  aft  of  mid-chord 

H 

=  complex  transverse  gust  function 

A 

=  unsteady  lift  influence  coefficient 

"c. 

=  amplitude  of  transverse  gust 

h 

=  airfoil  semichord  (C/2) 

WORK 

=  unsteady  work  per  cycle  of  oscillation 

B 

=  unsteady  moment  influence  coefficient 

x„ 

=  location  of  center  of  gravity  relative  to  elastic  axis 

C 

=  airfoil  chord 

nr 

=  complex  torsional  displacement 

C/S 

=  cascade  solidity  (airfoil  chord/airfoil  spacing) 

"o 

=  amplitude  of  torsional  motion 

C, 

=  px„  +  (-4,,)" 

P 

=  mass  parameter 

c, 

=  ILX„  +  {Bh)K 

P 

=  fluid  density 

c, 

=  (p  -  |i(ui ,/£))■'  +  (A,  )  *  | 

0 

=  interblade  phase  angle 

c„ 

=  M»)'-r*(w*/<j>'g<, 

u’ 

=  airfoil  natural  frequency 

c, 

=  pr!„  1 1  -  (ur, ./«)')  +  (»..)* 

u) 

=  frequency  of  the  transverse  gust 

=  Mc)« 

=  |<C,C\  +  C„C.)  -  |<  +r,</1*)'|  I 

=  I  -GCJ- 

=  complex  translational  displacement 
=  amplitude  of  translational  oscillation 

=  V  -  I 

=  mass  moment  of  inertia  per  unit  span  about  the 
elastic  axis 

=  reduced  frequency  (k  =  wb/ U) 

=  unsteady  lift 

=  mass  per  unit  span  of  the  airfoil 
=  unsteady  moment 

=  |  <C,C\  +C.C-)  -  |C,(/I,,|'  *C/C/„|  I 
=  |  (C-C,  -  C',C„  I  -  I C, (\  -  C,„ (/I  . ) '  1 1 
-  I  ( C„,C,  +  C,C, )  -  I C-  ( Bh ) '  +  C \C,  1 1 
=  I  (C,C,  -  C,CW )  -  I  C,C,  -  C,  ( Bh ) '  |  I 
=  real  part  of  I  I 

=  radius  of  gyration  about  clastic  axis 
=  airfoil  static  moment  per  unit  span  about  the 
elastic  axis 


Subscripts 

G  =gust 

It  =  translation 

SI  -  self-induced  (aerodynamic  damping) 

a  =  torsion 


Superscripts 


I 


(  ) 


=  imaginary  part 
=  real  part 

=  derivative  with  respect  to  time 
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Introduction 

AERODYNAMICALLY-induccd  vibrations  of  rotor  and 
stator  airfoils  are  one  of  the  more  common  sources  of 
high-cycle  fatigue  failure  in  gas  turbine  engines.  Destructive 
aerodynamic  forced  responses  of  fan,  compressor,  and 
turbine  blading  have  been  generated  by  a  wide  variety  of 
sources  including  upstream  blades  and/or  vanes,  distortion, 
rotating  stall,  downstream  blades  and/or  vanes,  surge,  bleeds, 
and  random  or  otherwise  unidentified  sources. 

Failure  level  vibratory  responses  occur  when  a  periodic 
aerodynamic  forcing  function,  with  frequency  equal  to  a 
natural  blade  resonant  frequency,  acts  on  a  blade  row.  The 
rotor  speeds  at  which  these  forced  responses  occur  are 
predicted  with  Campell  diagrams,  which  display  the  natural 
frequency  of  each  blade  mode  vs  rotor  speed.1  Whenever 
these  curves  cross,  aerodynamically-induced  forced  responses 
are  possible.  However,  at  the  present  lime  no  accurate 
prediction  for  the  amplitude  of  the  resulting  stress  can  be 
made. 

The  prediction  of  the  aerodynamic  forced  response 
vibratory  behavior  of  a  blade  or  vane  row  requires  a 
definition  of  the  unsteady  forcing  function  in  terms  of  its 
harmonics.  The  lime-varianl  aerodynamic  response  of  ihe 
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airfoil  lo  each  harmonic  of  this  forcing  function  is  then 
assumed  to  be  comprised  of  two  parts.-’  One  part  is  due  to  the 
disturbance  being  swept  past  the  non  r.  .ponding  fixed  air¬ 
foils.  flic  second  arises  when  the  airfoils  respond  to  this 
disturbance.  I  hese  effects  arc  modeled  by  means  of  two 
distinct  analyses.  A  linearized  small  perturbation  gust 
analysis  is  used  to  predict  the  time-sariant  aerodynamics  of 
the  fixed  non-responding  airfoil  lo  each  harmonic  of  the 
disturbance.  A  self-induced  unsteady  aerodynamic  analysis, 
wherein  the  airfoils  are  assumed  lo  be  harmonically 
oscillating,  is  then  used  lo  predict  the  additional  aerodynamic 
cflcct  due  to  the  airfoil  response.  These  self-induced 
aerodynamic  effects  can  be  thought  of  as  an  aerodynamic 
damping  which  can  be  either  positive  or  negative.  Reviews  of 
state-of-the-art  unsteady  aerodynamics  as  applied  to  lur- 
bomachincs,  including  gust  and  self-induced  unsteady 
aerodynamic  analyses,  arc  presented  in  Refs.  .1  and  4. 

I  he  classical  approach  to  the  prediction  of  the  aerodynamic 
forced  response  of  an  airfoil  is  based  on  Newton's  second  law. 
The  gust  and  self-induced  unsteady  aerodynamic  analyses  arc 
used  to  describe  the  harmonic  forces  and  moments  acting  on 
the  airfoil  in  conjunction  with  a  lumped  parameter 
description  of  the  airfoil  structural  and  inertial  properties.' 

An  alternate  approach  based  on  an  energy  balance 
technique  has  been  developed  by  Hoyniak  and  Fleeter'-  to 
predict  the  uncoupled  singlc-dcgrec-of-frecdom  forced 
response  of  an  airfoil.  In  this  approach,  a  balance  is 
established  between  the  energy  of  unsteady  aerodynamic  work 
and  the  energy  dissipated  by  the  airfoil. 

Mtc  objective  of  (his  paper  is  to  extend  the  energy  balance 
technique  to  include  the  more  interesting  case  of  coupled 
bending  torsion  mode  forced  response  of  an  airfoil  and,  also, 
lo  demonstrate  the  effects  of  the  various  aerodynamic  and 
structural  parameters  oil  this  coupled  response. 

General  Unsteady  Aerodynamic  Coefficients 

figure  I  presents  a  schematic  representation  of  a  two- 
dimensional  airfoil  section  displaced  in  both  torsion  and 
translation  in  a  uniform  flow  with  a  superimposed  convecled 
transverse  sinusoidal  gust.  Equation  (I)  presents  the  complex, 
tiinc-dcpcndcnt  unsteady  lift  and  moment  per  unit  span, 
written  in  influence  coefficient  form,  for  the  gust  response 
and  the  self-induced  unsteady  aerodynamic  cases. 

+//!.  =  irpbV  |,l„(”  )| 

A/,.  =,Wf.  +/Af!,  =  r/.^i-  )j 

/•si  =  /  "  ♦  '/  si  -  rpb'u-’  |  t,r  £  +  A „<»  J 
A/s,  =  A  /?,  +  =  nph'u:''  [  Hh  ^  +/J.oJ  (I) 
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Fig.  I  Airfoil  and  displacement  geometry  and  notation. 


where /t  = /i„c'-';  (Tr  =  a„c'“',-  li'=  1 1,  describes  the  gust; 

<-'l*./f*  ).  ).  (A ,,,Ba)  denote  the  generalized  un¬ 

steady  lift  and  moment  coefficients  due  to  airfoil  translation, 
airfoil  torsion,  and  the  convected  sinusoidal  gust,  respec¬ 
tively;  ui  is  the  airfoil  natural  frequency,  and  is  the  gust 
forcing  function  frequency. 

The  total  unsteady  lift  and' moment  on  the  airfoil  are  ob¬ 
tained  by  superimposing  the  gust  response  and  the  self- 
induced  aerodynamic  forces  and  moments. 

/.<f)=/„,<M +/-„</) 

ll'  ’ 

=  wpb’w-  |/f,;  (  y  ^  +Ahh„  +  zl,,f*„je'“' 

MU)  =M,M)  +Afs,(r)  j 

=  [fl(,  (  ~  ^  +  B„h„  | fl„o„  je'*'  (2) 

It  should  be  noted  that  the  airfoil  jfesponse  occurs  at  the 
frequency  of  the  forcing  function.  Mince,  in  Eq.  (2)  the  gust 
frequency  has  been  utilized  in  the  /specification  of  the  un¬ 
steady  aerodynamic  forces  and  momehls. 


E  nergy  Balance 

The  equations  of  motion  describing  the  coupled  tran¬ 
slational  and  torsional  displacement  of  the  llai  plate  airfoil 
depicted  in  Tig.  I  are  given  in  Eq.  (3). 

mh  +  SJt  +  ( /  +  ig  „  )h  -  L  ( O 

•9„  h  +  /.,  or  +  /„  u’’,  ( /  +  /£., )  nr  =  M  ( f )  ( 3 ) 

where  m  denotes  the  mass  per  unit  span  or  the  airfoil,  S„  is  the 
airfoil  sialic  moment  per  unit  span  about  the  elastic  axis,  u>,, 
and  u„  are  the  translational  and  torsional  mode  airfoil 
natural  frequencies  of  the  corresponding  undamped  single- 
dcgrce-of-frccdom  system,  respectively,  and  /„  is  the  mass 
moment  of  inertia  per  unit  span  about  the  elastic  axis.  As 
seen,  the  airfoil  structural  dynamic  system  described  in  Eq  (31 
is  strongly  coupled  and  the  coupling  is  associated  with  both 
the  structural  and  the  aerodynamic  characteristics  of  the 
system.  T  he  structural  coupling  becomes  significant  whencser 
the  aerodynamic  center  does  not  coincide  with  the  clastic  axis, 
in  which  case  a  non  zero  value  for  the  airfoil  static  moment 
results.  Hie  aerodynamic  coupling  arises  because  the  self- 
induced  aerodynamic  forces  acting  on  the  airfoil  arc  a  func¬ 
tion  of  the  translational  and  torsional  motions. 

In  this  investigation,  the  coupled  system  response  is 
determined  utilizing  an  energy  balance  technique.  The  energy 
input  to  the  system  per  cycle  of  airfoil  oscillation  is  generated 
by  the  gust  and,  under  certain  conditions,  the  self-induced 
unsteady  aerodynamic  forces  amd  moments.''  The  energy 
dissipation  of  the  system  per  cycle  is  associated  with  I )  system 
structural  damping,  2)  under  certain  conditions  the  self- 
induced  aerodynamic  forces  and  moments,  and  3)  the  static 
moment  term  S„.  It  should  be  noted  that,  for  the  uncoupled 
single-degree-of- freedom  case,  the  dissipation  term  S„  was 
not  considered. 

The  energy  balance  for  the  coupled  translation-torsion 
airfoil  motion  can  be  expressed  as  follows. 


(WORK)?,  +  (WORK)}^  +  (WORK)*  =  (WORK)* 
(WORK)?, +(WORK)J  +(WORK)?  =(WORK)£  (4) 
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(WORK)?,. (WORK)?,  =  work  done  by  Ihe  self-induced 
aerodynamic  forces  and  moments 
in  translation  and  torsion, 
respectively. 

(WORKlJ^ ,  (WORK)".  =  work  done  by  the  airfoil  tran¬ 
slation  and  torsion  structural 
damping,  respectively. 

(WORK)?..  (WORK)?.  =  work  associated  with  the  static 
moment,  S„,  in  translation  and 
torsion,  respectively. 

(WORK)* ,  (WORK)";  =  work  done  by  the  gust  aero¬ 
dynamic  forces  and  moments  in 
translation  and  torsion,  respec¬ 
tively. 

The  work  values  associated  with  the  self-induced  unsteady 
aerodynamic  forces  and  moments,  (WORK)?,  and 
(WORK)?!,  have  been  written  as  dissipation  terms.  However, 
under  certain  conditions  they  may  actually  represent  energy 
input  terms.  The  sign  differentiates  between  energy  dissipa¬ 
tion  and  input.  Also,  matrix  techniques  are  utilized  to  solve 
Eq.  (4)  in  order  to  determine  the  response  of  the  airfoil 
system. 

The  unsteady  work  done  by  the  self-induced  aerodynamic 
terms,  (WORK)*,  and  (WORK)?,,  over  one  cycle  of  vibration 
can  be  calculated  from  Eq.  (5). 


(WORK)*,  =  <^>Re(  f.<;,  ( f)dh  | 
(WORK)?,  =  <|)Re|Ms,  (r)dnr| 


(5) 


where  Es,  (/)  and  A/„(r)  denote  the  unsteady  lift  and 
moment  associated  with  the  self-induced  harmonic  motion  of 
Ihe  airfoil  (See  Eq.  (I)| . 

Carrying  out  the  integrations  specified  by  Eqs.  I  and  5 
results  in  the  following  expressions  for  the  unsteady  work 
done  by  the  self-induced  aerodynamic  forces  and  moments. 

(WORK)?,  =  *lpbfC2  |  -  {Ah)'h2„/b  +  {A„)*hnan 
x  sin(  A*  -  X„ )  -  ( A  „  ) 1  hnn„coM \h  -  X„  )  | 


(WORK)?,  =  w2pb‘i,2  [<  ^  )«•"< K  -  K  ) 

-  ( Bh ) 1  {^n~  )cos(X*  -  X„  )  -  < fl„  ) 1  nth  J 


(6) 


The  angle  X,  denotes  the  phase  angle  between  the  incoming 
gust  and  the  resulting  translational  motion  of  the  airfoil. 
Similarly,  the  angle  X„  is  the  phase  angle  between  the  in¬ 
coming  gust  and  the  airfoil  torsional  motion. 

The  energy  input  to  the  airfoil  is  determined  by  calculating 
the  work  per  cycle  of  oscillation  of  the  unsteady  lift  and 
moment  associated  with  the  incoming  gust. 

<WORK)£=  -  (jpRelf.filrjdhl 

=  ) 'cosfX* )  -  M<; ) *sin(X, )  | 

(WORK)ft  =  ^>Re(A4,;(r)do| 

=  xpb'£)^aa|  (Sc)'cos(X, )  -  (fl<;)*sin(X„  )  |  (7) 
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The  energy  dissipated  by  the  structural  damping  over  one 
cycle  of  oscillation  can  be  calculated  as  follows. 

(WORK)*,  =  "I  Re|i«*mai*/td/i|  =  *g„inuih2n 

(II  ORA')"  =  fJ'Re|rg../..u.,:,1c»dte|  =  »g.,/,.t«/:?.u'£  (8) 

The  unsteady  work  associated  with  the  static  moment  S, 
merits  some  additional  comment.  This  is  the  term  which 
couples  the  system  equations  of  motion  when  the  elastic  axis 
and  the  aerodynamic  center  do  not  coincide.  Physically,  the 
S„  term  can  be  considered  as  either  a  torsional  force  applied 
to  the  airfoil  as  the  result  of  a  unit  translation  airfoil 
displacement,  or  as  a  translational  force  resulting  from  the 
application  of  a  unit  torsional  displacement.  Thus,  for  an 
airfoil  undergoing  a  translation  mode  oscillation,  there  is  an 
apparent  torsional  load  that  can  either  do  work  on  or  extract 
work  from  the  airfoil  system.  The  phase  relationship  between 
the  translational  and  torsional  displacement  determines 
whether  this  apparent  torsional  load  adds  or  dissipates  energy 
in  the  airfoil  system. 

The  unsteady  work  per  cycle  of  oscillation  associated  with 
the  static  moment  can  be  determined  by  Eq.  (9). 

(WORK)*  =  <J>  Re  f  5„  od/r  I  =  .S,1<i>‘’r»„//„trsin(A)1  -X„) 

(WORK)V  =  (|'Rc|.Y„/id„  |  =  S,>\e„/r„sin(A.f  -  X„ )  (9) 

The  substitution  of  the  various  work  expressions  into  the 
energy  balance  |sce  Eq.  (4)|  yields  the  following  matrix 
expression  for  the  coupled  translational  and  torsional  airfoil 
displacements. 
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-4/i  =  l  +  I  {Ah)'*}pb’u! } 

A , ,  =  |  -  (A„  ) R  i!  ph'  ip!  |sin(X,  -  X„  ) 

+  I  M„  )l/r'pb'&',cos(X*  -  X„  )  | 

Aj,  =  |  S„i>}  r  -  ( Bi, )  *  r1pb‘  w1  |sin(X„  -  X*  ) 

+  |  (B„)'x;p6'ui<cos(X* -X„)  | 

A  i2  -  »*„  A.  4  ( B„  ) 1  jpb‘u! 

B, ,=  -rph’^^-J  )|  M^'coslX*)  -  (/tr)*sin(X,,)  | 

(W  \ 

jKBol'cosfX,,)  -  (B0 )  *  sin(X„ )  | 

The  phase  angles  between  the  translational  and  torsional 
displacements,  X*  and  X„  respectively,  can  be  determined  in 
various  ways.  For  example,  they  can  be  determined  directly 
from  the  classical  solution  of  the  coupled  system  equations  of 
motion,  Eq.  (.1)  (see  Ref.  5).  For  convenience  and  brevity, 
these  phase  angle  relationships  are  presented  in  Eq.  (II). 


,  /  r  Mif/Dp  -  n,  | 

*"  3n  UmDu  +  NmOi'J 

X  -,an  ,r^wOtr-^P>l 

U,„D,+/V„,A>,  J 


where  /V*/.  N„,,  Nh„,  and  D ,  are  defined  in  terms  of 

the  airfoil  structural  properties  and  the  unsteady  aerodynamic 
forces  and  moments  in  the  Nomenclature. 
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Fig.  5  Cascade  solldltt  effect  on  ihe  coupled  torsional  response. 
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Hg.  A  Cavtdf  solldil)  »lf«l  nn  the  coupled  franslilinnal  re«pon«e. 
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Unsteady  Aerodynamic  Forces  and  Moments 

Lh,  M*.  L„  and  M„  denote  the  standard  form  for  the 
unsteady  aerodynamic  forces  and  moments  and  represent  the 
unsteady  lift  and  moment  in  translation  and  torsion, 
respectively,  calculated  about  the  airfoil  Vt  chord.  These 
standard  form  '/•  chord  coefficients  are  related  to  the  general 
unsteady  aerodynamic  influence  coefficients  through  the 
following  relationships. 
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Fit.  I  Effect  of  stagger  angle  nn  the  coupled  translational  response. 


A  „  = /.„-('/*+  a)  L„ 

Tit,  =  L  « 

Bh  =  M„-{/t*aU  „ 

B„  =  Af„  -  ( '/;  +  a)  (  L„  +M,)  +  (  '/>  +o) 

Be,  —  A/ h  ( 12) 

where  a  is  the  dimensionless  disiance  of  the  elastic  axis 
measured  from  the  airfoil  mid-chord  (see  Fig  I ). 

Results 

To  demonstrate  the  effects  of  the  various  parameters  on  the 
coupled  forced  response  of  lurbomachinery  hlading.  the 
unsteady  aerodynamic  analysis  of  Ref.  7  will  be  utilized  This 
analysis  predicts  the  gust  and  self  induced  unsteady 
aerodynamic  forces  and  moments  in  a  compressible  flow 
field.  The  structural  properties  for  this  parametric  study  are 
based  on  an  airfoil  with  a  5.08-cm  chord,  a  dfo  thickness-to- 
chord  ratio,  and  an  aspect  ratio  of  3.  This  representative 
airfoil  has  a  natural  translation  mode  frequency.  I2r* 
larger  than  the  natural  torsion  mode  frequency,  Hence, 
i4i,/oi„  =  M2.  Specific  parameters  to  be  varied  include  the 
structural  damping  value,  the  cascade  solidity,  the  interblade 
phase  angle,  the  inlet  Mach  number,  and  the  elastic  axis 
location.  In  addition,  to  clearly  demonstrate  the  coupling 
effects,  the  airfoil  stiffness  is  varied  so  as  to  make  the  tor¬ 
sional  and  translation  mode  natural  frequencies  nearly  equal 
in  value. 

To  verify  the  energy- balance  approach  for  the  prediction  of 
aerodynamically-induced  vibrations,  the  uncoupled  torsion 
mode  response  of  the  representative  airfoil  was  calculated  by 
means  of  both  the  energy  balance  technique  and  a  classical 
Newton's  second  law  approach.'  Figure  2  presents  the 
comparison  of  these  calculation  techniques.  As  shown,  the 
two  methods  yield  identical  results,  both  in  terms  of  the 
amplitude  and  the  phase  of  the  response. 
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mode  response. 


The  coupled  forced  response  characteristics  of  the 
representative  airfoil  are  determined  utilizing  (his  energy 
balance  technique.  Results  are  presented  as  a  function  of  the 
nondimensional  ratio  of  the  gust  forcing  frequency  to  the 
airfoil  natural  torsion  mode  frequency,  «/<*)„.  Hence,  values 
of  1.00  and  1.12  for  this  nondimensional  frequency  ratio 
correspond  to  the  situations  where  the  forcing  function 
frequency  is  equal  to  the  natural  torsion  and  translation  mode 
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frequencies,  respectively,  of  the  representative  airfoil.  Results 
presented  include  the  translational  amplitude,  the  torsion 
mode  amplitude,  and  the  phase  angles  between  the 
aerodynamic  forcing  function  and  the  resulting  airloil 
response  as  a  function  of  the  nondimensional  frequency  ratio 

As  anticipated,  when  the  gust  forcing  function  frequency  is 
close  to  the  natural  torsion  mode  frequency,  the  torsional 
response  is  an  order  of  magnitude  greater  than  the 
corresponding  coupled  translation  mode  response.  Thus,  only 
the  coupled  forced  torsional  response  will  be  presented  for  the 
forcing  function  close  to  the  airfoil  natural  torsional 
frequency  (w/w„  »  1.00),  and  only  the  coupled  forced  trans¬ 
lational  response  for  forcing  function  frequencies  near  the 
natural  translational  frequency  (i/ui,,  ■  1.12)  will  be 
presented. 

Figures  3  and  4  represent  the  torsional  and  translational 
airfoil  responses,  respectively,  with  structural  damping  as  the 
parameter  when  the  forcing  frequency  is  close  to  and 
respectively.  As  seen,  increased  structural  damping  resulting 
results  in  decreased  amplitude  of  response.  It  should  be  noted 
that  the  maximum  response  amplitudes  do  not  occur  at 
frequency  ratio  values  of  1.00  and  1.12,  even  for  the  special 
case  of  zero  structural  damping.  This  is  a  result  of  the  self- 
induced  unsteady  aerodynamic  forces  which  correspond  in 
this  case  to  aerodynamic  damping.  Thus,  even  when  there  is 
no  structural  damping  in  (he  airfoil  system,  the  self-induced 
aerodynamics  generate  aerodynamic  damping. 

The  effects  of  cascade  solidity  (C/S)  and  stagger  angle  on 
the  coupled  forced  response  amplitudes  are  demonstrated  in 
Fig.  5  and  6  and  Figs.  7  and  8,  respectively.  Both  the  coupled 
torsional  and  translational  forced  response  amplitudes  in¬ 
crease  with  increasing  values  for  solidity  and  stagger  angle. 
Variations  in  solidity  result  in  a  somewhat  more  pronounced 
effect  on  the  translational  response  than  on  the  torsional 
response.  Stagger  angle  variation  has  a  greater  effect  on  the 
torsional  response  than  on  the  translational  one.  Also, 
variations  in  stagger  angle  have  a  much  greater  effect  on  the 
response  amplitudes,  both  torsional  and  translational,  than 
do  variations  in  solidity.  It  should  be  noted  that  the  design 
trend  for  modern  compressors  includes  increased  solidity  and 
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fig.  12  Inlet  Mach  number  rffrrl  tin  Ihe  coupled  translational 
mpnmt. 


stagger  angle  values.  Hence,  these  results  indicate  that  in¬ 
creased  forced  response  problems,  primarily  associated  with 
increased  stagger  angles,  might  he  anticipated. 

Figures  9  and  10  show  the  effect  of  intcrhlade  phase  angle 
on  the  coupled  airfoil  forced  response  characteristics.  The 
effect  of  variations  in  this  parameter  on  (he  coupled  torsional 
forced  response  are  quite  different  than  on  the  coupled 
translational  response  For  the  torsion  mode,  there  is  only  an 
extreme  maximum  response  amplitude  for  a  0  deg  interbladc 
phase  angle  value  For  all  other  values  considered,  the 
response  amplitude  curves  are  relatively  flat  and  decreased 
from  the  0  deg  case  by  approximately  75  to  85"'o.  The  coupled 
translational  response  amplitudes  all  exhibit  an  extreme 
maximum  response  amplitude,  i.e.  none  of  the  amplitude 
response  curves  are  relatively  flat.  Also,  although  an  in¬ 
terblade  phase  angle  value  of  0  deg  results  in  the  maximum 
forced  translational  response  amplitude,  varying  the  in¬ 
terblade  phase  angle  away  from  0  deg  results  in  nolicably 
smaller  decreases  in  this  maximum  amplitude  than  were  noted 
for  the  forced  torsional  response.  In  particular,  for  both  the 
torsional  and  the  translational  cases,  the  largest  decrease  in 
(he  maximum  response  amplitude  is  associated  with  changing 
the  interblade  phase  angle  value  from  0  to  -  90 deg.  However, 
(he  maximum  forced  translational  response  decreased  only 
45"'n,  whereas  the  corresponding  forced  torsional  response 
decreased  by  85"i>.  In  addition,  since  the  smallest  coupled 
torsional  and  translational  response  amplitudes  correspond  to 
negative  interbladc  phase  angle  values  (  90  deg  in  par¬ 
ticular),  then  this  would  appear  to  be  a  desirable  forced 
response  design  condition.  In  terms  of  the  rotor-stator  in 
tcraction  forced  response  problem,  a  negative  interbladc 
phase  angle  value  corresponds  to  a  backward  traveling  wave 
as  viewed  from  Ihe  stator  vane  frame  of  reference  and  arises 
when  the  number  of  rotor  blades  is  greater  than  the  number  of 
stator  vanes. 

The  effect  of  the  inlet  flow  Mach  number  on  the  coupled 
torsional  and  translational  forced  response  characteristics  of 
the  representative  airfoil  is  demonstrated  in  Figs.  1 1  and  12, 
respectively.  Increasing  the  Mach  number,  which  also 
corresponds  to  decreasing  the  reduced  frequency  for  a  specific 
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Hg.  14  Effect  nf  elastic  axis  location  on  the  coupled  translational 
response  for  <w/w„l  near  u>„. 

gust  distutbance,  increases  both  the  coupled  torsional  and 
translational  responses  with  a  very  dramatic  increase  asso¬ 
ciated  with  an  increase  in  Mach  numbtr  from  0.6  to  0.8.  Also, 
for  Mach  numbers  of  0.6  and  smaller,  the  increase  in  the 
maximum  response  amplitude  is  much  larger  for  the  torsional 
mode  than  for  the  translational  mode.  In  addition,  the  forcing 
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Elf.  It  F.ffecl  of  elastic  Hit  location  on  thr  coupled  translational 
response  for  (w/w„  I  near  uh . 


function  frequency  at  which  the  maximum  amplitude 
response  occurs  is  highly  dependent  on  the  Mach  number  for 
the  torsional  response,  but  is  almost  independent  of  this 
forcing  frequency  for  the  translational  response  case. 

The  effect  of  moving  the  elastic  axis  location  to  the  'A- 
chord  and  the  'A -chord  locations  on  the  coupled  forced 
response  of  the  representative  airfoil  is  presented  in  Figs.  13 
through  16  These  results  indicate  that  not  only  the  response 
amplitude  but  also  the  forcing  function  frequency  at  which 
the  maximum  amplitude  response  occurs  is  strongly 
dependent  on  the  position  of  the  elastic  axis.  The  maximum 
torsion  and  translation  response  amplitudes  are  found  with 
the  elastic  axis  at  the  '.4 -chord  location.  Shifting  the  elastic 
axis  forward  to  the  'A -chord  location  results  in  significantly 
decreasing  both  the  torsional  and  translational  response 
amplitudes  near  the  airfoil  torsional  natural  frequency,  but 
only  slightly  decreasing  these  response  amplitudes  near  the 
airfoil  translational  natural  frequency.  Also,  shifting  the 
elastic  axis  location  aft  from  mid  chord  to  '4-chord  has  the 
result  of  malting  the  translational  response  in  the  neigh¬ 
borhood  of  the  natural  torsional  frequency  (4j/u»„  *  1.0)  the 
same  order  of  magnitude  as  the  torsional  response  amplitude, 
indicating  the  significant  additional  coupling  that  arises  when 
the  elastic  axis  and  the  airfoil  center  of  gravity  do  not  coin¬ 
cide.  Similar  results  are  noted  when  the  forcing  function 
frequency  is  close  to  the  natural  translational  frequency . 

To  demonstrate  the  interaction  of  two  very  closely-spaced 
torsional  and  translation  modes,  the  bending  stiffness  of  the 
representative  airfoil  was  altered  to  make  the  ratio  of  tran¬ 
slation  to  torsion  natural  frequencies  1 .02.  The  variation  with 
interblade  phase  angle  values  of  these  closely  coupled  forced 
torsional  and  translational  responses  was  then  investigated. 
The  results  are  presented  in  Figs.  17  and  18.  The  coupled 
torsional  response  results  (Fig.  17)  show  that,  at  a  frequency 
ratio  of  0.990,  the  response  decreases  as  the  interblade  phase 
angle  is  varied  from  0  to  t-90,  -90,  and  180  deg.  At  a 
frequency  ratio  of  1 .015  the  response  increases  by  up  to  65^. 


Fig.  17  Inlerblade  phase  angle  effect  on  the  coupled  torsional 
response  for  nearly  equal  natural  frequencies. 


Figure  18  presents  the  variation  of  the  forced  translational 
response  with  the  interblade  phase  angle  as  the  parameter.  In 
contrast  to  the  torsional  response  results,  minimal  trans¬ 
lational  response  is  noted  when  the  forcing  function 
frequency  is  near  the  airfoil  natural  torsional  frequency. 
However,  when  the  forcing  function  frequency  is  near  the 
airfoil  natural  translational  frequency  (w/u>„  ■  1.015),  the 
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Hr.  IX  Inlerhliite  phase  ancle  efferl  on  Hie  coupled  Iranslaiinnal 
response  for  nearly  equal  natural  frequencies. 


lorccd  translational  amplitude  is  significant  and  increases  as 
the  interblade  phase  angle  value  is  varied  Irom  <>to  180  deg.  A 
comparison  of  Figs.  17  and  18  at  a  frequency  ratio  close  to 
1.015  reveals  a  correspondence  between  the  forced  torsional 
response  and  the  translational  one.  This  is  caused  by  the  high 
degree  of  coupling  that  exists  between  the  translational  and 
torsional  modes  for  the  altered  airfoil. 


Summary  and  Ctmclusitins 


In  this  investigation,  the  coupled  structural  dynamic  airfoil 
system  forced  response  was  determined  utilizing  an  energy 
balance  technique.  I  he  energy  input  to  the  system  per  cycle  of 
oscillation  was  generated  by  the  gust  and.  under  certain 
conditions,  the  self-induced  aerodynamic  forces  and 
moments.  The  energy  dissipation  per  cycle  of  oscillation  was 
associated  with  system  structural  damping,  under  some 
conditions  the  self-induced  aerodynamic  forces  and  moments, 
and  the  static  moment  term  S„  It  should  be  noted  (hat.  for 
the  uncoupled  single  degree -of -freedom  case,  the  dissipative 
coupling  mechanism.  S,,.  is  not  considered. 


v!  1 1  * *vl * \ 


The  effects  of  the  various  aerodynamic  parameters  on  the 
coupled  translational  and  torsional  mode  forced  response  of  a 
representative  airfoil  were  then  considered.  The  study  showed 
the  increased  coupling  between  the  torsion  and  translation 
modes  as  the  corresponding  undamped  natural  frequencies 
approach  one  another.  It  was  also  demonstrated  that  the 
coupled  torsional  and  translational  forced  response  am¬ 
plitudes  of  a  representative  airfoil  increased  with:  I )  decreased 
structural  damping.  2)  increased  solidity  values,  3)  increased 
stagger  angles,  4)  increased  inlet  flow  Mach  numbers,  5) 
interblade  phase  angle  values  corresponding  to  forward 
traveling  waves  for  the  rotor-stator  interaction  case,  and  6) 
shifting  of  the  elastic  axis  location  aft. 

It  should  be  noted  that  variations  in  the  above  parameters 
did  not  affect  the  magnitude  of  the  resulting  forced  response 
equally  nor  did  they  always  have  equivalent  effects  on  the 
torsional  and  translational  response  modes.  For  example, 
increasing  the  stagger  angle  and  shifting  the  elastic  axis  aft 
resulted  in  significantly  larger  increases  in  all  of  the  response 
amplitudes  than  did  increasing  the  solidity.  Also,  the  in- 
tcrbladc  phase  angle,  for  example,  had  a  much  greater  effect 
on  the  coupled  torsion  mode  responses  than  on  the  trans¬ 
lational  ones.  In  addition,  the  forcing  function  frequencies  at 
which  the  maximum  torsional  and  translational  responses 
occurred  did  not  generally  correspond  to  the  airfoil  natural 
torsional  or  lanslational  frequencies.  This  was  because  the 
self-induced  aerodynamic  forces  and  moments  result  in  art 
aerodynamic  damping  effect  analogous  to  structural  damp¬ 
ing. 
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ABSTRACT 

A  structural  dynamics  model  is  developed  and 
utilized  to  predict  the  elfects  of  airfoil  thickness, 
camber,  mean  flow  incidence  angle,  and  two- 
dimensional  gust  direction  on  the  aerodynamically 
induced  forced  response  of  an  airfoil  in  an 
incompressible  How.  An  energy  balance  is  performed 
betwecu  the  unsteady  aerodynamic  work  and  the 
energy  dissipated  through  the  airfoil  structural  and 
aerodynamic  damping,  with  predictions  of  the  airfoil 
unsteady  aerodynamics  obtained  frum  a  complete  first 
order  model.  It  is  then  demonstrated  that  the  steady 
aerodynamic  loading  on  the  airfoil  and  the  direction  of 
the  gust  strongly  alfecl  the  amplitude  of  response. 
Also,  classical  thin  airfoil  unsteady  aerodynamic 
models  result  in  significantly  underpredicted  airfoil 
response  amplitudes,  i.e.,  the  thin  airfoil  predictions 
are  nonconservative. 


NOMENCLATURE 


reduced  frequency,  w  b/U^ 

transverse  gust  wave  number 

cbordwise  gust  component 

trausverse  gust  component 

steady  velocity  potential 

unsteady  harmonic  gust  potential 

unsteady  harmonic  moliou-iuduced  potential 

complex  torsion  motion 

mean  flow  incidence 

gust  harmonic  frequency 

airfoil  natural  frequency 


INTRODUCTION 

The  structural  dynamic  response  of  turbomachine 
and  turboprop  blading  to  aerodynamic  excitations  is  a 
problem  of  increasing  design  concern.  This  is  because 
these  blades  operate  in  nonuniform  and  irregular  flow 
fields.  As  a  result,  unsteady  aerodynamic  forces  and 
moments  are  generated  on  the  blading-  When  tbc 
frequency  of  these  aerodynamic  forces  and  moments  is 
equal  to  a  blade  natural  frequency,  sustained  blade 
vibrations  may  occur,  with  the  associated  dynamic 
•tresses  inducing  fatigue  cracks  leading  to  high  cycle 
fatigue  failure. 


To  predict  these  dynamic  stress  levels,  Lhe  response 
of  an  airfoil  to  aerodynamic  excitations  must  be 
analyzed.  First  the  unsteady  aerodynamic  forcing 
function  is  deiined  in  terms  of  harmonics.  The  time- 
variant  response  of  the  airfoil  to  each  harmonic 
component  is  then  assumed  lu  be  comprised  of  two 
distinct  but  related  unsteady  aerodynamic  parts.  One 
is  tike  gust  response  due  lo  the  harmonic  forcing 
function  being  couvecled  past  lhe  uonrespoitding  Uxed 
airfoil,  'l  he  motion  induced  aerodynamic  response, 
also  termed  the  aerodynamic  damping,  is  the  second 
part  and  is  generated  by  the  resulting  harmonic 
respouse  of  the  airfoil.  Typically,  lhe  airfoil  vibratory 
response  is  then  calculated  utilizing  a  classical 
approach  based  on  Newton's  second  law. 

Unfortunately,  accurate  predictions  of  the 
amplitude  of  the  resulting  airfoil  vibration  and  stress 
cannot  be  made  due  to  the  inadequacies  of  current 
unsteady  aerodynamic  models,  lu  particular,  unsteady 
aerodynamic  models  have  typically  been  restricted  to 
thin  airfoil  theory  wherein  the  unsteady  (low  Held  is 
assumed  to  be  small  cumpared  to  the  mean  llow,  with 
the  latter  potential  In  addition,  the  airfoil  is 
considered  to  Lc  a  Dal  plate  at  zt  ro  incidence.  T  his 
uncouples  the  unsteady  acrod)  namies  from  the  steady 
potential  How  and  leads  to  the  approximation  wherein 
the  llow  is  linearized  about  a  uniform  parallel  How 
Such  classical  models  have  been  developed  for 
oscillating  Hat  plate  airfoils  by  Theodorsen  jlj  and  for 
•  couvecled  transverse  gust  by  Sears  'i|. 

lu  many  applications,  however,  airfoils  with 
significant  steady  loadings,  large  air  turning,  and 
highly  cambered  shapes,  afe  required  rims,  the 
classical  model?  were  extended  to  consider  thin  airfoils 
with  constant  very  smalt  camber  and  mean  How 
incidence.  For  example,  llurluck  |d|  extended  the 
Sears  approach  to  consider  chord  wise  gusts,  while 
Nuumaun  ami  Veil  |l|  considered  transverse  aud 
cbordwise  gust?  couvecled  past  airfoils  with  small 

constant  camber.  Unfortunately,  these  linearized 
models  are*  only  approximate,  having  neglected  second 
order  terms.  Thus,  they  cannot  he  extended  to  finite 
mean  How  incidence  angUs  or  realistic  >aml*ered 
profiles,  i.e.,  loaded  airfoil  designs  lu  this  regard, 
CioIJslein  and  Atassi  |a|  developed  a  complete 
systematic  model  for  iuvistid  hr  oinpn  ssible  Hows  past 
oscillating  airfoils  or  airfoils  subject  to  ptrmdic  gusts 
utilizing  classical  analylhal  aiifoil  aual>sis  Uchuiques 
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In  this  paper  the  effects  of  airfoil  thickness, 
camber,  mean  flow  incidence  angle,  and  gust  direction 
on  the  aerodynamically  induced  forced  response  of  an 
airfoil  in  an  incompressible  flow  arc  assessed  for  the 
first  time.  This  is  accomplished  by  developing  a 
structural  dynamics  model  based  on  an  energy  balance 
technique  |fl),  with  predictions  of  the  airfoil  unsteady 
aerodynamics  obtained  from  a  complete  first  order 
model,  i.e.  the  thin  airfoil  approximation  is  not 
applied.  The  fluctuating  flow  velocity  is  assumed  to  be 
small  compared  to  the  mean  velocity,  with  the 
unsteady  flow  linearized  about  the  full  potential  flow 
of  the  airfoils.  Thus,  the  unsteady  aerodynamic  effects 
due  to  airfoil  profile  and  incidence  angle  arc 
completely  accounted  for  through  the  mean  potential 
flow. 

AERODYNAMIC  MODE!, 

Figure  1  presents  a  schematic  representation  of  a 
thick,  cambered,  airfoil  at  finite  mean  flow  incidence 
o#  with  respect  to  the  far  field  uniform  mean  flow, 
M  *=  U„  I,  executing  torsion  mode  oscillations  with  a 
superimposed  convcctcd  two-dimensional  harmonic 
gust.  The  gust  amplitude  and  harmonic  frequency  are 
denoted  by  A  and  •!•,  respectively.  The  two- 

dimensional  _  gust  propagates  in  the  direction 
X  =  k ti  f  k,j,  where  k,  is  the  reduced  frequency  and 
k,  is  the  transverse  gust  wave  number,  i.e.,  the 
transverse  component  of  the  gust  propagation 
direction  vector. 


Steady  Flow  Field 

The  model  for  the  steady  flow  considers  the 
incompressible  flow  past  a  thick,  cambered,  airfoil  at 
finite  mean  incidence.  As  the  steady  flow  is  assumed 
to  be  a  potential  flow,  it  is  described  by  the  following 
Laplace  equation:  V*«l>,  (x.y)  -  0 

The  steady  boundary  conditions  require  the  far 
field  steady  flow  to  be  uniform,  while  the  airfoil 
surface  boundary  conditions  specify  that  the  normal 
velocity  is  zero.  The  Kutta  condition  is  also  applied 
and  is  satisfied  by  requiring  the  velocities  on  the  upper 
and  lower  airfoil  surfaces  to  be  equal  in  magnitude  at 
the  trailing  edge. 


Gust  Unsteady  Aerodynamics 

The  two-dimensional  gust  unsteady  flow  field  is 
determined  by  decomposing  the  gust  generated 
unsteady  flow  field  into  harmonic  rotational,  3  R,  and 
potential,  3  r,  components.  The  rotational  gust  is 
assumed  to  be  convcctcd  with  the  steady  mean  flow 
past  the  airfoil  and,  therefore,  docs  not  interact  with 
the  airfoil.  Thus  the  following  solution  for  the 
rotational  gust  is  determined  by  solving  the  linearized 
Euler  equations  in  the  far  upstream  where  the  steady 
flow  Held  is  uniform. 

3  R  -  u*  i  +  v*  |  (1) 

where:  u*  -  -  A  k,  exp  |ik,(t  -x)  ik,y|; 
v*  »  A  k,  exp  |ik,(t-x)  ik,yj. 


The  potential  gust  component,  ‘VQ,  is  described  by 
a  Laplace  equation:  V’'EG  -  0.  The  gust  generated 
unsteady  rotational  and  potential  flow  fields  are 
coupler!  through  the  boundary  conditions  on  the 

potential  gust  component.  In  particular,  the  airfoil  is 
stationary,  with  the  rotational  gust  convcctcd  with  the 
mean  steady  flow  field.  Thus  the  upwash  on  the 
airfoil  is  determined  by  requiring  the  normal 
component  of  the  unsteady  flow  field  to  be  zero  on  the 
airfoil. 

^-I.i.r  .1  A(j("l<z  t  '(k,*  t  k,y)|  (2) 

where  f  (x)  specifics  the  airfoil  profile 

The  Kutta  condition  is  also  imposed  on  the 

unsteady  potential  flow  field  by  requiring  no  unsteady 
pressure  difference  across  the  airfoil  chordline  at  the 
trailing  edge.  The  corresponding  relation  for  the 

trailing  edge  unsteady  velocity  potential  difference  is 
then  determined  from  the  unsteady  Rcrnoulli  equation. 

Motion-Induced  Unsteady  Aerodynamics 

The  unsteady  flow  field  associated  with  the 
harmonic  motion  of  the  airfoil  is  assumed  to  be 
potential  and,  is  therefore  described  by  the  l.atdace 
equation:  -  0. 

The  upwash  on  the  airfoil  for  this  motion- 

dependent  model,  W',,,  is  a  function  of  both  the 
position  of  the  airfoil  and  the  steady  flow  field.  Thus, 
this  boundary  condition  couples  the  unsteady  flow  field 
to  the  steady  aerodynamics.  For  an  airfoil  executing 
harmonic  torsion  mode  oscillations  about  an  clastic 
axis  location  at  xs  as  measured  from  the  leading  edge, 
the  upwash  on  the  surfaces  of  the  airfoil  is: 

wm  ■  .  -  I  *,!(»»«)  *  r0t/Q*l  *  u.  *  ,  , 

On  '*)  1 1  i  (df/d«),|U> 

,  dU./drKx  xjdf/.tx  I  y|  tfV.ArKx  X.)  y.)f/dx]  I 
|1  r  (df/dxlV'1  ~  { I  l  (r7f/cTa)I|,/*  ) 

where  U0  and  V0  arc  the  steady  airfoil  surface  vcloci  ty 
components,  and  <>  is  the  amplitude  of  the  torsional 
oscillations. 

LOCALLY  ANALYTICAL  SOLUTION 

The  boundary  fitted  computational  grid  developed 
by  Thompson,  Thames,  and  Mastin  (7)  is  utilized.  This 
method  permits  grid  points  to  be  specified  along  the 
entire  boundary  of  the  computational  plane.  The 
complete  flow  field  is  described  by  the  steady  velocity 
potential,  ♦,(«,y),  the  gust  generated  unsteady  velocity 
potcutial,  ‘Ec(x,y),  and  the  motion  induced  unsteady 
velocity  potential,  'Um.  These  three  velocity  potentials 
tre  each  individually  described  by  Laplace  equations. 
In  the  transformed  (£,>/)  coordinate  system,  these 
Laplace  equations  have  the  following  nonhomogencous 
form. 
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where  3  is  ft  shorthand  method  of  writiug  these  three 
velocity  potentials  ia  the  transformed  plane,  F(s,>/) 
contains  the  cross  derivative  term  end  the 

coeflicieats  «*,  J,  aad  ~i  are  functions  of  the 
transformed  coordinates  5  aad  >/  aad  are  treated  as 
constants  ia  each  individual  grid  element. 

To  obtain  the  analytical  solution  to  the 
transformed  Laplace  ei|ualiou,  it  is  first  rewritten  as  a 
homogeneous  equation.  The  general  solution  is  then 
determined  Ly  separation  of  variables. 

3  -  |A,  co*(Xf)  r  Ajsin(X£)|  |B,  coah(/u/l  +  U,siuh(/<f/)|  (5) 

where  p  *»  |(  /*  +  «dl  i  X*)/,.)1^  and  X,  A„  A„  U„  and  U, 
are  constants  to  he  determined  from  the  boundary 
conditions. 

Analytical  solutions  iu  individual  computational 
grid  elements  are  determined  Ly  applying  proper 
boundary  conditions  on  each  element  to  evaluate  the 
unknown  constants  in  the  general  velocity  potential 
solution,  Equation  S.  The  solution  of  the  global 
problem  is  then  determined  through  the  application  of 
the  global  boundary  conditions  and  the  assembly  of 
the  locally  analytical  solutions. 
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General  Unsteady  Aerodynamic  Coefficients 

The  complex,  lime-depeudeul  unsteady  lift  and 
moment  per  unit  span  are  written  in  inllucuce 
coefficient  form  for  the  gust  and  torsion  mode  moliou- 
induced  unsteady  aerodynamic  cases. 


L„  -  Re  |I.B|  +  i  I  in  |bc|  =  *ph 'Z? 


M0  -  Re  |MC|  +  i  I  in  |MJ  =  «>.b‘w* 
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L.  -  Re  |LJ  +  i  liu  |l.J  =  »ph,w*|AiJ<i|  (7) 

—  Re  |M„|  *•  i  Im  |M„|  =  */<h*-i*|U,Ju| 

where  o  •“  o  e  ‘  ;  WG  —  \VG  «*“'*  describes  the  gust; 
(A„,  BJ,  (Ac,  DJ  denote  the  generaliied  unsteady  lift 
and  moment  coefficients  due  to  airfuil  torsion  and  the 
convected  sinusoidal  gust,  respectively;  is  the  airfoil 
natural  frequency,  and  u  is  the  gust  forcing  fuucliou 
frequency. 

The  total  unsteady  lift  aud  moment  on  the  airfoil 
are  obtained  by  super-imposing  the  gust  response  aud 
the  self-iuduced  aerodynamic  forces  aud  moments. 
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ll  should  he  noted  that  the  airfoil  response  occurs 
«it  the  frequency  of  the  fuf»  ing  function,  In  nee  the 
gust  frequency,  ~>,  has  l«eeii  utilised  in  the  specification 
of  the  unsteady  aerodynamic  fun  *  a  an«l  moments, 
|*'.t|iia  lion  8. 

ENEKUY  IIAI.ANCL 

t  he  uncoupled  equaliou  of  moliou  for  the  single- 
degree  of  freedom  lumped  airfoil  modLl  undergoing 
torsion  inode  oscillations  is  given  in  Equaliou  0. 

‘^f  1  (•  +  i»)So -  M(t)  (8) 
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where:  S  is  the  stiffness  coefficient,  g  is  the  structural 
damping,  and  I  is  the  mass  moment  of  inertia  about 
the  elastic  axis. 

The  system  response  is  determined  by  considering 
the  balance  between  (be  energy  input  aud  t lie  energy 
dissipated  over  one  cycle  of  oscillation  of  the  airfoil. 
1  be  input  energy  is  obtained  from  a  calculation  of  the 
work  dune  by  the  unsteady  gust  moment  acting  on  the 
airfoil  The  energy  dissipated  is  obtained  by 
calculating  the  work  done  by  the  structural  damping 
and  by  the  molioii-depeudenl  aerodynamic  response 
moment,  ie,  the  aerodynamic  damping 

The  unsteady  work  done  per  cycle  of  oscillation  by 
the  unsteady  gust  aerodynamic  moment  is  given  by 
the  integral  of  the  product  of  the  real  part  of  the 
unsteady  momeut  and  the  resulting  displacement  over 
one  cycle  of  motiuu. 
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The  energy  dissipated  per  cycle  of  oscillation  is 
obtained  by  integrating  the  reel  pert  of  the  product 
of  the  motion-induced  unsteady  aerody namic  response 
moment  (the  ucrudyiumk  damping)  and  the  airfoil 
displacement  over  one  cycle  of  oscillation,  ll  should 
be  noted  that  although  this  term  is  written  as  a 
dissipation  term,  under  certain  conditions  it  cau 
represent  an  energy  input  term 
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The  balance  of  energy  require*  that  t lie  energy 
input  to  the  system  must  be  equal  to  that  dissipated 
by  the  airfoil.  This  energy  balanrc  lead*  to  the 
following  expression  for  the  response  amplitude  of  the 
oscillation,  o. 
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RESULTS 

The  structural  dynamics  model  developed  herein  is 
utilised  to  assess  the  elfcets  of  airfoil  thickness,  steady 
aerodynamic  loading,  1  e.,  airfoil  camber  and  mean 
flow  incidence  angle,  and  also  the  forcing  function  as 
characterised  by  the  direction  of  the  two-dimensional 
guit  on  aerodynamirally  induced  forced  vibratory 
response.  This  is  accomplished  by  considering  a  series 
of  representative  Joukowski  airfoils  with  a  .'I  IS  cm 
chord,  an  aspect  ratio  of  two,  a  midrhord  elastic  axis, 
and  a  0.8  reduced  frequency  value.  These  results  are 
presented  in  Figures  2  through  7  in  the  format  of  the 
torsion  mode  response  amplitude,  o,  versus  the  ratio  of 
the  forcing  function  frequency  to  the  airfoil  natural 
frequency,  £•/•*>„. 

The  thickness  of  the  airfoil  has  minimal  effect  on 
the  acrodynarnically  forced  response  for  a  forcing 
function  characlcriicd  by  a  80"  gust  at  both  icro  and 
finite  incidence  angle  values,  Figure  2.  Also,  the 
response  amplitude  is  seen  to  decrease  with  increased 
incidence  angle  and,  thus,  with  increased  steady 
aerodynamic  luading.  However,  this  decrease  in 
amplitude  is  associated  with  the  particular  two 
dimensional  gust  direcliou.  This  may  be  seen  by 
considering  Figure  3  which  shows  the  analogous  results 
demonstrating  the  effect  of  airfoil  thickness  and 
incidence  augle  for  a  IS"  gust.  In  particular,  for  the 
45"  gust,  the  amplitude  of  response  increases  with 
increasing  incidence  angle,  thereby  reversing  the  trend 
noted  with  the  forcing  function  characterised  by  a  90* 
gust.  Thus,  the  amplitude  of  response  is  not  a  strong 
function  of  the  airfoil  thickness.  However,  the 
response  amplitude  is  a  strong  function  of  both  the 
steady  aerodynamic  loading  on  the  airfoil  and  the 
aerodynamic  forcing  function,  as  characterised  by  the 
incidence  angle  and  the  gust  direction,  respectively. 


As  seen,  these  classical  predictions  significantly 
undcrprcdict  the  amplitude  of  response  of  the  airfoil, 
i.c. ,  the  classical  predictions  are  nonconservative, 
thereby  clearly  demonstrating  the  need  for  the 
complete  first  order  unsteady  aerodynamic  model 
developed  herein. 

Figures  8  and  7  clearly  demonstrate  the 
importance  of  the  aerodynamic  forcing  function  as 
characterised  by  the  direction  of  the  two-dimensional 
gust  on  the  amplitude  of  response  of  a  U)%  thick 
airfoil  with  20?o  camber  at  0°  and  20°  of  incidence 
respectively.  At  each  of  the  incidence  angle  values,  it 
is  readily  apparent  that  the  gust  direction  has  a 
significant  effect  on  the  airfoil  response.  However 
altering  the  gust  direction  has  opposite  edicts.  In 
particular,  decreasing  the  gust  direction  from  90" 
results  in  decreased  response  at  an  incidence  angle  of 
0",  but  increased  response  at  20°  of  incidence. 

SUMMARY  AND  CONCLUSIONS 

A  structural  dynamics  model  has  been  developed  to 
predict  the  acrodynarnically  induced  forced  response  of 
an  airfoil  in  an  incompressible  flow.  This  model  is 
based  on  an  energy  balance  between  the  unsteady 
aerodynamic  work  and  the  energy  dissipated  through 
the  airfoil  structural  and  aerodynamic  damping,  with 
predictions  of  the  airfoil  unsteady  aerodynamics 
obtained  from  a  complete  first  order  model  which 
accurately  analyzes  the  clb'cts  of  airfoil  profile,  mean 
flow  incidence  angle,  and  also  considers  a  two- 
dimensional  gust. 

This  model  was  utilized  to  demonstrate  the  effects 
of  airfoil  thickness,  camber,  mean  flow  incidence  angle, 
and  the  two  dimensional  gust  direction  on  the 
aerodynamically  induced  forced  response  of  a  typical 
airfoil.  This  study  showed  that  the  steady 
aerodynamic  loading  on  the  airfoil,  and  the 
aerodynamic  forcing  function,  as  characterized  by  the 
airfoil  camber,  the  mean  flow  incidence  angle,  and  the 
direction  or  the  gust,  respectively,  have  a  significant 
cITcct  on  the  amplitude  of  response.  It  is  also  shown 
that  the  classical  thin  airfoil  unsteady  aerodynamic 
models  result  in  significantly  underpredirted  airfoil 
response  amplitudes,  i.e.,  the  thin  airfoil  predictions 
are  nonconservative. 

ACKNOWLEDGEMENTS 

This  research  was  sponsored,  in  part,  by  the  Air 
Force  Office  of  Scientific  Research  and  the  NASA 
Lewis  Research  Center. 


Figures  4  and  5  demonstrate  the  cAcct  of  airfoil 
steady  aerodynamic  loading  as  characterized  by  the 
camber  of  the  airfoil  and  the  incidence  angle,  on  the 
amplitude  of  response  for  forcing  functions  defined  by 
90*  and  45*  gusts,  respectively.  Again,  the  gust 
direction  and  the  steady  loading  have  a  strong 
influence  on  the  amplitude  of  response.  Increasing  the 
airfoil  camber  at  constant  incidence  angle  results  in  an 
increase  in  the  airfoil  response,  with  this  effect  more 
pronounced  for  the  90*  gust.  Also,  increasing  the 
incidence  angle  for  a  particular  airfoil  camber  leads  to 
greatly  increased  amplitudes  of  response,  with  the  45* 
ust  having  a  larger  influence.  Also  shown  in  thrse 
gures  arc  the  corresponding  results  based  on  the 
claaaical  thin  airfoil  unsteady  aerodynamic  models  of 
Theodorscn,  Scars,  llorlock,  and  Naumann  and  Yeh. 
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Figmt;  1.  Flow  of  a  Two-lJincnsion.il  (loot  Pa.-rt 
a  'Illicit,  Coni -end,  Oscillating 
Airfoil  at  Incidence  to  the  tlcan  Flow 
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